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ABSTRACT
S t r o n g - I n t e r a c t I o n  e f f e c t *  have b e e n  o b s e r v e d  i n  t h e  X - r a y  
s p e c t r a  of  a t o n *  fo rmed  w i t h  S ”  i n  l e a d  and t u n g s t e n .
I n  t he  e x p e r i m e n t ,  p e r f o r m e d  a t  t h e  A l t e r n a t i n g  G r a d i e n t  
S y n c h r o t r o n  o f  Br ookha ve u  N a t i o n a l  L a b o r a t o r y ,  n e g a t i v e  Laona wer e  
b r o u g h t  t o  r e * t  l b  a n o v e l  l a m i n a r  t a r g e t  c o n s i s t i n g  o f  t h i n  i h o e t *  of
h i g h - Z  m a t e r i a l  i n  a l i q u i d  h y d r o g e n  b a t h .  The g e o m e t r y  o f  t h e  t a r g e t
va* d e t i g n e d  t o  o p t i m i z e  t he  p r o d u c t i o n  o f  Hi g h - Z  a t o n e  a nd  t h e
d e t e c t i o n  o f  t h e i r  s u b s e q u e n t  d e - e z c i t a t i o n  X r a y * ,  A n e t h o d  of  
i d e n t i f y i n g  t he  e n e r g e t i c  n + f rom t ho  p r o d u c t i o n  r o a c t i o n
£ ”+p — > 5 ] _+n+ r e s u l t e d  i n  a f a c t o r  o f  15 improvement  i n  t ho  s i g n a l -  
t o - n o i s e  r a t i o  o f  t h e  £  a tom X r a y *  o v e r  t h a t  o f  p r e v i o u s  
e x p e r i m e n t s .  The X - r a y  s p e c t r a  wer e  r e c o r d e d  by t h r e e  b i g h - r e a o l n t i o n  
i n t r i n s i c  Qe d e t e c t o r s  and a n a l y z e d  f o r  s h i f t * ,  b r o a d e n i n g * ,  and  y i e l d  
r e d u c t i o n s  o f  t he  f i n a l  X - r a y  t r a n s i t i o n *  b e f o r e  a b s o r p t i o n  o f  t h e  
i n t o  t h e  n n c l e n f ,  A l i n o a h a p e  f u n c t i o n  wh i c h  r e f l e c t e d  t h e  n on -
Ga t i s i l a n  r e t p o n s e  o f  t h e  X - r a y  s p e c t r o s c o p y  s y s t e m  was d e v e l o p e d  f o r  
t h i s  a n a l y s i s .  The r e s u l t s  a r e
2 T - I  (10— >9) : C  -  6 5 0 * 3 0  eV,  T  - 3 8 0  ±  70  oV, %Y - . 9 8  ± . 0 4
C ‘- P b  ( 10— >9) ; e  -  510 *  50 oV, T  - 2 9 0 ± 1 4 0  eV, %Y - , 5 3  * , 0 4
whore ^  “ ^madi * I"1 i *  t h e  L o r e n t t i a n  FfElB, and i s  t h e  r a t i o  
(measured  y i e l d ) / ( y i e l d  c a l c u l a t e d  w i t h  no s t r o n g  i n t e r a c t i o n ) .
O p t i c a l  model  c a l c u l a t i o n s  w i t h  a**(0 . 928+10 , 0X3)  f n  a r e  a b l e  t o  
r e p r o d u c e  a l l  o b s e r v e d  e f f e c t s  i n  t h e  £ ! ~ - Y  s p e c t r a .  Such 
c a l c u l a t i o n s  w i t h  a » ( 0 . 2 4 7 + 1 0 , 0 3 9 )  fm r e p r o d u c e  t he  o b s e r v e d  s h i f t  and 
w i d t h  o f  t he  {10— >9) t r a n s i t i o n  i b  2 j -- P b ,  bu t  f a i l  t o  r e p r o d u c e  t ho
o b s e r v e d  y i e l d  r e d u c t i o n .  I t  i s  d o u b t f u l  I f  t h e  c u r r e n t  s t i t n a  o f  t h e
t h e o r y  o f  i J “ -N I n t e r a c t i o n s  can  e x p l a i n  t h i s  d i s c r e p a n c y .
HIE MEASUREMENT OF STRONG INTERACTION EFFECTS 
IN QICU-Z SIGMA EYPERONIC ATOMS
INTRODUCTION
An e x o t i c  atota i t  f ormed when a n e g a t i v e  p a r t i c l e  o t h e r  t h e n  an 
e l e c t r o n  i s  c a p t u r e d  I n t o  an a t o m i c  o r b i t  a r o u n d  a n u c l e u s .  S i n c e  
o l e c t r o m  a r e  t h e  l e n t  m a s s i v e  of  t ho  Lnowu n e g a t i v e l y  c h a r g e d  
p a r t l c l e t ,  t he  r e s u l t i n g  e x o t i c  a t c v i c  s t a t e s  ha ve  n a i l e r  r a d i i  and  
l a r g e r  b i n d i n g  o n c r g i c s  t h a n  do t h e  u s u a l  ( e l e c t r o n i c )  a t o m i c  a t a t e i  
o f  t he  tame quantum number s .  Tho h e a v y  p a r t i c l e  may be a l c p t o n ,  a 
meaoc  or  a ba r y o n .  For  t h i >  work we a r c  i n t e r e a t e d  i n  atom* f o r me d  
w i t h  fcaon* (K- ) and s i gma  h y p e r o u s  In  t h e  d i s c u s s i o n  t h a t
f o l l o w *  i t  i s  assumed t h a t  t h e  he a vy  p a r t i c l e  i s  e i t h e r  a meson  
( i n t e g r a l  s p i n  h a d r o n )  o r  a b a r y o n  ( f r a c t i o n a l  s p i n  h a d r o n ) ,  a l t h o u g h  
much of  t ho  t h o o r y  ( e x c l u d i n g  t h a t  p a r t  w h i c h  d e a l *  w i t h  s t r o n g  
i n t e r a c t i o n  a f f e c t s )  was d e v e l o p e d  f o r  and i t  a l t o  a p p l i c a b l e  t o  
muonl c  a t oms .
A b a d r o n l c  atom goes  t h r o u g h  s e v e r a l  d i s t i n c t  p h a s e s  i n  t h e  
c o u r s e  of  i t *  l l f e t i n e .  F o r m a t i o n  o f  a h a d r o n l c  a tom o c c u r s  a f t e r  a 
n e g a t i v e l y  c h a r g e d  h a d r o n  i s  b r o u g h t  t o  r e s t  i n  m a t e r i a l  composed o f  
t a r g o t  a toms .  I n i t i a l l y  t h e  hadron ha s  e x c e s s  k i n o t l c  e n e r g y ,  a nd  i t  
p a s s e s  t h r ough  and i n t e r a c t s  w i t h  t h e  e l e c t r o n  e l a n d s  o f  t be  t a r g e t  
a t oms  w i t h o u t  b e i n g  o a p t u r c d .  Ene r gy  i s  l o s t  I n  t h e s e  i n t e r a c t i o n s  
u n t i l  t h e  speed  of  t he  h a d r o n  becomes  c o m p a r a b l e  t o  t h e  s p e e d s  o f  t h e  
a t o m i c  e l e c t r o n s .  At t h i s  p o i n t ,  t r a n s i t i o n s  t o  bound  s t a t e s  become
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p r o b a b l e ,  a nd  a t o n i c  c a p t u r e  o c c u r * .
Once c a p t u r e d ,  t ho  h a d r o n  may d c - e x c i t e  t o  a more  t i g h t l y  bound 
■ t a t e  e i t h e r  by e m i t t i n g  an I  r a y  o r  by t r a n s f e r r i n g  t h e  e n e r g y  
d i f f e r e n c e  t o  an e l e c t r o n  v i a  an Auger  t r a n s i t i o n .  As t h e  h a d r o n  dc -  
e x c i t e s  t h r o u g h  t he  e l e c t r o n  c l o u d ,  t h e r e  i s  a l a r g e  o v e r l a p  be t ween  
t h o  h a d r o n i c  and e l e c t r o n i c  wave f u n c t i o n s  and Auger  t r a n s i t i o n s  
d o mi n a t e  t h e  e n e r g y  l o s s .  The e n e r g y  t r a n s f e r r e d  t o  t h e  e l e c t r o n  i n  
t h i s  c a s e  i s  u s u a l l y  enough t o  e j e c t  i t  frOra t h e  e l e c t r o n  c l o u d ,  
i o n i s i n g  t h e  t a r g e t  a t om.  I f  t h e  t a r g e t  m a t e r i a l  1* a m e t a l ,  
r e p l e n i s h m e n t  o f  t h e s e  v a c a t e d  e l e c t r o n i c  s t a t e s  i s  u s u a l l y  so much 
more r a p i d  t h a n  t he  i o n l i a t i o u  p r o c e s s e s  t h a t  a l l  o f  t h e  e l e c t r o n  
s h e l l s  a r e  e f f e c t i v e l y  f u l l  a l l  o f  t h e  t i me  [ 1] .
When t h e  o r b i t a l  r a d i u s  o f  t h e  h a d r o n  becomes  l e s t  t h a n  t h a t  of  
t h e  i n n e r m o s t  o r b i t a l  e l e c t r o n  t h e  o v e r l a p  n e e d e d  f o r  Auger  
t r a n s i t i o n s  d e c l i n e s  and X - r a y  ( o r  r a d i a t i v e )  t r a n s i t i o n *  d o m i n a t e  t he  
e n e r g y  t o s s .  The a t o m i c  e l e c t r o n *  ha ve  v e r y  l i t t l e  e f f e c t  d u r i n g  t h i s  
r a d i a t i v e  p h a s e  b e c a us e  most  o f  t h e i r  c h a r g e  l i e s  w e l l  o u t s i d e  o f  t h e  
h a d r o n i c  o r b i t s .  The o v e r l a p  b e t w e e n  t h e  h a d r o n  and t h e  n u c l e u s  i s  
u s u a l l y  n e g l i g i b l e  a t  t h i s  p o i n t  so  t h a t  t h e  o n l y  a p p r e c i a b l e  f o r c e s  
a c t i n g  a r e  e l e c t r o m a g n e t i c  i n  n a t u r e .  The n u c l e a r  c h a r g e  
d i s t r i b u t i o n s  a r e  known w e l l  enough [21 t h a t  a c c u r a t e  c a l c u l a t i o n s  
s h o u l d  be p o s s i b l e ,  a l t h o u g h  h i g h e r - o r d e r  quantum e l e c t r o d y n a m i c  
e f f e c t s  mus t  be t a k e n  i n t o  a c c o u n t  f o r  m o d e r a t e -  t o  h l g h - Z  t a r g e t  
n u c l e i  [ 3 , 4 ] .  T h i s  p ha s e  o f  t h e  l i f e  o f  a h a d r o n i c  a tom t hu s  s e r v e s  
as  a t e s t i n g  ground f o r  s e v e r a l  i m p o r t a n t  QED c a l c u l a t i o n s .
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E x p e r i m e n t s  d e s i g n e d  s p e d  f  i c a l  l y  t o  t e s t  vacuum p o l a r i z a t i o n  [5)  and 
Lamb a h i f t  [ 6 , 7 ]  e f f e c t *  h a v e  s t i m u l a t e d  many d i f f e r e n t  a p p r o a c h e s  to 
t h e  c a l c u l a t i o n  o f  t h e r e  e f f e c t s  [ 8 - 1 1 ] ,
I f  QED e f f e c t *  a r e  u n d e r s t o o d  w e l l  e n o u g h ,  a t a d y  of  the  r a d i a t i v e  
p h a s e  o f  e x o t i c  s t e m s  c a n  a l s o  y i e l d  i n f o r m a t i o n  abou t  t he  o r b i t i n g  
p a r t i c l e .  The  X - r a y  t r a n s i t i o n  e n e r g i e s  a r e  s e n s i t i v e  to t he  mas* of 
t h e  p a r t i c l e  [ 1 2 —1 4 ] .  I f  t h e  p a r t i c l e  h a s  a m a g n e t i c  moment the 1 
r a y s  e x h i b i t  f i n e - s t r u c t  Ore s p l i t t i n g  c h a r a c t e r i s t i c  of  t h a t  a m e n t  
1 1 4 - 1 6 ]  .
Th e  h a d r o n i c  a t o o  c o n t i n u e s  t o  d o - e x c l t e  by a  ay of  r a d i a t i v e  
t r a n s i t i o n *  u n t i l  a s t a t e  i s  r e a c h e d  vhicfa h a s  an a p p r e c i a b l e  o v e r l a p  
w i t h  t h e  n u c l e a r  m a t t e r  d i s t r i b u t i o n ,  Qere  t h e  s t r o n g  i n t e r a c t i o n s  
w h i c h  c h a r a c t e r i z e  t h i s  f i n a l  a b s o r p t i v e  p h a s e  can a l t e r  t h e  X-ray
t r a n s i t i o n *  i n  t h r e e  ways  [ 1 7 , 1 6 ) .  Aa s oon  a s  t h e  ha d r o n  r e a c h e s  a 
s t a t e  w h i c h  h a s  a n y  o v e r l a p  w i t h  t h e  n u c l e u s ,  a b s o r p t i o n  b ;  t h e  s t r ong  
i n t e r a c t i o n  c o m p e t e s  w i t h  t h e  r a d i a t i v e  and Auge r  t r a n s i t i o n s  f o r  the 
s t a t e ' s  d e p l e t i o n .  The i n t e n s i t i e s  o f  any 1 - r a y  t r a n s i t i o n s  which
o r i g i n a t e  i n  t h i *  s t a t e  o r  one  o f  i t s  s u c c e s s o r s  a r e  t hus  r e d u c e d .  I f
t h e  h a d r o n  s u r v i v e s  t o  r e a c h  a s t a t e  w i t h  more o v e r l a p  t h e  s t r o n g
i n t e r a c t i o n  may a c t u a l l y  s h i f t  t h e  e n e r g y  l e v e l  by an o b s e r v a b l e  
a m o u n t .  A l t o ,  t h e  r a p i d  s t r o n g  a b s o r p t i o n  r e s u l t i n g  f rom the 
i n c r e a s e d  o v e r l a p  r e d u c e s  t h e  mean l i f e  o f  t h e  s t a t e  t o  a v a l u e  such 
t h a t  a b r o a d e n i n g  o f  t h e  e n e r g y  l e v e l  due  t o  t h e  u n c e r t a i n t y  p r i n c i p l e  
s a y  be  o b s e r v a b l e .
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B e c a m e  o f  t h e  s t r e n g t h  o f  t h e  s t r o n g  I n t e r a c t i o n ,  t h e  e f f e c t s  on 
a t o n i c  I t a t e t  I n c r e a s e  v e r y  r a p i d l y  a t  a f u n c t i o n  o f  t he  o r b i t a l -
n u d e  a* o v e r l a p  I n t e g r a l .  T h i s  p r o v i d e s  a c o n v e n i e n t  s e p a r a t i o n  o f
the  s t r o n g  i n t e r a c t i o n  e f f e c t s  on a g i v e n  s t a t e  f rom t h e  e f f e c t s  on 
i t s  p r e d e c e s s o r  s t a t e s .  F o r  a ny  o b s e r v a b l e  X - r a y  t r a n s i t i o n ,  s t r o n g  
i n t e r a c t i o n  e f f e c t s  on t he  f i n a l  s t a t e  a r e  t y p i c a l l y  s e v e r a l  o r d e r s  o f  
ma g n i t u d e  l a r g e r  t h a n  t h o s e  on t h e  i n i t i a l  s t a t e .  The s h i f t s  and 
b r o a d e n i n g *  o f  t h e  X - r a y  t r a n s i t i o n  e n e r g i e s  a r e  t h u s  d o mi n a t e d  by t h e  
s h i f t s  and  b r o a d e n i n g *  of  t h e  e n e r g i e s  o f  t h e  f i n a l  s t a t e * .  
S i m i l a r l y ,  any  s t r o n g  i n t e r a c t i o n  e f f e c t s  on the  i n i t i a l  s t a t e s ’ 
p r e d e c e s s o r s  a r e  t y p i c a l l y  s e v e r a l  o r d e r *  of  m a g n i t u d e  s m a l l e r  t h a n  
t hos e  on t h e  i n i t i a l  s t a t e s .  The r e d a c t i o n  i n  i n t e n s i t y  of  a
p a r t i c u l a r  X - r a y  t r a n s i t i o n  i s  t h u s  d o m i n a t e d  by s t r o n g  a b s o r p t i o n  o u t  
of  t h e  i n i t i a l  s t a t e  i t s e l f  r a t h e r  t h a n  o u t  o f  any o f  t he  i n i t i a l
s t a t e ' s  p r e d e c e s s o r * .
Chapter I 
TUCORY
E x t r a c t i o n  o f  i t r o n g  i n t e r a c t i o n  e f f e c t s  f rom 1 - r a y  t r a n s i t i o n s  
i n  h a d r o n i c  a t oms  r e q u i r e s  a c a l c u l a t i o n  o f  t h e  e n e r g i e s  and 
i n t e n s i t i e s  o f  t h e s e  t r a n s i t i o n s  i n  t he  a b s e n c e  of  any s t r o n g  
i n t e r a c t i o n .  The p h y s i c a l  s ys t em i n v o l v e d  i s  q u i t e  compl ex .  The 
u n p e r t u r b e d  n u c l e a r  c h a r g o  d i s t r i b u t i o n  i s  no t  n e c e s s a r i l y  s p h e r i c a l l y  
s y mme t r i c  a nd  may p o s s e s s  i n t r i n s i c  e l e c t r i c  a n d / o r  m a g n e t i c  n n l t i p o l c  
moments .  Tho quantum e l e c t r o d y n a m i c  i n t e r a c t i o n  be tween  t h e  n u c l e u s  
and t h e  o r b i t i n g  h a d r o n  must  be c a l c u l a t e d  t o  a s u f f i c i e n t l y  h i g h  
o r d e r  t o  i n c l u d e  a l l  s i g n i f i c a n t  e f f e c t s .  P o s s i b l e  s p i n  and a nomal ous  
m a g n e t i c  moment s t r u c t u r e s  o f  t h e  o r b i t i n g  h a d r o n  must  be t a k e n  i n t o  
a c c o u n t ,  a s  w e l l  a s  any r e s i d u a l  e f f e c t s  o f  t h e  e l e c t r o n  c l o u d  w h i c h  
s u r r o u n d s  t h e  h a d r o n - n u c l o u s  s y s t e m .  The e x t r e m e l y  s t r o n g  e l e c t r i c  
f i e l d s  e x p e r i e n c e d  by b o t h  t ho  n u c l e u s  and t h e  h a d r o n  r e s u l t  i n  
p h y s i c a l  d e f o r m a t i o n s  o f  b o t h  s y s t e m s .  I f  a r e s o n a n c e  c o n d i t i o n  
o c c u r s ,  t h i s  c a n  c a us e  t r a n s i t i o n s  o f  t h e  n u c l e u s  t o  e x c i t e d  s t a t e *  
[ 1 9 J . Al l  o f  t h e s e  e f f e c t s  can a l t e r  t h e  e n e r g y  l e v e l s  o f  t h e  
h a d r o n i c  bound  s t a t e s .
P r e d i c t i o n s  o f  X - r a y  i n t e n s i t i e s  r e q u i r e  n o t  o n l y  an 
u n d e r s t a n d i n g  o f  t he  r a d i a t l v o  t r a n s i t i o n  p r o c e s s  bu t  a l s o  knowl edge  
o f  t h e  i n i t i a l  s t a t e  p o p o l a t i o n s .  U n f o r t u n a t e l y ,  t h i s  p o p u l a t i o n
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d i s t r i b u t i o n  i s  n o t  i n d e p e n d e n t  of  t he  s t r o n g  i n t e r a c t i o n .  S t r o n g  
a b a o r p t i o n  e f f e c t s  on s t a t e s  h a v i n g  l a r g e  p r i n c i p a l  quan t um number  n 
b u t  e m a i l  v a l u e s  o f  a n g u l a r  momentum may bo d e s c r i b e d  s u f f i c i e n t l y  
v e i l  by an  o p t i c a l  p o t e n t i a l ,  b u t  t h e  d e t a i l  a o f  bow such  a b s o r p t i o n  
a f f e c t s  t h e  p o p u l a t i o n  d i s t r i b u t i o n  i s  n o t  e a s i l y  d e r i v e d  by  
a n a l y t i c a l  m e a n s .  A c o m p u t e r  mode l  o f  t h e  h a d r o n i c  c a s c a d e  i s  u s u a l l y  
u s e d  t o  p r e d i c t  t h e  i n i t i a l  s t a t e  p o p u l a t i o n *  i n  t h e  p r e s e n c e  o f  t h e  
( s i m p l i f i e d  o p t i c a l  model}  s t r o n g  i n t e r a c t i o n  so t h a t  i n t e n s i t y  
r e d u c t i o n s  i n  a n  X - r a y  t r a n s i t i o n  may be  a s s o c i a t e d  w i t h  s t r o n g  
a b s o r p t i o n  o u t  o f  t h e  i n i t i a l  s t a t e  r a t h e r  t h a n  w i t h  a n y  s t r o n g  
i n t e r a c t i o n  i n d u c e d  v a r i a t i o n s  i n  t h e  i n i t i a l  s t a t e  p o p u l a t i o n .  Such  
a  c o m p u t e r  m o d e l  r e q u i r e s  some a n s a  t a  c o n c e r n i n g  t h e  d i s t r i b u t i o n  i n  
a n g u l a r  momentum o f  t h e  o r b i t i n g  h a d r o n s  i m m e d i a t e l y  a f t e r  a t o m i c  
c a p t u r e .  Au g e r  t r a n s i t i o n s  m u s t  be  i n c l u d e d  i f  t h e  model  i s  t o  be 
c o n s i d e r e d  a r e a l i s t i c  r e p r e s e n t s t i u n  o f  t h e  c a s c a d e  p r o c e s s .
F i n a l l y ,  d e v i a t i o n s  o f  m e a s u r e d  i n t e n s i t i e s  f rom p r e d i c t i o n s  
c a n n o t  be  f i r m l y  l i n k e d  t o  a s t r o n g - i n t e r e c t i o n  a b s o r p t i o n  r a t e  
w i t h o u t  f i r s t  a c c o u n t i n g  f o r  a l l  o t h e r  p r o c e s s e s  whi ch  may c o n t r i b u t e  
t o  d e p o p u l a t i o n  o f  t h e  I n i t i a l  s t a t e s .  Such p r o c e s s e s  i n c l u d e  Anger  
t r a n s i t i o n s  a n d  d e c a y  o f  t h e  o r b i t i n g  h a d r o n .  An e x p o s i t i o n  o f  t h e  
t h e o r i e s  n e e d e d  t o  make t h e  e n e r g y  a nd  i n t e n s i t y  p r e d i c t i o n s  p e r t i n e n t  
t o  t h i s  a n a l y s i s  f o l l o w s .
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1.1  Energy l o y a l *  &£ Hadron ic  AtfiEll
1 . 1 . 1  Go v e r n i n g  E q u a t i o n *  g n d  Method f i l  S o l u t i o n
The  dynami c*  o f  b i g b - Z  e x o t i c  a tom* formed w i t h  p a r t i c l e *  h a v i n g  
s p i n a  o f  z e r o  or  one  h a l f  a r c  g o v e r n e d  by t h e  K l e t n - G o r d o n  o r  D i r a c  
e q u a t i o n *  [ID] . The l a r g e  r a t i o  of  n u c l e a r  t o  h a d r o n i c  m a s s e s  i n s u r e *  
t h a t  mos t  o f  t h e  r e l a t i v i i t i c  e f f e c t *  a r e  a s s o c i a t e d  w i t h  t h e  h a d r o n .  
T h i s  moan* t h a t  t h e  c l a s s i c a l  r e duc e d  ma s s  a p p r o x i m a t i o n  w i l l  a c c o u n t  
a d e q u a t e l y  f o r  moat  of t h o  n u c l e a r  r e c o i l .  F o r  t h e  £ - Pb  a n d  
s y s t e m s  t h e  r e s i d u a l  r e l a t l v i s t l c  c o r r e c t i o n s  t o  t he  n u c l e a r  r e c o i l  
axe l o s s  t h a n  20 eV i n  m a g n i t u d e .
Tho met hod  o f  s o l u t i o n  i s  s i m i l a r  f o r  b o t h  e q u a t i o n s .  The 
e q u a t i o n  1* s o l v e d  f o r  b o u n d  e n e r g y  e i g e n s t a t e s ,  u s u a l l y  i n  a 
p o t e n t i a l  g e n e r a t e d  by a s t a t i c ,  s p h e r i c a l l y  s y m m e t r i c  n u c l e a r  c h a r g e  
d i s t r i b u t i o n  o f  r e a l i s t i c  f i n i t e  e x t e n t .  I n  t h i s  e s s e  t h e  e q u a t i o n s  
a r e  s e p a r a b l e  i n t o  r a d i a l  and a n g u l a r  p a r t s .  S o l u t i o n s  t a k e  t h e  form 
o f  r a d i a l  f u n c t i o n s  m u l t i p l y i n g  a n g u l a r  f u n c t i o n s  w h i c h  a r e  
e i g e n s t a t e s  o f  t h e  t o t a l  a n g u l a r  momentum o p e r a t o r .  A l l  d y n a m i c a l  
e f f e c t *  a r e  c o n t a i n e d  i n  t h e  r a d i a l  e q u a t i o n s ,  whi ch  may be s o l v e d  
n u m e r i c a l l y  f o r  m o s t  p h y s i c a l l y  r e a l i s t i c  c h a r g e  d i s t r i b u t i o n s .  In 
p r a c t i c e ,  many of  t h e  n u c l e i  f o r  w h i c h  one m i g h t  wi s h  t o  s o l v e  t h e s e  
e q u a t i o n s  a r e  i n d e e d  s p h e r i c a l l y  s y mme t r i c  ( e v e n - e v e n } .  I f  n o t ,  any 
e f f e c t *  due t o  n u c l e a r  asymmet r y  a r c  u s u a l l y  s m a l l  and may be t r e a t e d
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a f i r s t - o r d e r  p e r t u r b a t i o n  t o  t h e  s p h e r i c a l l y  s y mme t r i c  E o l a t i o n .
I t  i i  u s e f u l  t o  h i v e  a v a i l a b l e  a n a l y t i c a l  s o l u t i o n s  f o r  two 
a p o d a l  c a s e s .  Tho e ne r gy  e i g e n v a l u e s  f o r  a p o i n t  c h a r g e  d l t t r l b u t  1 on 
a r c  f r e q u e n t l y  good s t a r t i n g  p o i n t *  f o r  e i g e n v a l u e  s e a r c h e s  I n v o l v i n g
p e r t u r b a t i o n  c a l c u l a t i o n  u s i n g  t h e  b a i l *  e l a t e *  o f  a p o i n t  c h a r g e  
l o l a t i o n  can i mprove  auch an i n i t i a l  g u e s s  d r a m * t i c a l l y , and i s  n o t  
v e r y  c o s t l y  i n  c o m p u t a t i o n  t i n e .
The r a d i a l  e i g e n f n n c t i o n s  f o r  a s p h e r i c a l  s q u a r e - w e l l  p o t e n t i a l  
nay  bo usod t o  i n i t i a l i z e  n u m e r i c a l  i n t e g r a t i o n  a l g o r i t h m s  a t  any 
r a d i u s  whore  t he  a c t u a l  p o t e n t i a l  i s  a s u f f i c i e n t l y  s l o w l y  v a r y i n g  
f u n c t i o n  of  r a d i u m ,  T h i s  c o n d i t i o n  i s  mot  a t  v e r y  l a r g e  and v e r y  
s ma l l  r a d i i  by p o t e n t i a l s  g e n e r a t e d  by p h y s i c a l l y  r e a l i s t i c  c h a r g e  
d i  s t r i b u t i o n s ,
1 . 1 . 2  I l e i n - G o r d o n  E q u a t i o n
The  K l e i n - G o r d o n  e q u a t i o n  f o r  a f r e e  p a r t i c l e  o f  mass  m i s  1211
more  r e a l i s t i c  f i n i t e  c h a r g e  d i s t r i b u t i o n s .  A f i r s t - o r d e r
1 . 1 - 1 )  -  ( w f  ]  Y  - 0
where rf“ - f t ( J ) i s  t he  four^momentum o p e r a t o r  c o r r e s p o n d i n g  t o  
s p a c e - t i m e  c o o r d i n a t e s  Note  t h a t
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C o u p l i n g  t o  an e x t e r n a l  e l e c t r o m a g n e t i c  f i e l d  i s  e f f e c t e d  by t h e  
t ub e  t i t n t  i on
1 . 1 - 2 1   > n* -  ( e / c ) A*L
where  A “ ( 4 . A )
I n  t he  c a s e  o f  a s t a t i c  Cool  nub p o t e n t i a l  A** ( i ( x ) , 0 ) ,  e q u a t i o n  
( 1 . 1 - 1 )  b e c ome s ,  i n  t h e  more u s u a l  n o n - c o v a r i a n t  n o t a t i o n
1 . 1 - 3 ) V i  i , t z a r  .  v * ,  r _ T ]\ c  i t  he /  \ i / J
Any s t a b l e  bound s t a t e  w h i c h  l a  a s o l u t i o n  t o  e q u a t i o n  ( 1 . 1 - 3 )  
w i l l  be an e i g e n s t a t e  o f  t h e  H a m i l t o n i a n  H:
r.i-4) BY - i t   - eY
d  t
S o l u t i o n s  o f  t h e  form "4^ * C x . t ) * " ^  ( ? )  e*  a a t i a f y  t h i s
c o n d i t i o n ,  and  e q u a t i o n  ( 1 . 1 - 3 )  be c ome s
[’ a .  t ( E - e + ( x ) f  - ( b c 1 )1 ) 1  Jw J 0
F o r  a s p h e r i c a l l y  s y m m e t r i c  p o t e n t i a l  ♦  ( j f ) - t ( r ) .  e q u a t i o n  ( 1 . 1 - 5 )  
i s  s e p a r a b l e  i n t o  r a d i a l  and  a n g u l a r  e q u a t i o n s  [ 2 2 ] ,  The  a n g u l a r  
e q u a t i o n  i s  s o l v e d  by  t h e  u s u a l  s p h e r i c a l  h a r m o n i c s  a n d  h a s  a
s e p a r a t i o n  c o n s t a n t  e q u a l  t o  >P(^+1) . The  r e s u l t i n g  e q u a t i o n  f o r  t h e  
r a d i a l  f u n c t i o n  R ( r )
P a g e  ] ]
dX ( r R ( r ) )  r [ ( E - e * ( r ) ) a' - ( n c * ) 1 J
. 1 - 6 )    + f    1 ■ ■ — ■■ - ------------- | ( r R ( r
dr L r* J
)) -  0
may be s o l v e d  n u m e r i c a l l y  f o r  mos t  a o n - p a t h o l o g i c a l  p o t e n t i a l s  t ( r )
Power  s e r i e s  t e c h n i q u e s  may be used  t o  s o l v e  t h i s  e q u a t i o n  In  t h e  
c i t e  of  a Coulomb p o t e n t i a l  g e n e r a t e d  by a ( s t a t i c )  p o i n t  c h a r g e  
d i s t r i b u t i o n  w i t h  t h e  r e s u l t  [ 23]
1 . 1 - 7 )  E(n , J ( )  * me*
Z°<
1 +
_ J-
In  r e g i o n s  o f  c o n s t a n t  p o t e n t i a l  t h e  t e r m  - c 6 ( r )  may be  c o m b i n e d  
w i t h  t h e  e n e r g y  t o  g i v e  a n  e f f e c t i v e  e n e r g y  E ' - E - e f .  S o l u t i o n s  f o r  
e n e r g y  E i n  t h e s e  r e g i o n s  o f  c o n s t a n t  p o t e n t i a l  6  may be  e x p r e s s e d  a s  
l i n e a r  c o m b i n a t i o n s  o f  t h e  f r e e - p a r t i c l c  ( l , e . , ^ * 0 )  s o l u t i o n s  f o r  
e ne r gy  E ' . The s u b s t i t u t i o n s
1 . 1 - 8 )
^ | ( E - e * r  - (me1 J1  '
and w( z )  -  r ( x ) R ( r ( z )  )
r e s u l t  i n  a s l i g h t l y  d i f f e r e n t  f o r a  of  e q u a t i o n  ( 1 . 1 - 6 )  f o r  r e g i o n s  o f  
c o n s t a n t  p o t e n t i a l :
1 . 1 - 9 )  l  + [ x * - i < J + l ) ] w  -  0 .
T h i s  I s  r e c o g n i z e d  a s  t h e  e q u a t i o n  f o r  t h e  E i c a t t i - B e s s e l  f u n c t i o n s  
[ 241 .  L i n e a r l y  i n d e p e n d e n t  s o l u t i o n  p a i r s  a r e  b a s e d  on  t h e  s p h e r i c a l
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B o * t e l  f u n c t i o n s  o f  t h e  f i r s t  and s e c o n d  k i n d s
1 . 1 - 1 0 )  t j^ { t ) -  - J n z / 2 ‘ J y ^ f t )  
a < t ) -  - j n z / 2 '  x )
a nd  o f  t h e  t h i r d  k i n d
(II .--------- , (0
1 . 1 - 1 1 )  tbjf U ) «
<*} „ i--------- 1xh^ [ x ) “ ^ i r x / 2  t )
<d (a)
Hero J ^ ( z ) .  y^ , ( r )  , h | ( z )  and  h^ ( x )  a r e  s p h e r i c a l  B o n d
f u n c t i o n * .  Jp ( z )  and Tfy(z) a r e  t h e  n a n a l  B e s s e l  f u n c t i o n s  o f  t h e  f i r s t
and s e c o n d  L i n d s  and and t y ( z )  a r e  t h e  Ha nke l  f u n c t i o n s .  These
■i
s o l u t i o n s  a r e  of  p a r t i c u l a r  i n t e r e s t  f o r  E*>mc a t  r « 0 ,  where
c o n v e r g e n c e  o f  t he  n o r m a l i z a t i o n  i n t e g r a l  l i m i t s  t h e  s o l u t i o n  t o
a  (I)
z j j ( z )  a nd  f o r  E ' t mc  a t  i—> ,  where  zhp [*)  i s  t h e  o n l y  s o l u t i o n
wh i c h  g o e s  t o  z e r o  as r e q u i r e d  f o r  a bound s t a t e .
1 . 1 . 3  D i r a c  E o u a t I o n
The D i r a c  e q u a t i o n  f o r  a f r e e  p a r t i c l e  o f  mass  m i s  [21]
1 . 1 - 1 2 )  l i ^ y ^ - m c ]  u w 0
where  t ho  8 a r e  D i r a c  m a t r i c e s .  For  s p a c e - t i m e  c o o r d i n a t e s
i*4 ** ( c t , s )  t h e s e  t ake  t h e  form [23]
P a g e  1J
whe r e
y -
a>
<i> <o>
<o> - < i >  
1 o 
o 1
a n d
y l -  *
<o>
<0> <T 
cr <o> 
0 0 
0 0
a r e  t h e  2X2 I d e n t i t y  a nd  a e r o  m a t r i c e s  and  t h e  (T a r c  t h e  u s u a l  2X2 
P a u l i  m a t r i c e s .
C o u p l i n g  t o  an e x t e r n a l  e l e c t r o m a g n e t i c  f i e l d  i s  a g a i n  made  by 
t h e  m i n i m a l  s u b s t i t u t i o n  ( 1 . 1 - 2 ) .  I n c l u s i o n  o f  a n  anoma l ous  m a g n e t i c  
moment  a dds  a m a g n e t i c  d i p o l e  t erm [ 2 1 ]
l e
*r * Kl ^  F
4*lc
uif
t o  t h e  r i g h t  s i d e  of  e q u a t i o n  ( 1 . 1 —1 2 ) ,  whe r e  
, ^1 , 1 - 1 5 )  1? -  ------ ---------------
La Maxwel l  * s  f l e l d - s t r e n g t h  t e n s o r .
E n e r g y  e i g e n s t a t e  s o l u t i o n s  t o  t h e  D i r a c  e q u a t i o n  may he 
s e p a r a t e d  i n t o  s p a t i a l  and t e m p o r a l  p a r t s  o f  t h e  form 
u ( i , t )  * u{x)  e x p ( - i E t t f i )  . I f  s o l u t i o n s  a r e  t o  b e  l i m i t e d  t o  e n e r g y  
e i g e n s t a t e s  t h e  o p e r a t o r  ( < ) / 3 { c t ) )  w h i c h  a p p e a r s  i n  t h e  D i r a c  e q u a t i o n  
ma y  be r e p l a c o d  w i t h  i t s  e i g e n v a l u e  e q u i v a l e n t  0 / 9 ( c t > )  _  - i E / t i c  
r e s u l t i n g  i n  a  s i m p l i f i c a t i o n  o f  e q u a t i o n  ( 1 . 1 - 1 2 ) .  I n  t h e  c a s e  o f  a 
s p h e r i c a l l y  s y mm e t r i c  p o t e n t i a l  t h e  D i r a c  e q u a t i o n  may be  s e p a r a t e d
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I n t o  a n g u l a r  mod r a d i a l  p a r t * .  Tho bound  s t a t e  s o l u t i o n s  t a k e  t ho  
f a r o  [2J]
r
V r>
1FW r)
J L, o>
] -k , m>
y
k“ j( f o r  J-JE-1/2
k — t f + l )  f o r  J - ^ + l / 2
where
1 . 1 - 1 7 )  I k , o >
C ( i , s , { n - ± ) , ( + ± )  I k  ( - £ ) , * >
f M- i )
The C{f ,  * , n 5 | , o,  J ,■) o r e  v e c t o r  a d d i t i o n ,  o r  C l e b s c h - G o r d a n ,
c o e f f i c i e n t * .
The r e s u l t i n g  r e d i a l  e q u a t i o n *  a r c  now [ 20]
d F ( r )
d r
dG( r )
d r
l  ^ d * < r >
-  + E ---------
r  d r
[E+c4(  r ) - dc*“ ]
F ( r ) -
k ^ d * ( r >
-  + E ---------  G ( r )  +
r  d r
he
[E+e4(  r H u c 4-]
he
G<r)
F ( r >
whe r e  E * g e / 2 * c  !■ t h e  a n o n a l o u a  a m e n t  t c r o .
Th i s  a e t  o f  e q u a t i o n *  1* an e n a b l e  t o  n u n e r i c a l  s o l u t i o n .
Bound s t a t e  e n e r g y  e i g e n v a l u e !  o f  t he  D i r a c  e q u a t i o n  f o r  a s t a t i c  
p o i n t  c ha r ge  d i s t r i b u t i o n  and no a n o a a l o u s  a doe a t  n a y  be f ound  by 
e x p a n d i n g  t he  s o l u t i o n s  t o  t h e  r a d i a l  e q u a t i o n s  { 1 , 1 - 1 8 )  i n  a power  
a e r i e s  [ 2 3 ) .  The d i s c r e t e  o n e r g i c a  wh i c h  r e s u l t  i n  p r o p e r  t r u n c a t i o n  
o f  t h e  s e r i e s  a r e  f o u n d  t o  be
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I . H 9 J  E ( n , J >  -  >tc 1 +
2<*
j + 1 / 2 )  +'^t J + l / 2 ) 1 - {Z x f y
- ±
I n  r e g i o n *  o f  c o n s t a n t  p o t e n t i a l  t h e  two f i r t t - o r d e r  e q u a t i o n s  
( 1 , 1 - 1 8 )  may be  c omb i n e d  t o  g i v e  a  t i n g l e  s e c o n d - o r d c r  e q u a t i o n  f o r  
t h e  r a d i a l  f u n c t i o n  G ( r )
1 .1 - 2 0 )  i l i * U )  + I x ^ - k f l + l } I w( r} -  0
w h e r e  o n c e  a g a i n  t h e  s u b s t i t u t i o n s  ( 1 , 1 —G> h a v e  be e n  a i d e .  T h i t  i t  
r e c o g n i s e d  a g a i n  a t  t h e  e q u a t i o n  f o r  t h e  R i c o * t i - B o i a e l  f u n c t i o n s  [241 
w h i c h  h a t  l i n e a r l y  I n d e p e n d e n t  s o l u t i o n  p a i r s
[ xj .  ( x) , r y h ( x) ]
1 , 1 - 2 1 )  a nd  
{See  e q t . { 1 , 1 - 1 0 )  a nd  ( 1 , 1 - 1 1 ) }
F o r  E ' ) m c  , i n t c g r a b i 1 i t y  r e q u i r e m e n t *  a t  t he  o r i g i n  e x c l u d e  the
xyK ( z )  s o l u t i o n  f o r  k>0 and  t h e  x j ^ ( x )  t o l u t i o n  f o r  k<0,  F o r  E'Cnc*'
i*J
t h e  a o l n t i o n  m o a t  v a n i s h  a t  l a r g e  r a d i u s ,  w h i c h  e x c l u d e *  t h e  xb^ (x)  
a o l n t i o n .
E q u a t i o n  ( I . 1 - 1 B )  may be m a n i p u l a t e d  t o  g i v e
1 . 1 - 2 2 )  F ( r )  -
d C( r >  k
  + -  G ( r )
d r  r
At  l a r g e  a nd  s m a l l  r a d i i  wh o r e  G ( r )  i t  l i m i t e d  t o  t h e  fo rm of * 
t i n g l e  B o a s e l  f u n c t i o n ,  t h e  t e r m  d G ( r ) / d r  may be e v a l u a t e d  w i t h  the 
h e l p  o f  r e c u r s i o n  r e l a t i o n *  b e t w e e n  t h e  B c s t o l  f u n c t i o n *  [ 2 2 ] ,  T h i t
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r e s u l t s  In  t b e  e o l a t i o n  p a i r  f o r  a o o n s t a t i t  p o t e n t i a l
< W r )  -
I . 1 - 2 3 )
wh e r e
E - e ^ - n c 1
E- e ^+ rW Dr)A G
^(E-o*>X - ( a e 1 )
i c
and 0 and E- e i  > me* - S
b
and E - e i  < me*
k>0 ------> f*
t < 0 — 4  fj, ( x) “y^ ( x)
jo
Thus t h e  r a t i o  F/G may be c a l c u l a t e d  a t  l a r g e  a n d  s ma l l  r a d i i  w h e t h e r  
or  no t  t h e  o v e r a l l  n o r m a l l z a t i o a  i t  known. T h i s  i t  s u f f i c i e n t  t o  
i n i t i a l i z e  a n u m e r i c a l  i n t e g r a t i o n  p r o c e d u r e .
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1 , 2  C o r r e c t i o n *  i s  JJio Eng j gy  Leve l  *
1 , 2 , 1  E l t c t r o n  S c r e e n ! n a
F o r  * h a d r o n  o f  m a t s  m and * t i n g l e  n e g a t i v e  c h a r g e ,  s t a t e *  h a v i n g  a 
p r i n c i p a l  qua n t um number  n i  n ^  ■ -faTm^ H e  w i t h i n  t he  e l e c t r o n i c  
E - a h e l l  and s c r e e n  one u n i t  o f  n u c l e a r  c h a r g e  f rom t h e  o r b i t i n g  
e l e c t r o n s .  S i n c e  t h e r e  I t  l i t t l e  p e n e t r a t i o n  o f  t he  e l e c t r o n  
d e n s i t i e s  t o  w i t h i n  t h e  E - a h e l l  r a d i u s ,  t h e  s c r e e n i n g  i s  a l m o s t  e x a c t  
a n d  t he  e l e c t r o n  d e n s i t y  i s  n e a r l y  i n d e p e n d e n t  o f  t he  s t a t e  o f  t h e  
o r b i t i n g  h a d r o n .  The s t a t e  o f  t h e  h a d r o n ,  h owe ve r ,  I t  no t  i n d e p e n d e n t  
o f  t h e  e l e c t r o n  d e n s i t y .  D e t a i l e d  c a l c u l a t i o n s  o f  t h e  h a d r o n i c  e n e r g y  
e i g e n v a l u e s  mus t  i n c o r p o r a t e  t h e  p o t e n t i a l  i n d u c e d  by t he  e l e c t r o n i c  
c h a r g e  d e n s i t y .
The e l e c t r o n  d e n s i t y  f o r  r a d i i  w i t h i n  t h e  E - s h e l l  i s  n e a r l y  
i n d e p e n d e n t  o f  t he  I o n i s a t i o n  s t a t e  o f  t h e  o u t e r  e l e c t r o n i c  s h o l l s .  
Any i n n e r  s h e l l s  wh i c h  a r e  i o n i s e d  by an Anger  t r a n s i t i o n  a r c  q u i c k l y  
r e f i l l e d  f rom t h e  o n t e r  s h e l l s .  Thus  t h r o u g h o u t  t b e  volume o f  s pace  
w i t h i n  t h e  e l e c t r o n i c  E - a h e l l  t h e  c h a r g e  d e n s i t y  o f  t h e  e l e c t r o n s  
o r b i t i n g  a h a d r o n i c  atom o f  n u c l e a r  c h a r g e  Z i s ,  t o  w i t h i n  a b o u t  t h r e e  
p e r c e n t ,  e q u a l  t o  t h a t  o f  t ho  ( Z - l )  e l e c t r o n s  o r b i t i n g  a normal  atom 
o f  n u c l e a r  c h a r g e  ( Z - l )  [ 1 ] ,  Any m a j o r  d i f f e r e n c e s  be t we en  t h o s e  two 
c h a r g e  d i s t r i b u t i o n s  o c c u r  w e l l  o n t s i d e  o f  t he  h a d r o n i c  o r b i t  a nd  w i l l  
a f f e c t  t h e  h a d r o n  e n e r g y  o n l y  t h r o u g h  t h e  c o n s t a n t  p a r t  o f  t he
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e l e c t r o s t a t i c  p o t e n t i a l .  Such u n c e r t a i n t i e s  in t h e  p o t e n t i a l  a r e  t h e  
same f o r  a l l  s t a t e s  o f  t ho  h a d r o n  a nd  a r e  no t  r e f l e c t e d  in  t h e  
e n e r g i e s  o f  t h e  t r a n s i t i o n  I  r a y s ,  Tho p o t e n t i a l *  g e n e r a t e d  by 
e l e c t r o n i c  c h a r g e  d i s t r i b u t i o n s  of  normal  atoms have b e e n  o a l c o l a t e d  
a n d  t a b u l a t o d  i n  f o r m s  t h a t  a r e  u s e f u l  t o  e x o t i c  atom c a l c u l a t i o n s
[ 2 6 J .
1 . 2 . 2  Quantum E l e c t r o d v n i u n i c  C o r r e c t i o n s
The two b a s i c  t y p e s  o f  quantum e l e c t r o d y n a m i c  c o r r e c t i o n s  
a p p l i c a b l e  t o  c a l c u l a t i o n s  o f  t he  e ne r gy  l e v e l s  o f  e x o t i c  atoms a r e  
r a d i a t i v e  e f f e c t s  and vacuum p o l a r i z a t i o n .  R a d i a t i v e  e f f e c t s ,  
a ome t l a i e s  known a s  s e l f - e n e r g y  c o r r e c t i o n s ,  r e s u l t  f rom i n t e r a c t i o n s  
b e t w e e n  t h e  o r b i t i n g  p a r t i c l e  and t h e  q u a n t i z e d  r a d i a t i o n  f i e l d .  The 
m a i n  c o n t r i b u t i o n  t o  t h i s  i n t e r a c t i o n ,  t h e  e mi s s i o n  and r e —a b s o r p t i o n  
o f  a s i n g l e  v i r t u a l  p h o t o n  by t h e  o r b i t i n g  p a r t i c l e ,  g i v e s  r i s e  t o  t h e  
w e l l - k n o w n  Lamb s h i f t  i n  t h e  2 s  s t a t e  o f  hydr ogen  [27]  . Al t hough  
r a d i a t i v e  p r o c e s s e s  may s e v e r e l y  a f f e c t  l o w - l y i n g  mu o n i c  s t a t e *  
( g r e a t e r  t h a n  3 keV f o r  t h a  I s  s t a t e  o f  muonic V o r  Pb [ 2 E ] ) ,  t h e y  
p l a y  l i t t l e  p a r t  i n  t b e  e n e r g y  l e v e l s  of  h a d r o n i c  a tom*.  The s t r o n g  
i n t e r a c t i o n  u s u a l l y  r e s u l t s  i n  a b s o r p t i o n  o f  h a d r o n s  i n  s t a t e s  w h i c h  
a r e  s t i l l  h i g h - l y i n g  enough t o  be n e a r l y  d e v o i d  of  r a d i a t i v e  e f f e c t s .  
B a a e d  on t h e  me t h o d s  of  R i n h e r  and S t e f f e n  [ 29 ] ,  e s t i m a t e s  o f  t h e  
f i r s t - o r d e r  Lamb s h i f t  on t h e  ( 9 , 8 ) ,  ( 1 0 , 9 )  and ( 1 1 , 1 0 )  s t a t e s  o f
Ci - P b  g i v e  r e s p e c t i v e l y  1 , 6 ,  1 . 0  and 0 , 6  oV. S i nce  much o f  t h i s  s h i f t  
comes  f rom a <cr*t> t e r m,  t h e  e f f e c t  i s  g e n e r a l l y  much l e s s  f o r  
s p i n l e a s  p a r t i c l e s .  E s t i m a t e s  o f  t he  Lamb s h i f t  on t h e  ( 7 , 6 )  a nd
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( 8 , 7 )  a t i t e a  o f  k a o a l c  Pb i r e  l e a s  t h i n  1 eV, R a d i a t i v e  e f f e c t s  a r e  
g e n e r a l l y  I g n o r e d  i s  t h i s  a n a l y s i s .
Vacuum p o l a r i s a t i o n ,  t h e  e m i s s i o n  and  r e - a b s o r p t i o n  o f  v i r t u a l
e l e c t r o n - p o s i t r o n  p a i r s  by p h o t o n s ,  i s  r a r e l y  i f  e v e r  n e g l i g i b l e  i n
o r o t i c  i t e m s .  E x p r e s s i o n *  f o r  the p o l a r i z a t i o n  c h a r g e  d e n s i t y
g e n e r a t e d  by a p o i n t  c h a r ge  Coulomb p o t e n t i a l  ha ve  b e e n  d e r i v e d  [31
w h i c h  show t h a t  t h e  l e a d i n g  t e r m  i n  an e x p a n s i o n  In  p o w e r s  of  g i v e s
t h e  U e l i n g - S e r b e r  p o t e n t i a l  [ 3 0 . 3 1 ] ,  F o r  e x o t i c  a toms  o f  m o d e r a t e  t o
h i g h  Z t h i s  p o t e n t i a l  i t  t o o  l a r g e  t o  be t r e a t e d  by f i r s t - o r d e r
p e r t u r b a t i o n  t h e o r y .  A l t h o u g h  a e c o n d - o r d e r  t h e o r y  i s  u s u a l l y
a n f f i c i e n t ,  a more  p r a c t i c a l  a p p r o a c h  f r e q u e n t l y  u s e d  i s  t o  i n c l u d e
t h i s  p o t e n t i a l  i n  t h e  e i g e n v a l u e  p r o b l e m ,  wh i ch  i a  t h e n  s o l v e d
n u m e r i c a l l y .  I l i g b e r - o r d e r  t e r m s  may be i n c l u d e d  e i t h e r  i n  t h e
e i g e n v a l u e  p r o b l e m  o r  e v a l u a t e d  l a t e r  by f i r s t - o r d e r  p e r t u r b a t i o n
t h e o r y .  I n c l u d e d  i n  t h e s e  h i g h e r —o r d e r  t e r m s  a r e  t h e  t e r m
I S ,?
f i r s t  d e r i v e d  by E a l l e n  a nd  Sabr ey  [ 32]  a n d  t h e  t e r m s
d e r i v e d  by Vichman and T r o l l  [ 3 ] .  B l o m q v i s t  EBJ h a s  o r g a n t r o d  t h e
r e s u l t s  o f  t h e s e  a u t h o r s  i n t o  forms u s e f u l ,  i f  d i f f i c u l t ,  f o r
c o m p u t a t i o n  a nd  h a s  p r o v i d e d  e x p a n s i o n s  i n  p o we r s  o f  r  v a l i d  n e a r  t he
o r i g i n .  U n f o r t u n a t e l y ,  t he  a n a l y t i c a l  e x p r e s s i o n s  o f  B l o m q v i s t  a r e  
d i f f i c u l t  t o  e v a l u a t e  n u m e r i c a l l y  and t h e  e x p a n s i o n s  i n  powe r s  o f  r  
b r e a k  down beyond  a b o u t  73 fm.
B a a e d  on B l o o q v i e t ' s  a n a l y t i c a l  e x p r e s s i o n s ,  F u l l e r t o n  and R i n k c r  
[ 33 ]  h a v e  d e r i v e d  p a r a m e t e r i z a t i o n *  of  t h e  o ( ( Z ° 0  and <<*(Zo(} t e r m s ,  
t h e i r  i n t e g r a l s ,  and t h e  second  a nd  f o u r t h  r a d i a l  d e r i v a t i v e s  o f  t h e
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oiCZ^O t e n .  Thot e  p a r  a m e t e r i x a t i o n *  a r e  o p t i m i i e d  i n  t b e  Cbebychev 
s e n s e ,  ao t b i t  t ho  maximum e r r o r  i «  m i n i m i z e d  f o r  t b e  g i v e n  number  o f
p a r a m e t e r s .  Hi e  ^ ( Z 4^ )  p a r a m e t e r l x s t i o n *  i r e  v a l i d  f o r  i l l  r a d i i .
1
Tbo “f (Ze<)  p a r a m e t e r i x a t l o n s  a r e  v a l i d  o n l y  f o r  r a d i i  l e a *  t h a n  t b e  
e l e c t r o n ' *  Compton w a v e l e n g t h  A,,  a b o u t  366 fm. An a p p r o x i m a t i o n  i t  
g i v e n  f o r  l a r g e r  r a d i i ,  b u t  t h e  p o t e n t i a l  l a  ao ama l l  t h a t  I t  may 
u s u a l l y  be a c t  e qua l  t o  l o r o  beyond  X* w i t h  no e f f e c t  on c a l c u l a t e d  
r e m i t * .
The * ( Z * J  vacuum p o l a r i z a t i o n  p o t e n t i a l  a b o u t  a p o i n t  c h a r g e  
h a t  be e n  e v a l u a t e d  by Vogel  [26]  u a i n g  t h e  e x p r e a a i o m  o f  B l o m q v i s t  
[ 6 ] .  B o i u l t l  e r e  t a b u l a t e d  i n  a Z - i n d e p e n d e n t  manner  o v e r  t h e  r an g e  
0 . 1  < r  < \ , , The r e s u l t s  v a r y  s l o w l y  w i t h  r ,  a nd  ao a r e  e a a i l y
i n t e r p o l a t e d .  F o r  r  < 0 . 1  X, ,  t h e  B l o m q v i a t  e x p a n a i o n  i n  power a  o f  r  
l a  p r e f e r a b l e .  The c t { Z o O ' 7 t o m  a r e  g e n e r a l l y  eaanmed t o  ha ve  t h e  
• u e  f u n c t i o n a l  de pendence  a a  t h e  o t f Z o O ^  t e r m ,  B l o a q v i a t  h a t  
e v a l u a t e d  t h e  l e a d i n g  t o m  i n  1 f t  o f  t h c a e  p o t e n t l a l i ,  t hua  
d e t e r m i n i n g  t h e i r  r e l a t i v e  m a g n i t u d e a .
F i n i t e  n u c l e a r  t i x o  e f f e c t *  may be  i n c l u d e d  i n  t h o a e  vacuum 
p o l a r i x a t i o n  t e rma  v b i c h  a t e  l i n e a r  i n  t h e  i n d u c i n g  c h a r g e  Z a i mp l y  by 
p e r f o r m i n g  a l i n e a r  c o n v o l u t i o n  o f  t he  p o i n t - c h a r g e  p o t e n t i a l  o v e r  t h e  
i n d u c i n g  c h a r g e  d i s t r i b u t i o n .  Fo r  s p h e r i c a l l y  s y mm e t r i c  c h a r g e  
d i i t r i b u t I o n t , t h i a  c o n v o l u t i o n  may be g r e a t l y  s i m p l i f i e d  a t  amal l  
r a d i i  by u i i n g  t he  p a r a m e t e r I x a t l o n *  o f  t he  p o t e n t i a l  i n t e g r a l *  
p r o v i d e d  by F u l l e r t o n  and B i n k e r  [ 3 3 ] ,  At  l a r g e  r a d i i *  t h e  ^ ( Z 1* !  
p o t e n t i a l  f o r  a f i n i t e  n u c l e u s  may be e xpa nde d  in  t e r m *  o f  t h e  f i r s t
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few r a d i a l  moments  o f  t h e  c h a r g e  d i s t r i b u t i o n  t a d  e v a l u a t e d  w i t h  t h e  
h e l p  o f  t h o  p a r a m e t e r l r a t i o u s  f o r  t b e  d e r i v a t i v e !  o f  t h e  X { Z ^ )
p o t e n t  1a l „
F i n i t e  u n c l e a r  s l x o  e f f e c t !  a r e  much more  d i f f i c u l t  t o  
i n c o r p o r a t e  i n t o  t h e  ®MZo( ) p o t e n t i a l ! .  A a i m p l e  l i n e a r
c o n v o l u t i o n  i t  i n c o r r e c t  a i n o e  t h e  p o t e n t i a l ( a r e  v e r y  n o n - l i n e a r  i n
t h e  I n d u c i n g  c h a r g e  Ze .  S i n k e r .  W i l o t a  and S t e f f e n  J 9 . 2 9 . 3 4 ]  h a v e
c a r r i e d  c o t  d i r e c t  n u m e r i c a l  e v a l u a t i o n !  o f  t h e  i n d u c e d  vacuum 
p o l a r i z a t i o n  c h a r g e  d e n a i t l e a  a b o u t  v a r i o o a  n u c l e i  o f  f i n i t e  e x t e n t ,  
m l o g  t h e  a o - c t l l e d  S c b v i n g e r  p r e s c r i p t i o n :
1 . 2 - 1 1  £ C r )  -  ( —a/21  [  £  K K„ f -  - g , |
21 J
Am c a n  be  a e e n  i n  F i g u r e  1 .  t h e  e x a c t  r e s u l t s  f o r  Fb d e v i a t e  
s i g n i f i c a n t l y  f rom t h e  p o i n t - c h a r g e  a n d  1 i n e a r - c c n v o l n t i o n  r e s u l t s  f o r  
r a d i i  as  l a r g e  a s  50 fm.  The  r e s u l t s  o f  S i n k e r ,  V i l e t s  and  S t e f f e n  
19 . 25]  a r e  t a b u l a t e d  o n l y  i n  t b e  fo rm o f  s h i f t s  t o  m u o n i c  a tom e n e r g y  
l e v e l s .  A l t h o u g h  t h i s  i s  n o t  d i r e c t l y  u s e a b l e .  I t  d o e s  s e r v e  a s  a 
g u i d e  t o  a p a r a m e t e r i z a t i o n  o f  t h i s  p o t e n t i a l  f o r  g e n e r a l  u s e .  ( S e e  
Appendi x  A . )
1 . 2 , 3  N u c l e a r  B e c o i 1
C l a s s i c a l l y ,  a l l  e f f e c t s  o f  n u c l e a r  r e c o i l  ou t h e  e n e r g y  
e i g e n v a l u e s  a r e  i n c l u d e d  by s u b s t i t u t i n g  t h e  r e d u c e d  mas s  f o r  t h e  
h a d r o n  m a s s  i n  the  g o v e r n i n g  e q u a t i o n s ,  Cl i ng  a r e l a t i v l s t i c  
g e n e r a l i z a t i o n  o f  t he  r e d u c e d  mas s  [ 3 5 , 3 6 ] ,  one o b t a i n s  an a d d i t i o n a l
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■ L i f t  - B 0 /2M^ whi c h  i t  o f  p u r e l y  k i n e m a t i c  o r i g i n  [ 2 0 ] ,  H a r e  B0 i t  
t h e  h a d r o n i c  b i n d i n g  e n e r g y  end  i t  t h e  n e t t  o f  t h o  on c l  e a t .
N u c l e i  o f  f i n i t e  s i z e  h i v e  i n  a d d i t i o n a l  e f f e c t  f i r i t  d e s c r i b e d  
by B r e i t  [ 3 7 ] ,  who p o i n t e d  o u t  t b i t  n o n - p o i n t i  i k e  c h a r g e  d i t t r i b u t 1o n t  
moving i t  r o l a t l v l s t i c  s p e e d s  s u f f e r  i  r e t e l l i n g  o f  a p a c e  a t  w e l l  i t  
of  t i m e ,  a nd  t h a t  t h e  a n c i e n t  a nd  t h e  o r b i t i n g  h a d r o n ,  mov i ng  a t  
d i f f e r e n t  s p e e d s ,  w i l l  h i v e  d i f f e r e n t  r e t e l l i n g  f a c t o r s .  I n  a n  e f f o r t  
t o  a v o i d  t h e  t r e i c h e r o o i  B o t h e - S a l p e t e r  e q u a t i o n ,  t h i t  p r o b l e m  h a t  
be e n  a p p r o a c h e d  by way o f  t h e  s c a t t e r i n g  a p p r o x i m a t i o n  [ 3 6 - 4 0 ]  and  a 
r e i t r l c t e d  v e r s i o n  o f  t h e  B r e i t  e q u a t i o n  [ 41 ]  w i t h  e n o n t l a l l y  t h e  
t ime  r e m i t ;  name l y ,
1 , 1 - 2 )  A E  -  ) <h( r>+2B- P1 ( r>>
whe r e  IJ (r> “  - r t ' ( r )  -  fc(r> f o r  a l l  r
“ 0 o u t  t i d e  o f  t h o  n u c l e a r  c h a r g e  d i s t r i b u t i o n
2 f t  *
and h ( r }  “  - 4  < r ) --------- 4 ' < r )  I  dx X 4 ( x )  f o r  a l l  r
r* SO
Z°< te<r^J >
“  -  ■ ♦ ' ! * )  o u t s i d e  o f  t he
3 r  n u c l e a r  c h a r g e  d i s t r i b u t i o n
Note  t h a t  t h e  s e c o n d  r a d i a l  moment  o f  t h e  n u c l e a r  c h a r g e
d i s t r i b u t i o n ,  v a n i s h e s  f o r  a p o i n t  n u c l e u s ,  s o  t h a t  A £  ( p o i n t )  “  0 .
I n  a d d i t i o n ,  S a l p o t e r  [ 4 2 ] ,  w o r k i n g  t h r o u g h  t h e  B e t h e - S a l p e t e r  
e q u a t i o n ,  h a s  d e r i v e d  a n  a d d i t i o n a l  e n e r g y  s h i f t  due  t o  h o l e  t h e o r y .  
A l t hough  t h e s e  c a l c u l a t i o n s  h a v e  b e e n  c a r r i e d  o u t  o n l y  f o r  a  l i m i t e d  
s e t  o f  c u e s  [ 4 3 ] ,  t h e  e f f e c t  i s  b e l i e v e d  t o  be  o f  t h e  o r d e r  o f  Zm/H^ 
t i m e s  t h e  f i r s t - o r d e r  Lamh s h i f t  [ 2 0 ] .  F o r  k a o n i c  a nd  l £ _  a t o m s ,  t h e
Page 23
t o t a l  r e c o i l  c o r r e c t i o n  l a  l e s t  t h a n  10  oV f o r  a l l  ho t  t h e  n o i l  l ow-  
l y i n g  s t a t e * .
1 . 2 , 4  E o l s r l z a b i l i t y
Of a l l  e f f e c t s  i n  h a d r o n i c  a t o m s ,  p o l a r i z a t i o n  o f  t ho  n u c l e u s  and 
o f  t h e  o r b i t i n g  h a d r o n  can  be among t h e  most  d i f f i c u l t  t o  c a l c u l a t e .  
I n  t h e  r a t h e r  e x t r e me  c a s e  o f  l o w - l y i n g  muonic  o r  p i o n i c  s t a t e s  a b o u t  
h i g h - Z  n u c l e i ,  t h e  o r b i t a l  t r a n s i t i o n  e n e r g i e s  have  m a g n i t u d e s  
c o m p a r a b l e  t o  t h e  e x c i t a t i o n  e n e r g i e s  o f  t h e  n u c l e u s  and,  f o r  p i o n t ,  
o f  t h e  o r b i t i n g  h a d r o n ,  A c o n s i d e r a b l e  p o r t i o n  o f  t he  o r b i t a l  wave 
f n n c t i o n  p e n e t r a t e s  i n t o  t h e  n u c l e u s ,  so  t h a t  a d e a r  s e p a r a t i o n  of
t b e  s y s t e m  i n t o  o r b i t a l ,  n u c l e a r  and h a d r o n i c  component s  i s  no t
p o s s i b l e .
E r i c s o n  and H e f n e r  [44]  h a v e  shown t h a t  s e v e r a l  s i m p l i f i c a t i o n s  
can  be  made f o r  mos t  atom* formed w i t h  s t r o n g l y - i n t e r s e t i n g  p a r t i c l e s  
o t h e r  t h a n  p i o u s .  Ap a r t  f rom p i o u s ,  wh i c h  r e a c t  m a i n l y  w i t h  n u c l e o n  
p a i r s ,  mos t  h a d r o n s  r e a c t  w i t h  s i n g l e  n u c l e o n s  a t  t h e  n u c l e a r  s u r f a c e  
and so a r e  s t r o n g l y  a b s o r b e d  b e f o r e  a ny  s i g n i f i c a n t  p e n e t r a t i o n  
o c c u r s .  As a r e s u l t ,  an e x p a n s i o n  i n  t e r m s  o f  m u t t l p o l e  moments  of
t he  t i m e - d o p e n d e n t  e l e c t r i c  f o r c e s  e x e r t e d  on t h e  h a d r o n  a nd  on the  
n u c l e u s  by eaeb  o t h e r  w i l l  be d o m i n a t e d  by El  ( e l e c t r i c  d i p o l e )  
e f f e c t s .  Tbe c h a r a c t e r i s t i c  o r b i t a l  f r e q u e n c i e s  o f  t he  h a d r o n  abou t  
t h e  n u c i o n s  a r e  s ma l l  compared  t o  t h o s e  o f  t b e  n u c l e o n s  w i t h i n  t h e
n u c l e u s .  The r e s u l t i n g  s t a t i c  a p p r o x i m a t i o n  a l l o w s  c l o s u r e  o v e r  t h e  
a t o n i c  s t a t e s ,  so t h a t  t h e  s e c o n d - o r d e r  El  e ne r gy  s h i f t  due t o
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p o l a r i z a t i o n  o f  t he  u n d e n t
- c w  ^ K ' ° ' ^ m 1fl Ef t  - *  z ,  H H
n *  >
becomet
1 . 2 - 4 )  A E ^  -  - ( a * / 2 )  C ^ < r ^
» h e r e  -* I w W I*
«  .  = < * . i  ° x >
I . J - J )  a I 1 . i £  f  -
p f
i t  t h e  u n c l e a r  pol  a r i i a b i  11 t y . Bore  f  a nd  # a r e  n u c l e a r  and
tab
h a d r o n i c  T i r e  f u n c t i o n * ,  D I t  t h e  u n c l e a r  e l e c t r i c  d i p o l e  o p e r a t o r  and
.li­
t h e  e x p e c t a t i o n  va l ue  <r  > I t  t a k e n  o v e r  t h e  h a d r o n i c  c l g o n a t a t e .
E r i c a n n  and Elnfner [ 44 ]  r e l a t e  t he  n u c l e a r  p o l a r i z a t i o n  p a r a m e t e r
t o  t h e  e n e r g y - w e i g h t e d  (El )  p h o t o n u c l e a r  a b a o r p t i o n  c r o n  a e c t l n n
«  1 e l  i
1 . 2 - 6 )  a _ -   <T -    /  - - d i u
2tf> a n 1 * /  W
T h i a  r e l a t i o n  l a  e x p e c t e d  t o  bo f o o d  t o  a few p e r c e n t ,  a p p r o x i m a t e l y  
t h e  l i n e  a c c u r a c y  i »  t b e  a t a t l c  a p p r o x i m a t i o n .
F o r  n u c l e i  h e a v i e r  t han  a r g o n ,  t he  t o t a l  e n e r g y - w e i g h t e d  
p h o t o n u c l e a r  c r o n  a e c t i o n  CTA may be a p p r o x i m a t e d  t o  b e t t e r  t h a n  20 
p e r c e n t  a c c u r a c y  by
-< %
1 . 2 - 7 )  flr^ -  3 . 2  X 10 A b i r n / H e V
El _jj -3 -fc j
A i i o o i n g  t h a t  cr^ ~ c r ^ ,  t h i a  f l v e e  Cl « 3 , 2  1 10 A fm .
P t t e  25
E q u a t i o n  ( 1 . 2 - 4 )  nay  be expa nded  t o  I n c l u d e  p o l a r i z a t i o n  o f  t he  
h a d r o n  by t r e a t i n g  t h e  h a d r o n  and t h e  n u c l e u i  i n  a a ymme t r i c  f a a h i o n :
1 . 2 - 8 )  f l E E l » M o * / 2 )  <<= 4 +Z*0^1l <r" \ ^
Ve r y  l i t t l e  I t  known [441 abou t  t h e  h a d r o n  p o l a r i z a b l 1 1 t y  p a r a m e t e r
£ 1 ^  . E x p e r i m e n t a l  r e m i t *  f o r  t h e  p r o t o n  y i e l d  ■ ( 9"i 2 ) 1 1 0  ^  fm3 [45]
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a nd  £ ^ ^ 1 4  X 10 f n  ( 4 6 ] ,  C a l c u l a t i o n *  f o r  t h e  p l o n  y i e l d  v a l u e *  
r a n g i n g  f rom 4 X icT3 f m^ [ 47 l  t o  10 f a f ( 4 f l ] .
B e l a t l v l a t l c  e f f e c t *  a r e  a l i o  o o n t i d e r e d  by E r l c i o n  and f l u f n e r ,  
who f i n d  f o r  t he  n u c l e m  t h a t
1 . 2 - 9 )  ( a ^ )  , -  <q")  (1 + ^ / M )  + (Ze3 /3M) Cri >twl at  e.r
w h e r e  - 8  BoV i t  t ho  a v e r a g e  n u c l e o n  b i n d i n g  e n e r g y  and U i t  t h e
n u c l e o n  m a t i .  F o r  Z f t A / l  and t  ~  1 . 2  AJ fm, e q u a t i o n  ( 1 , 2 - 9 )  become*
1 . 2 - 1 0 )  t ^ T i k l ^ 3 ' 4 X
B e l a t i v l a t i c  e f f e c t *  on t h e  h a d r o n  a r e  e x p e c t e d  t o  be  ama l l  compared
t o  t h e  o v e r a l l  n n c o r t a i n t l e a  i n  t h e  h a d r o n  p o l a r i x a b i l 1 t y . S i n c e  t he
p o l a r i z a t i o n  e f f e c t  on h a d r o n i c  a tom* i t  g e n e r a l l y  e m a i l ,  e q u a t i o n *
( 1 . 2 - 8 )  a nd  ( 1 , 2 - 1 0 )  n a u a l l y  p r o v i d e  a a u f f i c i c n t l y  good
a p p r o x i m a t i o n .  I n  t ho  a b i e n o e  o f  i p e c i f i c  e x p e r i m e n t a l  e v i d e n c e  to
3
t h e  c o n t r a r y ,  a h a d r o n  p o l a r i z a b i 1 1 t y  o f  9 X 10 fm i *  e*turned f o r  
t h i *  a n a l y a i a .
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A f l a i l  e f f e c t  c o m  I do r e d  by E r i c a o n  and H u f n e r  l i  p o l a r i z a t i o n  
o f  t h e  e l e c t r o n  c lOod  by t h e  o r b i t i n g  h a d r o n .  Here  a g a i n  t  s t a t i c  
a p p r o x i m a t i  on i s  p o s s i b l e ,  t l b c e  t h e  c h a r a c t e r !  a t i c  o r b i t a l  
f r o q u o n c i e *  o f  t b e  e l e c t r o n *  a r e  t y p i c a l l y  l a r i e r  t h a n  t h o s e  of  tbe 
h a d r o n  by a t  l e a t t  a n  o r d e r  o f  m a g n i t u d e .  The r e m i t  l i  t h a t  the 
e l e c t r o n - * c r t o n i n g  c o r r e c t i o n  { l e e  a c c t l o n  1 . 2 . 1 )  i* r educed  
a p p r o x i m a t e l y  t » o  p e r c e n t  by p o l a r i i a t l o n  e f f e c t !  [ 4 4 ] .
1 , 2 , 5  I n t r i n s i c  N u c l e a r  Hal  t i p p l e  Nomcnts
So f a r  I n  t b l f  e x p o s i t i o n ,  t b e  t h e o r y  h a i  be e n  d e v e l o p e d  o n l y  for  
n u c l e i  p o s s e s s i n g  s p h e r i c a l  s y mm e t r y ,  v h l c h  i t  t r u e  f o r  a l l  bu t  two of  
t h e  i s o t o p e *  m o d  i n  t b i t  e x p e r i m e n t .  The n u c l e i  a n d  ^ P b  have
n u c l e a r  i p i m  o f  1 / 2  a nd  u n c l e a r  m a g n e t i c  d i p o l e  moment*,, 
r e s p e c t i v e l y ,  o f  0 . 1 1 7 2  a nd  0 . 5 9 9 5  In u n i t s  o f  t h e  n u c l e a r  magneton,  
ji . Tbe  f i r i t - o r d o r  e n e r g y  e b l f t  o f  a a p l n  1 / 2  h a d r o n  due to a 
n u c l e a r  m a g n e t i c  d i p o l e  moment  1* f o u n d  by e v a l n a t i n g  t h e  Di r ac
m a t r i x  e l e m e n t  o f  t h e  v e c t o r  p o t e n t i a l :
1 . 2 - 1 1 )  i E , .  «■ C n . k l e ^ ' X l n . k )  ft.k
w h e r e  t b e  | n , t >  a r e  e i g e n s t a t e s  o f  t he  o r b i t i n g  h a d r o n  and i t
d e f i n e d  i n  e q u a t i o n  ( 1 . 1 - 1 3 ) .  B o r i c  a n d  R i c h e r  f lQj  h a v e  e v a l o a t e d  
t h i t  m a t r i x  e l e m e n t  i n  t h e  d i p o l e  a p p r o x i m a t i o n  w i t h  t b e  r e s u l t
4nkg “f t
1 . 2 - 1 2 )  A E b ,  ------------------ [ A( A+1) - I  (3+1 ) - J  ( j  + 1 ) 1
n,1< <k-Jp 2Hr
r *vk (r)<w r) f
/ d r  ------------f  d r  r ap ( r
X  rx X  * "
where  Up l a  t h e  p r o t o n  m a s s ,  I i> t h e  n u c l e a r  a p i n  andA*=I+j .  F ^ f r )
and Cn ^ ( r )  a r e  t he  r a d i a l  D i r a c  f u n c t i o n s  d e f i n e d  In e q u a t i o n  
( 1 . 1 - 1 0  .
The  f i r s t - o r d e r  e n e r g y  s h i f t  o f  a s p i n i e s t  h a d r o n  I s  f o u n d  i n  ■ 
s i m i l a r  m a n n e r .  L e t t i n g  E become (E+AE) and j> become f p - ( e / c ) A ) ,  t he  
t l o l n - C o r d o n  e q u a t i o n  be c ome s :
H e +a e ) /
I  -  ( p  ~ ( t / c } A J  -  (me)  X j f ' 0
S u b t r a c t i n g  e q u a t i o n  ( 1 . 2 - 1 )  and d r o p p i n g  t h e  (AE) a n d  IAI 
t e r m s ,  one  o b t a i n s :
1 . 2 - 1 4 )  AE -  - ( e o / E )  < ^ . 1  I V  * >
^rf nf*
I n  t h e  d i p o l e  a p p r o x i m a t i o n  a b o u t  a s p h e r i c a l l y  s y mme t r i c
n u c l e u s ,
f  ,  I i ( r - i v  ) 2ng*ti* ( f x r )  f
1 . 2 - 1 5 )  e A f r 1) ^ — —  [ d  rfc/ J f r „ )  1 d r . r * p (  r., )
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I . 2 - 1 6 )
wher e  t h e  
< 1 , 1 - 6 )  .
2ngBfoti^
AE - -------------------< V  | ----- ( d r  r ^ p ( r  ) | Y  >
EU, M  r  4  " *!* ^
«  a. f
2ug^ot i  f  |R» , ( r )  ITI On | * l  /
  [ A C A + l ) - I ( I + l ) - | ( f + l ) ]  / d r  - ---------
E « r I  r> I  *
Rn ^ { r )  a r e  t h e  s o l u t i o n s  t o  t h e  r a d i a l  E l c l n ^ G o r d o n  e q u a t i o n
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1 .3  T r a n s i  t l o n  B * t e a
1 * 3 . 1  Rad_ja U y o  T r a n s i  t l o n  R a t e *
The  r a d i a t i v e  t r a n s i t i o n  r a t a  f Ub j a )  1> the  p r o b a b i l i t y  p e r  t rn i t  
t i m e  ( a s s ume d  I n d e p e n d e n t  o f  t ime)  t h a t  an e x o t i c  atom In e l a t e  I a > 
w i l l  d o - e x c i t e  t o  s t a t e  ( b |  e m i t t i n g  a s i n g l e  pho t o n  o f  e ne r gy  E-E^-E^ 
i n  t h e  p r o c e s s ,  T h i » r a t e  may be c a l c u l a t e d  d i r e c t l y  by t he  methodm 
o f  q u a n t u m  f i e l d  t h e o r y  [49]  o r  i n d i r e c t l y  by r e l a t i n g  I t  t o  t h e  
P o y n t i n g  v e c t o r  o f  c l a c c i c a l  r a d i a t i o n  t h e o r y  13 0 ] .  The 
s e m l - c l a a t i c a l  c a l c u l a t i o n ,  a l t h o n g h  B s t b e m a t i c i l l y  t he  c i m p l e r  o f  tbo  
t wo ,  r e l i e *  on a  c o r r e s p o n d e n c e  p r i n c i p l e  a r gume n t  t o  r e l a t e  t h e  
c l a a a i o a l  a u l t i p o l e  momenta t o  t b e  m a t r i x  e l e men t *  o f  t he  quantum 
m e c h a n i c a l  m u l t i p o l e  o p e r a t o r ;  1 , 0 . .
1 . 3 - 1 )  C l a a a i c a l  moment < = 4  2 Re{<bIQuantum o p e r a t o r  l a )  e i p H E t / t ) ]
F o r  e i t h e r  m e t h o d ,  c a l c u l a t i o n  o f  t h e  r a d i a t i o n  { r e t a r d e d )  
p o t e n t i a l *  a t  l a r g e  r a d i i  may be s i m p l i f i e d  by e xpa nd i ng  them i n  t erm* 
o f  t h e  m u l t i p o l e  moment* of  t h e  c ha r ge  d i s t r i b u t i o n  o f  t h e  r a d i a t i n g  
s y s t e m  [ S i ] .  T h i t  l e a d *  t o  t h e  f a m i l i a r  c l a s s i f i c a t i o n  o f  r a d i a t i o n  
f i e l d *  a* El  { e l e c t r i c  d i p o l e ) ,  E2 ( e l e c t r i c  quadr t i pol  e > , h i  ( m a g n e t i c  
d i p o l e )  and so f o r t h .  In  t h i s  a n a l y s i s  I t  i s  g e n e r a l l y  not  n e c e s s a r y  
t o  o u n a i d e r  a n y t h i n g  beyond t h e  El r a t e ,  a l t h o u g h  f o r  s a k e  o f  
c o m p l e t e n e s s  some f o r mul a *  t h a t  f o l l ow  a r c  g i v e n  a l s o  f o r  E2 and HI 
f i e l d s .
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The t r a n s i t i o n  r a t e *  f o r  t h e  f i r s t  To* m u l t i p o l e s  a r e  g i v e n  by
132)
4»CE3 2
R ( n k m l n ’k ' m ' ) *  -r [<nkm|  “r  I n ' k ’m'})
E1 3 < ? t 3
«  Ef  2
1 . 3 - 2 )  R „ (  nkm I p ’ k ‘m' )  -    — -  |<nkm|  r" 7  | n ' k ' m ’ >|_ if . r
10c fc
i  p 3  _c< a„ h ^ 2
R^ t ( a k m l n ' k ' * ' ) -  —  j  |<nkml L + 2 ( l + g  / g ^ )  5  | n ’k ' m ' > l
3a* c* t
vtaere r  r  l a  a s e c o n d  r a n k  t e n s o r .
I f  t h e  o r b i t i n g  p a r t i c l e  l a  a f a r * i o n  ( a p i n  1 / 2 )  t h e  a n g u l a r  
quan tum number a  k and  k ‘ a r e  t h o a e  of  t bo  D i r a c  t h e o r y  ( S e e  e q u a t i o n  
1 . 1 - 1 6 ) .  F o r  boaon*  ( a p i n » 0 )  k be c o o t s  t h e  more  cau*]  o r b i t a l  a n g u l a r  
momentum quan tum number  , a nd  t h e  o p e r a t o r  S i n  t h e  R ^  m a t r i x
e l e m e n t  o f  e q u a t i o n  ( 1 . 3 - 2 )  i a  o m i t t e d .  F o r  e i t h e r  faoeona o r  f e r x i o n s  
m i a  t h e  x - p r o j e c t i o n  o f  t b e  t o t a l  ( o r b i t a l - t  s p i n )  a n g u l a r  momentum.
The  t r a n s i t i o n  r a t e s  ( 1 . 3 - 2 )  a r e  c a l c u l a t e d  i n  t h e  o ne ~body  
r e d u c e d  a a t i  a y * t e n  of  t be  I I e i n - G o r d o n  o r  D i r a c  e q u a t i o n .  N u c l e a r  
r e c o i l  c a n  c o n t r i b u t e  s i g n i f i c a n t l y  t o  t h e  e f f e c t i v e  m u l t i p o l e  moment  
o f  t he  h a d r o n - n u c l e u s  s y s t e m.  A h a d r o p - n u c l e u s  s e p a r a t i o n  o f  T  
g i v e s  an e l e c t r i c  d i p o l e  moment P b- e  r  i n  t h e  r e d u c e d  ma s s  s y s t e m ,  
u b e r e a s  t h o  d i p o l e  moment  i n  t h e  l a b  f r ame  h a a  c o n t r i b u t i o n s  f rom b o t h  
t h e  o r b i t i n g  h a d r o n  a n d  t h e  n u c l e a r  r e c o i l :
1 . 3 -3 )
V +* v  VB+Iru
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I t  l a  t h  m  s e e n  t h a t  t b o  t r a n s i t i o n  r a t e s  ( 1 . 3 - 2 )  b id  a t  c o n t a i n  t h e  
a p p r o p r i a t e  p o w e r s  o f  t h e  F r i e d - H m r t i n  f a c t o r  [53]
1 . 3 - 4 )  £  -  ( Z m + i y / ( B+Hw)
b e f o r e  t hey  n a y  be c ompar ed  t o  e x p e r i m e n t .  H ^ f b l a J  i a  m u l t i p l i e d  by 
£- and  RE i ( b | a >  by £** . B ^ ( b | a >  i a  u n c h a n g e d .
I f  an a t o n i c  s y s t e m  r e a c h e s  a s t a t e  c h a r a c t e r i z e d  by q u a n t u m  
numbe r *  ( n ' J ' m r ) i n  some i s o t r o p i c  m a n n e r  I t  i a  e q u a l l y  l i k e l y  t o  be 
i n  a ny  one o f  t h e  2 j  + l  s u b s t a t e a  o f  a z l m o t h a l  q u a n t u m  number  m ' , 
T h e r e  i s  l i k e w i s e  no p r e f e r e n c e  i n  a o l e c t i n g  t h e  f i n a l  m b s t a t c a  ( t t jm) 
o t h e r  t h a n  t h a t  c o n t a i n e d  i n  t b o  m a t r i x  e l e m e n t s .
Tbe  t o t a l  t r a n s i t i o n  r a t e
1 . 3 - 5 )  IL (n j  I n ' j ' m 3) -  E ( p j m | n ' j ' m ' >
1 if]
may bo shown t o  bo i n d e p e n d e n t  o f  m'  [ 5 2 ] ,  I t  t a  t h i s  turn o f  
t r a n s i t i o n  r a t e s  w h i c h  c o r r e s p o n d s  t o  t h e  o b s e r v e d  l i n e  i n t e n s i t i e s  
a n d  s t a t e  d e p o p u l a t i o n  r a t e s .
The o p e r a t o r s  wh i c h  o c c u r  i n  t h e  m a t r i x  e l e m e n t s  o f  e q u a t i o n  
( 1 . 3 - 2 )  may a l l  be c a s t  i n  t b o  f o rm O' ■ (1 ( r ) (J) ( 0  , ♦ ) ,  w h e r e  f R ( r )  
d e p e n d s  o n l y  on r a d i a l  c o - o r d i n a t e s  a nd  © ( 0 , ^ )  d e p e n d s  o n l y  on 
a n g u l a r  c o - o r d i n a t e s ,  by t h e  d e f i n i t i o n s
x -  r  s i n ( $ ) c o s (4)  ■ r  s l n ( 6 )  [ exp ( i 4 )  + e x p ( —l | l >]/ 2
1 . 3 - 6 )  y -  r  s i n ( G > s i n ( t )  ”  r  s i u { 0 )  [ e x p ( i t ) - e x p ( - i ^ ) ] / 2 i
x »  r  c o s (0)
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x x  -  r"1 ( ♦)
I , 3 ~ 7 )  x y  ■ r a s i n  ( 0 ) t i n ( 4 ) c o i (♦ )
e t c .
{ N o t e ; T b e  HI o p e r a t o r *  a r e  a l r e a d y  f u n c t i o n !  o n l y  o f  a n g u l a r  
v a r i a b l e * , )
I f  t b e  e i g e n f u n c t i o n *  r e p r e s e n t i n g  t h e  i n i t i a l  and f i n a l  s t a t e *  
a r e  a l t o  a e p a r a b l e  i n t o  r a d i a l  and a n g u l a r  p a r t s  t h e n  t h o s e  m a t r i x  
e l e m e n t *  a a y  be  e v a l u a t e d  I n  two p a r t s ,  w i t h  any  s e n s i t i v i t y  t o  t he  
f o r a  o f  t h e  c e n t r a l  p o t e n t i a l  a p p e a r i n g  i n  t h e  r a d i a l  e v a l u a t i o n ,  
Socb a m a t r i x  c l e n e n t  t a i e i  t b o  I o n
f o r  t b e  I l e i n - G o r d o n  e q u a t i o n .  The c o r r e s p o n d i n g  r e m i t  f o r  t h e  D i n e  
e q n s t i o n  i s
1 . 3 - 9 )  t n b s l l R ©  I n ' k ' n ’ ) -  <
4
o
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where
1 . 3 - 1 0 )  > -  S i g n ( k k ' )  "I
( k - m + i i  > ( k ' - a ' i  Ht. > '
" i
m + l J U k ' + l )
'{k+m+ J& ) ( t ' + m ’ + 4  ) '
( 2 k + l ) ( J k ’+ l )
and
-  S i g n ( k k ' I ®  i t ",*1
1 1 2 k —1) ( 2k ■—I ) f-fyKPO f - S ^ k ' J
1
, t —  t t q . - . - F r  » ' * i
■ - D  ■ f's a " W  f - S j j n d ' J( 2 k - l ) ( 2 k 1
a r e  t h e  a n g u l a r  m a t r i x  e l e m e n t * .  He r e  S i g n ( x } * x / f x f  f o r  n o n z e r o  x.
No t e  f rom t h e  d e f i n i t i o n *  of  ft ,  . and  (F, t ,G ) t h a t  t h e  vo l ume  f a c t o rnt f  er,K
r* i t  a l r e a d y  i n c l u d e d  i n  t h e  r a d i a l  i n t e g r a l s .  In  t h i t  way t h e  
r a d i a l  s y s t e m i a  made t o  a p p e a r  t r u l y  o n e - d i m e n a i o n a l , r a t h e r  t h a n  aa  
t h e  r a d i a l  p a r t  o f  a t h r e e - d i m e n s i o n a l  s y a t e o .
The  s p h e r i c a l  h a r m o n i c  a n g u l a r  e l e m e n t *  <Y^ l ( j j ) |Y^ > a p p e a r i n g  i n  
e q u a t i o n s  ( 1 , 3 - 8 }  a n d  ( 1 . 3 - 1 0 )  may be e v a l u a t e d  f rom t h e  d e f i n i t i o n  
and o r t h o g o n a l i t y  of  t h e  t p h e r i c a l  h a r m o n i c s  [ 2 4 )
ht . * ^4* hi
1 . 3 - 1 1 )  Yf, ( 9 , i )  -  -----  e Pp ( c o a ( e ) )
* i i n  *
(The ( a )  a r e  a s s o c i a t e d  L e g e n d r e  p o l y n o m i a l s )
27T TT
1 . 3 - 1 2 )
e O
w i t h  t h e  h e l p  o f  t h e  i d e n t i t i e a  [ 22J
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1 . 3 - 1 3 ) a i n  ( 0 )  Pj ( co * ( G) )
(7+i j+1> (f+H+T71
1
J ^ l X f + m + I )  ^  1 (wH)
------------------------  Ptf+D( c o , ( 0 > )  ----------------------  ^ V CDl(0)){ 2 f + l ) < 2 f +3 >  |  ( 2 ^ + l ) ( 2 j f - l )  ^
( J t - * + l X f - * + 2 V  <JtH> | ( ( + m ) ( ^ T r  fm. (J
-------------------------  P. , < c o s { 0 ) ) + - I ----------------------  P.  c o * ( G ) )
» 3 | ( ( + m ) ( ^ T r  fm. (J
-----------------  W CO,<0)) + ^ ----------------  W CO*f0,,(2J+1X2JP+3)  | ( 2 J f + l )  ( 2 f - l )
and
1 . 3 - 1 4 ) co*{G) fj (co*(G))
| ( j 4 * + l ) C ; p - * 4 l ) »  m
~~ P (C0*(G) )  
( 2^+1)  i 2 J +3 )
I f* mXf-tt) ' ^
| (2^+1) (2 jf-l)
R e s u l t s  p e r t i n e n t  t o  t h e  e v a l u a t i o n  o f  t b e  El m a t r i x  e l e m e n t *  a r e
1 . 3 - 1 J - a )  < fm |a in (G )eXf | r « ’ >
R F S o T F ^ r P
- f ( a i , m '+ l >  S l f , f + l ) * J --------------   £ ( ^ ' - 1 ) -
|( 2^+1)  ( 2 ^ - 1 )
(f-m+1) ((-*+2)'
T| ( 2 | + 1 ) { 2 ( 4 3 )
-141 . 3 - l S - b )  < f m U i n ( 9 ) e  I f m ' )
( J - m - l ) 1 f (^+m+l ) (p4m+2) ’
-  £< m ,m '- l )  - W j , p ' + 1 ) - J -------    4 Si■I ( 2 f + l ) (2^43)
1 . 3 - 1 5 - c )  <|mI  c o s ( 0 ) f £ 'm'  >
-  S i m, m' )  5 ( j p , ^ 4 l ) n
( ^ 4 « X f - m ) '  f ( f w l l  ( f - a + 1 ) '
+ ( J , f * - 1 ) -
{ 2 f 4 l ) ( 2 f + 3 )( 2 ^ 4 1 ) ( 2 f - l )
Note t h a t  t h e t e  m a t r i x  e lem en t*  a r e  c o n - z e ro  o n l y  f o r  t r a n s i t i o n *  with  
AP“ 4 / - 1  and Am*0 o r  4 / - 1 .
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E q u a t i o n *  { 1 . 3 - 9 ) ,  ( I . 3 - 1 0 )  t o d  ( 1 , 3 - 1 5 )  i l l  t a k e n  t o g e t h e r  y i e l d
a
t h e  Bfc t r i x  e l o n e n t t  <i>,  (y> e nd  <i>* The c l e n e n t  [<r>l  wh i c h
a p p e a i *  i n  e q u a t i o n  ( 1 , 3 - 1 )  i s  t h e n  l i v e n  by
I f  a n u m e r i c a l  p r oc e du r e  i t  u s e d  t o  s o l v e  t he  c i n e  rival  tie p r o b l e m
{ 1 . 1-4)  t h e n  t h e  r a d i a l  i n t e g r a l s  o f  e q u a t i o n s  ( 1 , 3 - 8 )  and  ( 1 . 3 - 9 )  nay
be  e v i l  oa t e d  a t  t b e  s u e  t i m e .  I n  many c a s e *  t h i s  i s  n o t  n e c e s s a r y .
The r a d i a l  m a t r i x  e l ement *  o f  t be  s o l u t i o n s  t o  t h e  S c b r o d l n g e r
e q u a t i o n  f o r  a n o n - r e l a t l v i s t i c  s p i n l c s s  e l e c t r o n  a b o u t  a  p o i n t  p r o t o n  
h a v e  been e v a l u a t e d  a n a l y t i c a l l y  by Gor don  [54]  f o r  t b e  A f ^ - 1  
t r a n s i t i o n s :
1 . 3 - 16 ) h ? ) ] 1 -  Us)!* + l<y>|* + |<a>|
a.
where
f t -0 ,------------------_ (HU (i
CL( - l )  j(n+-J) I ( n ' + ^ - l ) t ' M n n ' )  (n-n*>
4 (2f - l ) l  f ( n - f - l ) I ( n ' - f )  1 { n + n ^ P ^ -  
G { n , o r J )  »* I
- 4 n n '  r■
(Jf+l-u) , U - n - )  , l j f .
( n - n f ) J  \ n+iO
and  & i ( ti* / ZmoJ ) , Tbe F ’ t a r e  h y p e r j e o m e t r i e  f u n c t i o n s .  T h i s  a u t h o r  
h a s  found a good a p p r o x i m a t i o n  f o r  t h e  i / = + l  t r a n s i t i o n  m a t r i x  
e l e m e n t s  t o  be g i v o n  by
These e x p r e s s i o n s  may bo t e a  l e d  by ( a ^ - e i e c  t  t o n  d i h ,
Z * n u c l e a r  c h a r g e  o u o b e r ,  M«hadron n a n )  t o  g i v e  an a p p r o x i m a t i o n  t h a t  
l a  f r e q u e n t l y  good enough f o r  e r o t i c  a tom c a l c u l a t i o n s .  A l t h o u g h
d e r i v e d  f o r  s p i n l e i s  ' e l e c t r o n s ' ,  e q u a t i o n  ( 1 . 3 - 1 7 )  i a  a l s o  a good 
s p p r o x i m i t i o n  f o r  i p i n - 1 / 2  e l e c t r o n s .  I n  t h i s  c a s e ,  ^ “ t - 1 / 2  r e t a i n s  
i t s  u s u a l  n e a n i n g  a s  an o r b i t a l ,  r a t h e r  t h a n  a t o t a l ,  a n g u l a r  
■omentum.
T h i a  a p p r o x i a i a t l o n  l a  more a c c u r a t e  f o r  s t a t e *  o f  r e l a t i v e l y  
l a r g e  a n g u l a r  momentum. Such s t a t e s  have  l e a *  p e n e t r a t i o n  i n t o  t h e  
r e g i o n  n e a r  t h e  n u c l e u s  whe r e  r e l a t l v i a t i c ,  f i n i t e  u n c l e a r  s i t e  and 
vaouum p o l a r i s a t i o n  e f f e c t *  a r e  a o r e  p r o n o u n c e d ,  F a r  a g i v e n  d e g r e e  
o f  a c c u r a c y  d e t i r e d  i n  t h e  r a t e  c a l c u l a t i o n ,  i t  i s  f ound  e m p i r i c a l l y  
t h a t  a l l  t r a n s i t i o n s  b e t w e e n  s t a t e s  h a v i n g  Jf g r e a t e r  t h a n  some minimum 
v a l u e  may bo e v a l u a t e d  u s i n g  e q u a t i o n  ( 1 . 3 - 1 7 ) ,  The minimum v a l u e  of  
$  depends  on  t h e  a c c u r a c y  d e s i r e d  a nd  on  t h e  p a r t i c u l a r  e x o t i c  a t o m i c
s y s t e m ,  bu t  i s  v e r y  i n s e n s i t i v e  t o  t h e  p r i n c i p a l  quantum number  n,
1 . 3 , 2  Auaor  T r a n s i t i o n  Ra t e  s
Auger  t r a n s i t i o n s  o c c u r  when t h e  t i m e - d e p e n d e n t  p o t e n t i a l  
g o n e r a t e d  by a r e l a t i v e l y  compact  h a d t o n - n u c l e u s  s y s t e m i n d u c e s  a 
p h o t o o 1 e c t r l e  a b s o r p t i o n  e v e n t  i n  t h e  s u r r o u n d i n g  e l e c t r o n  c l o u d .  
Al t hough  t he  i n d u c i n g  r a d i a t i o n  i s  i n c i d e n t  on t h e  e l e c t r o n  c l o u d  f rom
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t h e  i n s i d e  I n s t e a d  o f  f ro m  t h e  o u t s i d e ,  t h e  p r o c e s s e s  i n v o l v e d  a r e  
v e r y  s i m i l a r .  F e r r e l l  ( 5 5 ]  h a s  t a k e n  a d v a n t a g e  o f  t h i s  s i m i l a r i t y  t o  
r e l a t e  t h e  Ange r  r a t e  (w) t o  t h e  r a d i a t i v e  t r a n s i t i o n  r a t e  (<0>
and t h e  p h o t o - a b s o r p t i o n  c r o s s  s e c t i o n  c^e ^ ( u j ) ;
1 . 3 - 1 8 ) ■f f V l
I 2 0<U» ( Z - l f  o-r'M[>
w h e r e
( ^ . " t S n o ^ J / O s f c * )  i s  t h e  Thomson c r o s s  s e c t i o n .
The r a d i a t i v e  r a t e  p r o v i d e s  an e s t i m a t e  o f  t h e  s t r e n g t h  o f  the  
I n d u c i n g  p o t e n t i a l .  The p h o t o e l e c t r i c  o r o a s  s e c t i o n  g i v e s  a n  e s t i m a t e  
o f  t h e  r a t e  a t  w h i c h  an i n c i d e n t  r a d i a t i o n  f i e l d  w i l l  i nduce  e l e c t r o n  
e x c i t a t i o n s  i n  a  n e u t r a l  ( Z - l )  a t o m .  A s i m p l e  d e r i v a t i o n  o f  F e r r e l l ’ s 
f o r m u l a  i s  i n c l u d e d  a s  a n  a p p e n d i x  by  Leon  a n d  S e k i  T56J.
Tho d e r i v a t i o n  o f  ( 1 , 3 - l B )  a s s u m e s  t h a t  e l e c t r o n  d e p l e t i o n  
e f f e c t s  a r c  n o t  i m p o r t a n t .  I t  i a  a l s o  l i m i t e d  t o  t h e  d i p o l e
a p p r o x i m a t i o n ,  w h i c h  i s  v a l i d  I f  t h e  h a d r o n - n u c l e u s  s y s t e m i s  much 
s m a l l e r  t h a n  t h e  e l e c t r o n i c  K - s h e l l  r a d i o s .  E x o t i c  a t o m s  i u  t he
r a d i a t i v e  p h a s e  u s u a l l y  s a t i s f y  b o t h  o f  t h e s e  r e q u i r e m e n t s .
S e v e r a l  m e a s u r e m e n t s  and  c a l c u l a t i o n s  o f  p h o t o e l e c t r i c  c r o s s
s e c t i o n s  h a v e  b e e n  r e p o r t e d .  S t o rm and I s r a e l  [ 5 7 ] ,  s e l e c t i n g  
c a l c u l a t i o n s  w h i c h  b e s t  m a t c h  e x p e r i m e n t a l  r e s u l t s ,  have  t a b u l a t e d  
t h e s e  c r o s s  s e c t i o n s  f o r  7 m 1 t o  100 o v e r  t h e  e n e r g y  r ange
(1 koV — +100  H e V ) . T h e i r  r e s u l t s  a r e  e x p e c t e d  t o  be a c c u r a t e  t o  
w i t h i n  a p p r o x i m a t e l y  t h r e e  p e r c e n t .
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1 . 4  I n i t i a l  Pi f t r . j b F t I pw
Var y  l i t t l e  i t  known e x p e r i m e n t a l l y  a b o u t  t be  d i s t r i b u t i o n  i n  
a n g u l a r  momentum o f  i n  e x o t i c  a t o o  i n  a a p e c i f i c  s t a t e  o f  p r i n c  i p a l  
quan tum number  □ , I n  c e r t a i n  c u c i ,  i n t e n t i t i c a  o f  1 - r a y  t r a n s i t i o n s  
f rom i t a t e a  o f  e q u a l  n b u t  h a v i n g  jf v a l u e *  wh i ch  d i f f e r  by one may be 
i s o l a t e d  (See  F i g u r e  2 ,  e . a . i t r a n i j  t i o m  and  ) , In  p r a c t i c e ,  
t h o s e  t r a n s i t i o n s  a r e  m e a s u r a b l e  o n l y  f o r  s t a t e s  o f  maximum Si which 
l i e  w e l l  w i t h i n  t h e  r a d i a t i v e  xone  ( i . e . , w e l I  w i t h i n  t b e  e l e c t r o n i c  
E - s h e l l  r a d i u s ) .  T h r o u g h o u t  t h i s  r a d i a t i v e  xone h o t b  r a d i a t i v e  and 
Anger  t r a n s i t i o n *  f a v o r  maximal  c h a n g e s  i n  n b o t  l i m i t  t o  + / - 1 .
The i n i t i a l  d i s t r i b u t i o n  i n  $  i s  t h u s  s h i f t e d  d r a s t i c a l l y  t oward  
l a r g e r  v a l u e s  of  ^  by t h e  t i me  t h e  h a d r o n  r e a c h e s  t b e  i n n e r  p a r t  o f  
t b e  r a d i a t i v e  r o n e ,  and few d e t a i l s  o f  t h e  i n i t i a l  d i s t r i b u t i o n
s u r v i v e  i n  an I d e n t i f i a b l e  fo rm.
B a r r i n g  any f a r t h e r  i n f o r m a t i o n ,  t h e  s i m p l e s t  a s s u m p t i o n  f o r  an 
i n i t i a l  d i s t r i b u t i o n  i n  J( s t e m s  f rom t h e  s t a t i s t i c a l  d i s t r i b u t i o n  in 
whi ch  each  s t a t e  ( a j m)  i s  a c c o r d e d  e q u a l  w e i g h t  i n d e p e n d e n t  o f  J and
m. S i n c e  t h e r e  a t e  2J  + 1 such  s t a t e s  f o r  e a c h  l e v e l  ( n , J ) ,  t h i s  g i v e s  
a d i s t r i b u t i o n  f ( □ , J ) ( 2 j + 1 ) whi ch  i s  f r e q u e n t l y  a p p r o x i m a t e d  by
f ( n , ^  )»<{ . C a l c u l a t i o n s  b a s e d  on  t h e  F e r m i - T e l l e r  [50]  model  o f
a t o m i c  c a p t u r e  c o n f i r m  a d i s t r i b u t i o n  a p p r o x i m a t e l y  p r o p o r t i o n a l  t o  
i m m e d i a t e l y  a f t e r  c a p t u r e  when t h e  h a d r o n  i s  s t i l l  h i g h  i n  t he  
e l e c t r o n  c l o u d  [ 5 6 ] ,  Al s o  a c c o r d i n g  t o  t h e  F e r m i - T e l l e r  mode] ,  t be
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d i s t r i b u t i o n  i n  $  d oe s  no t  change  s i g n i f i c a n t l y  as  t he  h a d r o n  de -  
e x e i t e s  t h r o u g h  t he  e l e c t r o n  c l o u d .
Computer  s i m u l a t i o n s  o f  t he  q u a n t u m - m e c h a n i c a l  c a s c a d e  o f  a 
h a d r o n i c  a tom g e n e r a l l y  s t a r t  w i t h  an assumed i n i t i a l  d i s t r i b u t i o n  In 
$  o r  J a t  t ho  r a d i u s  o f  t h e  e l e c t r o n i c  E - s h e l l  and t hen  p r o p a g a t e
t h i s  d i s t r i b u t i o n  t o  t ho  l o w e r - l y i n g  s t a t e s  v i a  the Auge r  and
r a d i a t i v e  p r o c e s s e s  wh i c h  d o m i n a t e  i n  t h e  r a d i a t i v e  z one .  S i n c e  t he  
t r a n s i t i o n  f rom t be  c o n d i t i o n s  o f  l a r g e  h a d r o n - e l c o t r o n  o v e r l a p  where  
t h e  F e r m i - T e l l e r  model  i s  a p p l i c a b l e  t o  t h e  c o n d i t i o n s  o f  mini mal  
h a d r o n - o l e c t r o n  o v e r l a p  wh i c h  c h a r a c t e r i s e  t h e  r a d i a t i v e  aonc i s  
a c t u a l l y  r a t h e r  g r a d u a l ,  t h e  Auger  and r a d i a t i v e  p r o c e s s e s  {which 
s h i f t  t h e  h a d r o n i c  d i s t r i b u t i o n  t o w a r d s  l a r g e r  v a l u e s  of  |  ) h a v e  had 
a t  l e a s t  some e f f e c t  by t h e  t i m e  t he  h a d r o n  r e a c h e s  a r a d i u s  smal l  
e nough  t h a t  t h e  h a d r o n - e l e c t r o u  o v e r l a p  may be i g n o r e d .  The i n i t i a l  
d i s t r i b u t i o n  as sumed  f o r  s uc h  a comput e r  s i m u l a t i o n  o f  t h e  qua n t um-  
m e c h a n i c a l  p a r t  o f  t h e  c a s c a d e  t h u s  c a n n o t  be s t r i c t l y  p r o p o r t i o n a l  t o  
$  as p r e d i c t e d  by t he  F e r m i - T e l l e r  m o d e l ,  b u t  mus t  a l r e a d y  show some 
s h i f t  t o w a r d s  l a r g e r  v a l u e s  o f  jf ,
I t  h a s  b e e n  f ound  e m p i r i c a l l y  f rom s uc h  c o m p u t e r  s i m u l a t i o n s  [ 59 ,  
a l s o  S e c t i o n  1 1 1 , 9  o f  t h i s  work]  t h a t  t he  e f f e c t s  o f  Auger  and 
r a d i a t i v e  p r o c e s s e s  on a h a d r o n i c  d i s t r i b u t i o n  i n  $  nay be  w e l l -  
a p p r o x i m a t e d  by a f a c t o r  e , whor e  4  i s  g e n e r a l l y  p o s i t i v e  and 
d e p e n d s  on t h e  p r i n c i p a l  qua n t um number  n a* w e l l  a s  on t h e  p a r t i c u l a r
h a d r o n - n u c l e u a  s y s t e m  u n d e r  c o n s i d e r a t i o n ,  Tbe i n i t i a l  ha d r o n
d i s t r i b u t i o n  a t  t h e  r a d i t i a  o f  t h e  e l e c t r o n i c  E - s h e l l  i s  t h u s
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a fljf n?
f r e q u e n t l y  as sumed t o  have  * form Jfo or  ( 2 j P + 1 ) o  or  ( 2 J + I ) e  ,
and t h o  p a r a m e t e r  d. i a  t h e n  a d j u s t e d  so t h a t  t be  p r e d i c t e d  X- ray
y i e l d *  B i t c h  t be  e x p e r i m e n t a l l y  mea s u r ed  y i e l d *  i t  c l o s e l y  a* I t
p o s s i b l c  ,
A d i f f e r e n t  a p p r o a c h  1* t a h e o  by Leon sod H i l l e r  [ 60 ] ,  who have 
d e v e l o p e d  ■ q u i n t u m - m e c h a n l c i l  o i t e n c l o n  of  t b e  a c m i - c l s s t i c a l  F e n > i -  
T e l l e r  m o d e l .  In  i t t  s i m p l e s t  form,  t h e i r  f u r r y  F e r a i - T e l  l e r  model 
y i e l d *  r e m i t *  In n o a t  way* v e r y  s i m i l a r  to t h o i e  of  t be  F e r m i - T e l l e r  
m o d e l ,  I t  p e r m i t s ,  b o v e v c r .  t h e  i n c l u s i o n  of  an e f f e c t i v e  F e r a l  
e n e r g y  w h i c h  r o d i f i o s  t he  b a d r o n - e l  e c t r o n  l n t e n c t i o n  a t  ha d r on  
e n e r g i e s  J n a t  below z e r o .  The n e t  r e m i t  i s  a a b i f t  o f  the  
d i s t r i b u t i o n  t o w i r d  l o we r  >f which c a n ,  f o r  r a t h e r  ex t r e me  v a l u e i  of  
t b e  F e r a l  e n e r g y ,  p r o d u c e  i n t e n s i t y  f l u c t u a t i o n s  o f  t h e  ma g n i t u d e  
o b s e r v e d  by Y i e g a n d  and Godf r ey  [ 5 9 ] ,  The form of  t be  d i s t r i b u t i o n  i n  
J? a t  t b e  e l e c t r o n i c  I - s h o l l  g i v e n  by  t h i s  f n j i y  F e r m i - T e l l e r  model  i s  
■ t i l l  r o n g h l y  l i n e a r  i n  J? r b u t  now w i t h  r e d u c e d  s l o p e  and a n o n - z e r o  
( p o s i t i v e )  v a l u e  a t  JP “ 0 (See F i g u r e  3 ) .  T h e r e  a r e  many smal l  
f l u c t u a t i o n s  away f rom t h i s  a a s e n t i a l t y  l i n e a r  f o r a ,  but  t h e y  a r c  
e x p e c t e d  t o  be  a v e r a g e d  o u t  i n  t h e  r a d i a t i v e  pha s e  of  t h e  c a s c a d e  and 
s h o u l d  h a v e  no s i g n i f i c a n t  e f f e c t  on the  o b s e r v e d  X- r ay  i n t e n s i t i e s .  
I t  i s  u n c l e a r  w h e t h e r  t h e s e  f l u c t u a t i o n *  i n  t h e  Jf - d i s t r i b u t i o n  a r e  
p h y s i c a l  i n  n a t u r e  o r  a r e  * m a n i f e s t a t i o n  of  t h e  c a l c u l a t i o n  p r o c e s s  
e mp l o y e d  by Le on  and H i l l e r .
P a g e  41
The i n i t i a l  d i s t r i b u t i o n *  u s e d  i n  t h i s  a n a l y s i s  combing t h e s e  
l i n o a r  m o d i f i c a t i o n *  t o  t h o  s t a t i s t i c a l  d i s t r i b u t i o n  w i t h  t h e  more 
u s n a l  f a c t o r  o , w i t h  t h e  r e s u l t *
f i n , j f )  °< E b ( 2 £ + l - n ) + n ]  e i p f t / )  f o r  s p i n - 0
1 . 4 - 1 )
f ( a , J >  oC [ b ( 2 j - n ) + n + i ]  e x p ( a / >  f o r  t p i n - 1 / 2
He r e  b s o d  n  a r e  f r e e  p a r a m e t e r s  which may be a d j u s t e d  t o  p r o v i d e  t be  
b e s t  a g r e c e m e n t  b e t v o e n  c a l c u l a t i o n  and e x p e r i m e n t .  T y p i c a l  v a l u e s  o f  
b a r e  s l i g h t l y  l e s s  t h a n  o n e ,  w h i l e  tX i t  g e n e r a l l y  in t h e  r an g e
0 < a. < 0 . 2  .
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1 . 5  S t r o n g  I n t e r a c t i o n s
The s t r o n g  i n t e r a c t i o n  d i f f e r s  i n  s e v e r a l  i m p o r t a n t  ways  f rom any 
o t h e r  I n t e r a c t i o n  c o n s i d e r e d  p r e v i o u s l y  i n  t h i s  e x p o s i t i o n .  S i n c e  i t  
i s  v e r y  s h o r t - r a n g e d  i n  n a t u r e  (~1 f m ) , i t s  e f f e c t s  a r e  l i m i t e d  
e n t i r e l y  t o  t h e  n e i g h b o r h o o d  o f  t h e  n u c l e u s .  Fo r  K and ^  , t h e  
s t r o n g  i n t e r a c t i o n  i s  t h o u g h t  t o  a c t  I n d e p e n d e n t l y  b e t w e e n  t h e  h a d r o n  
and e a c h  n u c l e o n .  Th i s  i a  n o t  t h e  g e n e r a l  c a t e ,  a t  p l a n s  i n t e r a c t  
m a i n l y  w i t h  n u c l e o n  p a i r s .
I n  a d d i t i o n  t o  e i c r t i n g  f o r c e s .  t h e  s t r o n g  i n t e r a c t i o n  can 
m e d i a t e  t r a n s f o r m a t i o n s  o f  a h a d r o n - n u c l e o n  s ys t em i n t o  a one  o t h e r  
s y s t e m o f  p a r t i c l e s  as  long a s  t h e  a p p r o p r i a t e  c o n s e r v a t i o n  l aws  
( i s o t o p i c  s p i n ,  c h a r g e ,  p a r i t y ,  a n g u l a r  momentum, e n e r g y ,  b a r y o n  
number ,  s t r a n g e n e s s )  a r e  o b e y e d .  Tho i n t e r a c t i o n  c h a n n e l s  which 
f u l f i l l  t h e s e  c o n d i t i o n s  a r e :
1 . 5 - 1 )  I ' p -> i t ( 1 4 0 5 )
■4 A*n*
E ' » -----------* £ V ,  O ' .  A* n
O  --------> O .  A‘ n
^ ~ d —  ----> No c h a n n e l s  a v a i l a b l e
Page 43
I t  i s  g e n e r a l l y  a c c e p t e d  t h a t  s t r o n g - i n t c r a c t i o n  e f f e c t *  i n  K~ 
and £  a t o a i  may be  a d e q u a t e l y  d e s c r i b e d  by  t b e  i n c l u s i o n  o f  * complex 
l o c a l  p s e u d o p o t e n t 1*1 I d t h e  E l e i n - G o r d o n  Dr D i r a c  e q u a t i o n  f o r  t h e  
o r b i t i n g  h a d r o n  [ 6 1 , 6 2 1 .  The r e a l  p a r t  of  t h i s  p s e u d o p o t e n t  i a l  
d e s c r i b e s  t h e  s t r o n g  i n t e r a c t i o n  f o r c e s  e x e r t e d  b e t w e e n  t b e  ha d r on  a n d  
t one  t i m e - a v e r a g e d  mode l  o f  t h e  n u c l e o n  d i s t r i b u t i o n  ( s t a t i c  
a p p r o x i m a t i o n ) .  Tbe I m a g i n a r y  p a r t  d e s c r i b e *  t h e  a b s o r p t i o n  of  t h e  
h a d r o n  by t h i s  t i m e - a v e r a g e d  n u c l e a r  model  t h r o u g h  t h e  s t r o n g  
i n t e r a c t i o n  c h a n n e l s  ( 1 . 5 —1) l i s t e d  a b o v e .  The i n c l u s i o n  o f  a compl ex  
p s e u d o p o t e n t i a l  r e s u l t s  i n  two I m m e d i a t e  c h a n g e s  t o  t h e  sys tem o f  
e l g e a s o l u t i o n e . F i r s t l y ,  nor mal  1r a t i o n  i a  no l o n g e r  c o n s e r v e d  a n d ,  
s e c o n d l y .  t h e  e n e r g y  e i g e n v a l u e  t a k e s  on  an  i m a g i n a r y  c omponen t .  
C o n n e c t i n g  t h e s e  two f a c t s  by way o f  t h e  H a m i l t o n i a n  e q u a t i o n  
E - D f i t ( 3 / j t >,  i t  i s  f o u n d  t h a t  t h e  n o r m a l i z a t i o n  i n t e g r a l  o f  an  
e i g e n s t a t e  h a v i n g  c o m p l e x  e n e r g y  E*E - l P / 2  d e c r e a s e s  e x p o n e n t i a l l y  i n  
t i m e  w i t h  c h a r a c t e r i s t i c  t i m e  “I T - t / P .
Tho m o s t  common fo rm u s e d  f o r  t b e  * t r o n g - i n t e r s c t i o o  
p i e u d o p o t e n t l a l  i s  p r o p o r t i o n a l  t o  t h e  n u c l e a r  m a t t e r  d i s t r i b u t i o n :
1 , 3 - 2 )  V{ r )  - - H n ^ / 2 p )  ( 1 + m / K J  (Fp yD ( ? )  4 ^  J> ( ? )  )
w h e r e  i s  t h e  n u c l e o n  mas* ,  p i s  t h e  r e d u c e d  mass  o f  t h e  h i d r o n -  
n u c l e u t  s y s t e m ,  and  afl a r e  s t r e n g t h  p a r a m e t e r s  a n d  ^ ( r )  and ( r )  
a r e  p r o t o n  a n d  n e u t r o n  m a t t e r  d i s t r i b u t i o n s  n o r m a l i z e d ,  r e s p e c t l v l y ,  
t o  Z a nd  N.  S i nce  t h e  p o o r l y - k n o w n  n e u t r o n  d i s t r i b u t i o n  i s  u s u a l l y  
as sumed  t o  be  t he  same a s  t h e  p r o t o n  d i s t r i b u t i o n ,  e q u a t i o n  ( 1 . 3 - 2 )  i s  
u s u a l l y  s i m p l i f i e d  t o
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I . J - 3 )  V( r )  -  - t 4 i r f e ^ / 2 u ) <l+m/H„> I f *  i t )  
whore  * -  ( Z / A ] a r + (N/ A) !^  
i d  A ^ i t )  -  J )  i t )  + p  i t )
Such i  p o t e n t  l i t  r e s u l t s  f r om t bo  f i r s t - o r d e r  o p t i c a l  p o t e n t i a l  
In  Born  a p p r o x i m a t i o n  f 63J j a nd  i t  u s u a l l y  j u s t i f i e d  by t h o  a b o r t  
r a n g e  of  t ho  s t r o n g  i n t e r a c t i o n  r e l a t i v e  t o  t bo  d i m e n s i o n s  o f  t h e  
n u c l e u s .
Del  o f f  and  Lav  [ 6 4 ]  h a v e  f o l d e d  a n  e x p l i c i t  f i n i t e - r a n g e  
I ' - n u c l e o n  p o t e n t i a l  I n t o  t b e  ^IJe m a t t e r  d i s t r i b u t i o n  a n d  f i t  t h e  
r e s u l t i n g  d i f f e r e n t i a l  c r o s s  s e c t i o n  t o  e x p e r i m e n t a l  d a t a .  T h e i r
r e s u l t  f o r  t h e  r a n g e  o f  t b e  E. - n u c l e o n  i n t e r a c t i o n  i s
i n d i s t i n g u i s h a b l e  f rom t h e  p r o t o n  c h a r g e  r a d i u s ,  s u p p o r t i n g  t h e  u s e  o f  
t h e  c h a r g e  d i s t r i b u t i o n  r a t h e r  t h a n  t h e  m a t t e r  d i s t r i b u t i o n  f o r  t h e  
f u n c t i o n a l  form o f  t b e  K ' - n u c l e u s  p o t e n t i a l .
I n  t h e  mos t  g e n e r a l  c a s e ,  t h e  s t r e n g t h  p a r a m e t e r s  "a^  and  i n
e q u a t i o n s  { 1 . 5 - 2 )  a nd  C l . 5 - 3 )  a r e  f r e e  p a r a m e t e r s  t o  be  f i t  t o  t h e  
d a t a .  Tbey may be I n t e r p r e t e d  a s  e f f e c t i v e  &"~p a nd  I - - n  s c a t t e r i n g  
l e n g t h s  w i t h i n  t h e  n u c l e a r  medi um.  I n  t h e  c o mm o n l y - u s e d  I mp u l s e  
a p p r o x i m a t i o n ,  t h e y  a r e  r e p l a c e d  by t h e  f r e e  s c a t t e r i n g  l e n g t h s  
e x t r a p o l a t e d  t o  t h r e s h o l d ,  Sp and a R. C a l c u l a t i o n s  b a s e d  on t h e  
i mp u l s e  a p p r o x i m a t i o n  ( 6 5 , 6 6 ]  a r e  u n a b l e  t o  r e p r o d u c e  a d e q u a t e l y  t he
e x p e r i m e n t a l l y - o b s e r v e d  s h i f t s  i n  k a o n l c  s u l f u r  [ 6 7 ] ,
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Tho s t r o n g  e n e r g y  d e p e n d e n c e  o f  t b o  s c a t t e r i n g  l e n g t h s  b e l o w 
t h r e s h o l d  [ 6 8 , 6 9 ]  due  t o  t b e  A  {1405} r e s o n a n c e  h a s  p r c a a p t e d  B a r d e e n  
and  T o r i g o e  [ 7 0 , 7 1 ]  t o  d e v e l o p  a n  e n e r g y - a v e r a g i n g  t e c h n i q u e  w h i c h  
g r e a t l y  I m p r o v e s  t h e  a g r e e m e n t  b e t w e e n  t h e o r y  and  e x p e r i m e n t .  
A l t e r n a t e l y ,  a d o v e l o p e m e n t  by D e l o f f  [ 7 2 ]  w i t h i n  t b e  f r a me w o r k  o f  
W a t s o n ' s  m u l t i p l e  s c a t t e r i n g  t h e o r y  [731 r e s u l t s  i n  a s i m p l e  
r e l a t i o n s h i p  b e t w e e n  t h e  f r e e  a n d  e f f e c t i v e  s c a t t e r i n g  l e n g t h s
I . J - 4 }  7  -  ^ ---
i + < v h q >
w h e r e  bq I s  a r a n g e  p a r a m e t e r  a p p r o x i m a t e l y  e q u a l  t o  1 . 0  fm f o r  mos t  
b i o n i c  o a s e s .  T h i s  g e n e r a l  r e l a t i o n  a v o i d s  t h o  i m p u l s e  a p p r o x i m a t i o n
by I m p o s i n g  t h e  l e s s  r a d i c a l  c o h e r e n t ,  o r  r i g i d ,  n u c l e u s  a p p r o x i m a t i o n
f o r  w h i c h  n u c l e a r  e x c i t a t i o n s  a n d  p o l a r i z a t i o n  due  t o  t h e  E- - n u c l e o n  
i n t e r a c t i o n  a r e  i g n o r e d .  S i n c e  t h e  k a o n  r e a c t s  m a i n l y  w i t h  t b e  
p e r i p h e r y  o f  t h e  n u c l e a r  d i s t r i b u t i o n ,  t h i s  a p p r o x i m a t i o n  i s  e x p e c t e d  
t o  be q u i t e  good [ 7 1 ] ,  The  s p e c i f i c  c a s e s  c a l c u l a t e d  by B a r d e e n  and 
T o r i g o e  a r e  r e p r o d u c e d  t o  w i t h i n  r o u g h l y  20 p e r c e n t  by e q u a t i o n
( 1 , 5 - 4 ) .
H o s t  o f  t h e  o p t i c a l - m o d e l  t h e o r y  d e v e l o p e d  f o r  k s o n i c  a t o m s  i s  
e x p e c t e d  t o  c a r r y  o v e r  t o  a t o m s .  T h e r e  i a  some e v i d e n c e
[ 6 2 ,  T a b l e  5]  , l a r g e l y  i n c o n c l u s i v e ,  t h a t  t h e  r a n g e  p a r a m e t e r  bq f o r  
t h a  £  ' - n u c l e o n  i n t e r a c t i o n  may b e  e s  s m a l l  a s  0 , 5 7  fm.  A b o s o n  
e x c h a n g e  mode l  o f  t h e  - n u c l e o n  i n t e r a c t i o n  [ 74 ]  p r e d i c t s  s a t u r a t i o n
e x p e c t e d  t o  be u n i m p o r t a n t  f o r  l o w -  t o  t a o d e r a t e ' - Z  £  a t o m s  s i n c e  t h e
P a g e  46
£  - n u c l e u s  o v e r l a p  f u n c t i o n  p o a k t  f a r  o u t s i d e  o f  t h e  n u c l e u s  f o r  a l l  
b u t  t h e  h e a v i e s t  £ T  a t o n * .  The  s a n e  mode l  p r e d i c t s  no  s i g n i f i c a n t  
n o n l i n e a r  e f f e c t s  f o r  t h e  r e a l  p a r t  o f  t h e  £  - n u c l e o n  p o t e n t i a l .
The p a e u d o p o t c n t i a l  o f  e q u a t i o n  ( 1 . 3 - 3 )  may be  i n c o r p o r a t e d  i n t o  
t h e  U e i n - O o r d o n  o r  D i r a c  e q u a t i o n  a s  e i t h e r  a s c a l a r  a dde d  t o  t h e  
mas s  t e r m  o r  a*  t h e  tLme component  o f  ■ r e l a t i v i s t i c  f o u r - v e c t o r  a d d e d  
t o  t h e  Coulomb l n t o r a c t l o u  t e r m .  C a l c u l a t i o n s  by t h i s  a u t h o r  and 
o t h e r s  [ 7 1 ]  show no s i g n i f i c a n t  d i f f e r e n c e  b e t w e e n  t h o  two e a s e s  f o r  
k a o n i c  a nd  £  s t o a t s .  S i n c e  t h o  p o t e n t i a l  i s  p r o p o r t i o n a l  t o  t h e  
c h a r g e  d i s t r i b u t i o n .  I t  i s  as sumed t o  bo t h e  t i m o  c omp o n e n t  o f  a 
f o u r - v e c t o r  f o r  t h i s  a n a l y s i s .
C h a p t e r  I I  
EXPERIMENTAL METHOD
The d a t a  u s e d  i n  t h i s  a n a l y s i s  wor e  c o l l e c t e d  d a r i n g  t h e  c o u r t s  
of  E x p e r i m e n t  723  wh i c h  w i t  p e r f o r m e d  d u r i n g  p a r t s  o f  1 9 8 2 ,  1983 and 
19B4 a t  t h e  A l t e r n a t i n g  G r a d i e n t  S y n c h r o t r o n  f a c i l i t y  o f  B r o o t b a v e u  
N a t i o n a l  L a b o r a t o r y ,  T h e  m a i n  p u r p o s e  o f  E x p e r i m e n t  723 wax t o  
d e t e r m i n e  t h e  m a g n e t i c  moment  o f  t h e  5  h y p c r o n  f rom m e a s u r e m e n t t  o f  
t h e  f i n e  s t r u c t u r e  o f  t h e  X r a y s  e m i t t e d  by h l g h - Z  a t o m s .  The
e x p e r i m e n t a l  s e t u p  was  t h u s  d e s i g n e d  t o  p r o d u c e  and  i d e n t i f y  £ "  a t o m s  
and t h e n  m e a s u r e  t h e  r e s u l t i n g  d e - e i c i t a l i o n  X r a y s .
S i n c e  p a r t i c l e s  a r c  t o o  s h o r t - l i v e d  t o  s u r v i v e  t r a n s p o r t  o v e r  
more t h a n  a  few c e n t i m e t e r s ,  t h e y  mus t  be p r o d u c e d  w i t h  a low k i n e t i c  
e n e r g y  a t  o r  n e i r  w h e r e  t h e  a t oms  a r e  t o  be f o r m e d .  T h i s  i s  u s u a l l y  
a c c o m p l i s h e d  by a l l o w i n g  K p a r t i c l e s  t o  i n t e r a c t  w i t h  t h e  n u c l e i  o f  
t ho  t a r g e t  a t o m s .  An i n t e r m e d i a t e  p r o d u c t  o f  t h i s  r e a c t i o n  i s  t h e  
p r o d u c t i o n  o f  many k a o n i c  a t oms  a n d  t h e i r  d e - c x c i t a t l o n  X r a y s .
The m a g n e t i c  moment  a n a l y s i s  r e q u i r e s  k n o w l e d g e  o f  t h e  r e l a t i v e  
p o p u l a t i o n s  o f  t h e  i n d i v i d u a l  l e v e l s  i n v o l v e d  i n  t h e  f i n e - s t r u c t u r e  
m u l t i p l e t s  w h i c h  a r e  u s e d  f o r  t h e  d e t e r m i n a t i o n s .  I t  was  t h u s  
n e c e s s a r y  t o  m e a s u r e  a s  many a s  p o s s i b l e  o f  t h e  t r a n s i t i o n s  l e a d i n g  
i n t o  t h e  m u l t i p l e t s .  A r e l a t i v e  e f f i c i e n c y —v s —e n e r g y  c a l i b r a t i o n  o f  
t b e  X - r a y  d e t e c t i o n  s y s t e m  was o b t a i n e d  s o  t h a t  t h e  r e l a t i v e
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i n t e n s i t i e s  o f  t h o s e  t r a n s i t i o n s  c o u l d  he d e t e r m i n e d .
S i n c e  t h e  f i n o - s t r u o t u r e  s p l i t t i n g  i s  g r e a t e r  f o r  t r a n s i t i o n s  
I n v o l v i n g  l o w e r  p r i n c i p a l  q u a n t  cm number  n ,  t h e  e n e r g y  r e g i o n  ove r  
w h i c h  X r a y s  w e r e  m e a s u r e d  i n c l u d e d  t h e  f i n a l  f ew t r a n s i t i o n s  b e f o r e  
t h o  o r b i t i n g  was  a b s o r b e d  i n t o  t h e  n u c l e u s  by the s t r o n g
i n t e r a c t i o n .  Th e s e  f i n a l  t r a n s i t i o n s  a r e  wher e  x t ong  i n t e r a c t i o n  
e f f e c t s  a r e  mos t  a p p a r e n t  i n  t h e  a t o m i c  c a s c a d e .  The same ene r gy  
r e g i o n  a l s o  c o v e r s  t h e  f i n a l  few t r s n s i o n s  i n  t h e  k a o n i c  a t omi c  
ca s c a d o .
Thus  t h e  b a s i c  r e q u i r e m e n t s  o f  t h e  m a g n e t i c  moment e x p e r i me n t  
p r o v i d e d  a t  t h o  same t ime  a n  e x c e l l e n t  o p p o r t u n i t y  t o  s tudy  s t r o n g  
i n t e r a c t i o n  e f f e c t s  on t bo  d o - e x c i t a t l o n  X r a y s  o f  k a o n i c  and 
a t o m s .
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I I . 1 Sown l i n e
In  alow e x t r a c t e d  node  t h e  ENL ACS r e q u i r e d  a p p r o x i m a t e l y  2
13
second*  t o  f i l l  i t *  r i n g  w i t h  ~ 1 0  p r o t o n s  and a c c e l e r a t e  t hen  t o  a 
momentum of  2 8  GeV/c .  Once t h e  p r o t o n s  we r e  b r o u g h t  up to speed and  
a c c e l e r a t i o n  was  d i s c o n t i n u e d ,  t h e  s low e x t r a c t i o n  p r o c e s s  d i v e r t e d  
t h e  p r o t o n s  down the  beam l i n e s  t o  t h e  p r o d u c t i o n  t a r g e t s  i n  a r o u g h l y  
u n i f o r m  f l ow l a s t i n g  f rom 600  t o  1000  msec .
F i g u r e  4 shows a d i a g r a m  of  p r o d u c t i o n  t a r g e t  C a nd  t h e  C4 besm 
l i n o .  At  t h e  C - Ta r g e t  S t a t i o n ,  t h e  boam of 2 8  GeV/c p r o t o n s  was
f o c u s e d  so t h a t  a p o r t i o n  o f  t h e n  s t r u c k  a two i nch  t h i c k  p r o d u c t i o n
t a r g e t  of  e i t h e r  Cu or  P t ,  The  r e m a i n d e r  o f  t h e  p r o t o n  beam c o n t i n u e d  
t o  o t h e r  t a r g o t  s t a t i o n * .  Tho i n t e r a c t i o n  o f  t he  i n c i d e n t  p r o t o n s
w i t h  t he  n u c l e i  o f  t b e  p r o d u c t i o n  t a r g e t  p r o d u c e d  a wi de  spray  o f  
p a r t i c l e s  w h i c h  f o r  t be  mos t  p a r t  c o n t i n u e d  i n  t h o  same g e n e r a l
d i r e c t i o n  a s  t h o  p r o t o n  beam.  I n c l u d e d  i n  t h i s  s p r a y  we r e  h a d r o n s  
s u c h  as t h e  A ,  I .  p.  n a nd  n as  w e l l  as  l o p t o n s  s u c h  as  muons and  
e l e c t r o n * .
Send i ng  d i p o l e  D1 was s i t u a t e d  a* c l o s e l y  as was  p o s s i b l e  t o  t h e  
r e m a i n d e r  o f  t h e  p r o t o n  beam in o r d e r  t o  s t c o r  t h e  mos t  i n t e n s e  p a r t  
o f  t h e  p a r t i c l e  s p r a y  down t b e  C4 bo am l i n o .  Q u a d r u p o l c  m a g n e t s  Q1 
and  Q2 c o n t r o l l e d  v e r t i c a l  a nd  h o r i z o n t a l  f o c u s i n g ,  a nd  were  a d j u s t e d  
t o  c o l l i m a t e  t h e  beam of p a r t i c l e s  e n t e r i n g  D2. D i p o l e  b o n d e r  D2 
s t e e r e d  t h e  boam i n t o  t h e  s e p a r a t o r .  I t  c o u l d  be t u r n e d  o f f  t o  a l l o w
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t he  be a n  t o  c o n t l n u o  I n t o  a beam dump.  T h i s  r o d u c o d  r a d i a t i o n  l e v e l s
a t  t h e  C4 e x p e r i m e n t a l  s t a t i o n  t o  l e v e l s  s a f e  f o r  a c c e s s  w h i l e  t he
r e s t  o f  C - l i n e  was d e l i v e r i n g  beam t o  t h e  o t h e r  e x p e r i m e n t a l  s t a t i o n s .
I h e n  02 was t u r n e d  on  i t  s t e e r e d  t h e  beam i n t o  t h e  s e p a r a t o r ,  
d e f l e c t i n g  more t h o s e  p a r t i c l e s  w i t h  a l e s s e r  momentum so t h a t  t h e r e  
was a h o r i z o n t a l  d i s p e r s i o n  o f  momentum, I n  t h e  s e p a r a t o r ,  a v e r t i c a l  
e l e c t r i c  f i e l d  was combi ned  w i t h  a h o r i z o n t a l  m a g n e t i c  f i e l d  so t h a t  
any p a r t i c l e s  h a v i n g  v e l o c i t y  d i f f e r e n t  f rom E/D we r e  d e f l e c t e d  
v e r t i c a l l y ,  r e s u l t i n g  i n  a v e r t i c a l  d i s p e r s i o n  o f  v e l o c i t y .
Q u a d r u p o l e s  Q3 and Q4 f o c u s e d  t h e  beam o n t o  t b e  m i s s  a nd  momentum 
s i l t s .  At  t h e  mas s  s l i t ,  t h i c k  h o r i z o n t a l  j a ws  p l a c e d  s u i t a b l y  i n  t he  
v e r t i c a l l y  d i s p e r s e d  beam p e r m i t t e d  t r a n s m i s s i o n  o f  a ny  p a r t i c l e s  
h a v i n g  v e l o c i t y  w i t h i n  a b o u t  0 ,1% o f  t he  c e n t r a l  v e l o c i t y .  The 
e l e c t r i c  and m a g n e t i c  f i e l d  s t r e n g t h s  i n  t h e  s e p a r a t o r  d e t e r m i n e d  the
c e n t r a l  v e l o c i t y .  The w i d t h  o f  t h e  mass  s l i t  o p e n i n g  d e t e r m i n e d  the
a l l o w e d  s p r e a d  o f  v e l o c i t i e s .  I n  a s i m i l a r  manne r ,  a d j u s t m e n t s  o f  D2 
and o f  t h e  v e r t i c a l  momentum Jaws  d e t e r m i n e d  t h e  c e n t r a l  momentum and 
t he  s p r e a d  o f  momenta wh i c h  wer e  p a s s e d  t h r o u g h  t h e  b e a m l i n e ,
Q u a d r u p o l e s  QJ and Q6 and d i p o l e  D3 s e r v e d  t o  t r a n s p o r t  t h e  beam 
and r e - f o c u s  i t  a t  t h e  e x p e r i m e n t a l  s t a t i o n .  D3 a nd  Q6 had  two 
mo u n t i n g  p o s i t i o n s  d e s i g n e d  t o  p r o v i d e  beam t o  e i t h e r  t he  C-2  o r  t he  
C-4 s t a t i o n .  Onl y  one o f  t h e s e  s t a t i o n s  a t  a t ime  c o u l d  r e c e i v e  beam.  
F i g u r e  4 shows t h e  c o n f i g u r a t i o n  f o r  d e l i v e r i n g  beam t o  t h e  C-4 
s t a t i o n .
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F o r  E x p e r i m e n t  7 2 3 ,  t h e  beam l i n e  was t uned  t o  t r a n s p o r t  
n e g a t i v e l y  c h a r g e d  p a r t i c l e s  w i t h  moments of  680 IteY/o + / -  2%, The 
s e p a r a t o r  B - f i e l d  was  a d j u s t e d  t o  pa s *  p a r t i c l e s  h a v i n g  v e l o c i t i e s  
c h a r a c t e r i s t i c  o f  £80 MeV/c k a o n s .  The mass s l i t  w i d t h  was a d j u s t e d  
t o  e x c l u d e  a s  much a s  p o s s i b l e  v e l o c i t i e s  c h a r a c t e r i s t i c  o f  £80 McY/c 
p i o n s ,  A t y p i c a l  t u n e  of  t h e  beam l i n e  showing t h e  b e s m l i n e  e l e m e n t s ,  
p h y s i c a l  v a l u e s  and c o n t r o l  s y s t e m  s e t p o i n t t  i s  g i v e n  i n  T a b l e  1,  Fo r
4 1  1 0 1 p r o t o n s  s t r i k i n g  t h e  C p r o d u c t i o n  t a r g e t  d u r i n g  s s i n g l e  800
if -
msec  beam s p i l l ,  a b o u t  6 X 10 t  were d e l i v e r e d  t o  a p o i n t  
a p p r o x i m a t e l y  1 m e t e r  d o wn s t r e a m of  0 6 .  The p r e d o m i n a n t  c o n t a m i n a n t s  
w o r e  it- ', whi ch  o u t n u m b e r e d  t h e  E by a b o c t  1 0 : 1 .  I n  l i g h t  of  t he  f a c t  
t h a t  p i o n s  w e r e  p r o d u c e d  much more  c o p i o u s l y  t h a n  were  kaons  and t h a t  
o n l y  one  ka on  o u t  o f  19 s u r v i v e d  decay  w h i l e  t r a v e r s i n g  t h e  15 m e t e r s  
f rom t h e  p r o d u c t i o n  t a r g e t  t o  t h e  f i n a l  f o c u s ,  t h i s  i s  c o n s i d e r e d  good 
s e p a r a t i  on.
Q5 and Q6 wa r e  a d j u s t e d  t o  f o c u s  t h e  beam i n t o  s spot  
a p p r o x i m a t e l y  1 , 5  cm h o r i x o n t a l  by 1 . 0  on v e r t i c i l  ( s i z e  e x t r a c t e d  
f r o m  a  M o n t e - C a r l o  c a l c u l a t i o n )  a t  a p o i n t  1 . 3  m e t e r s  downs t ream from 
t h e  e x i t  window o f  QG. In t h o  p r o o e s s  o f  p i s s i n g  t h r o u g h  14 cm  of  Cu 
m o d e r a t o r  p r i o r  t o  f o o u s ,  t h i s  s p o t  s i z e  was smoared t o  a p p r o x i m a t e l y
5 . 5  c m  h o r i z o n t a l  by 4 . 5  c m  v e r t i c a l  as  mea s u r ed  a t  t he  hodoscope  El 
( s e c  S e c t i o n  1 1 . 2 , 2 ) .
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T a b l e  1
C4 Ddam L i n e  E l e me n t s  and  S e t t i n g !  f o r  6 BO HeV/c  I
ID E l e m e n t £i_l R e l P t C u r r e n t / O p e n i n g
D1 D i p o l e 2000 1 9 9 9 . 0  A
Q1 O u a d r n p o l c 1826 1 6 2 6 . 0  A
02 O u a d r n p o l e 470 3 5 1 . 8  A
D2 D l p o l e 1950 1 2 1 7 . 0  A
111 S e p a r a t o r  D i po l e 1660 6 3 8 . 7  A
Q3 O u a d r n p o l e 25GB 1 5 9 8 . 0  A
04 O u a d r n p o l e 1566 9 7 5 , 0  A
E l Up c t r e a m  Jaw 2440 OPEN
E2 Mae* S l i t  Opening 2245 1 . 5  n
K3 Mas* S l i t  f l o t a t i o n 2746 64 f rom beam
E4 H a n  S l i t  H e i g h t 2050 - 1 . 0  mm
E5 Downa t r e am Jaw 2128 OPEN
Q5 O u a d r n p o l e 1BBB 889 . 2  A
D3 D i p o l e 1476 1 4 7 7 . 0  A
Q6 Q n a d r u p o l e 1446 1 8 8 5 . 0  A
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I I . 2 T a r g e t  ■ Countc  r s  a fid Geome t r v
A vi ew f r o o  above  of  t he  e x p e r i m e n t a l  a r r a n g e m e n t  f o r  Ex p e r i m e n t  
723 i t  i t own in  F i g u r e  5 .  F o r  p u r p o t e a  o f  d i a c n a i i o n  t h e  a r r a n g e m e n t  
l i  d i v i d e d  i n t o  f o u r  f u n c t i o n a l  g r o u p s ;  l a m i n a r  t a r g e t ,  ESTOP 
i d e n t i f i c a t i o n ,  p i o n  a p e c t r o a e t e r  and X - r a y  a p e c t r o t c o p y  s ys t em.
The l a m l u a r  t a r g e t ,  composed o f  t h i n  m e t a l  p l a t e s  s u s p e n d e d  i n  
l i q u i d  h y d r o g e n ,  was d e s i g n e d  t o  o p t i m i z e  b o t h  t h e  p r o d u c t i o n  o f  
a t oms  s u b s e q u e n t  t o  t h e  s t o p p i n g  o f  a I  w i t h i n  t h e  t a r g e t  volume and 
t h e  d e t e c t i o n  o f  t h e  s u b s e q u e n t  X r a y s  by t h e  s p e c t r o s c o p y  s y s t e m .
The ESTOP i d e n t i f i c a t i o n  s y s t e m  i d e n t i f i e d  t h o s e  beam p a r t i c l e s  
wh i c h  had c h a r a c t e r i s t i c s  o f  E s t o p p i n g  w i t h i n  t h e  t a r g e t  v o l ume .  I t  
a l s o  p r o v i d e d  a t i m e - m a r h  s i g n a l  f o r  e n t r a n c e  o f  beam p a r t i c l e s  i n t o  
t h e  f r o n t  f ac e  of  t h e  l a m i n a r  t a r g e t .
The p i o n  s p e c t r o m e t e r  was d e s i g n e d  t o  d e t e c t  and i d e n t i f y  t h e  n+ 
r e s u l t i n g  f rom £  p r o d u c t i o n  w i t h i n  t h e  t a r g e t  vo l ume,  wi t h  a b i a s  
t o w a r d s  t ho s e  f o r  wh i c h  t he  XJ’ f o r me d  an e x o t i c  atom i n  t he  h i g h - Z  
m a t e r i a l  o f  t he  l a m i n a r  t a r g e t .
The X - r a y  s p e c t r o s c o p y  s ys t em m e a s u r ed  t h e  e n e r g y  of  X r a y s  
e me r g i n g  f rom t he  bo t t om of  t b e  l a m i n a r  t a r g e t .  I t  a l s o  p r o v i d e d  a 
t i m e - m a r k  s i g n a l  f o r  t h e  1 - r a y  e v e n t .
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I I . 2 . 1  L a n i n a r  T a r g e t
Id  p r e v i o u s  £ '  i t o o  e x p e r i m e n t s  t he  have  beep p r oduce d  by t he
r e a c t i o n
I '  Z ( a t  r e s t )  ---- + £ "  n+ {Z-l>
w i t h i n  t h e  t a r g e t  m a t e r i a l .  For  b i g b - Z  i t o e i ,  c a l c u l a t i o n s  p r e d i c t  
t h a t  t b i i  r e a c t i o n  h a t  o n l y  a 5% b r a n c h i n g  r a t i o  [ 751 .  The 
compa r ab l e  r e a c t i o n  In l i q u i d  h y d r o g e n ,
I ~  p ( a t  r e s t )  ----- > £ - n+
baa a b r a n c h i n g  r a t i o  o f  4441. E x p e r i m e n t  723 t h e r e f o r e  employed a
n o v e l  a p p r o a c h  to t h e  t a r g e t  d e s i g n .  T h i n  i h e e t i  of  t he  b J gb - Z
m a t e r i a l  ( Pb ,  1 ,  or II) wore  i m p e n d e d  v e r t i c a l l y  i n  l i q u i d  hyd r ogen
and t u r ne d  edgewi se  t o  t he  beam.  The beam l i n e  was f i n e  t uned  t o  
maximize  E~ a t o p a  i n  t h e  l i q u i d  h y d r o g e n ,  t h u s  max i mi z i ng  £  
p r o d u c t i o n .
S i n c e  t h e  i n i t i a l  s t a t e  f o r  £ ~  p r o d u c t i o n  i n  hydr ogen  i s  a two 
b od y  s t a t e  a t  r e s t ,  t h e  and if1 ao p r o d u c e d  were  monoenerge t i c and 
h a d  equa l  b u t  o p p o s i t e  momenta o f  173 MoY/c,  The £ ~ were p r o d u c e d  
w i t h  a k i n e t i c  energy  o f  12 . 4  HcV and bad  a r a n g e  In l i q u i d  hyd r ogen  
( a s s umi ng  no decay)  of  0 . 9 5  cm. Many of  t h e s e  £  which were p r o d u c e d  
i n  t h e  l i q u i d  hydr ogen  t r a v e l e d  t o  and s t o p p e d  i n  a a bc e t  o f  t a r g e t  
m a t e r i a l .  The  were p r o d u c e d  w i t h  a k i n e t i c  e n e r g y  of  82 . 6  MeV and 
u s u a l l y  e x i t e d  t h e  t a r g e t  vo l ume.
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A M o n t e - C a r l o  s i m u l a t i o n  was  u s e d  t o  o p t i m i z e  t h e  p a r a m e t e r *  i n  
t h e  t a r g e t  d e s i g n ,  Tho s h e e t  s i z e ,  t h i c k n e s s  and s p a c i n g  w e r e  c h o s e n  
t o  ma x i mi z e  t h e  p r o d u c t  o f  t h o  p r o h a b l I i t i e ■ t h a t  a n  i n c i d e n t  wo u l d  
a t o p  i n  l i q u i d  h y d r o g e n ,  t h a t  a p r o d u c e d  i n  l i q u i d  h y d r o g e n  wou l d
r e a c h  a s h e e t  o f  t a r g e t  m a t e r i a l  t o  form an a t om,  a nd  t h a t  t h e
r e s u l t i n g  X r a y s  wh i ch  t r a v e l l e d  i n  t h e  d i r e c t i o n  o f  t he  X - r a y  
s p e c t r o s c o p y  s y s t e m  wou l d  e me r ge  f rom t h e  t a r g e t  u n a b s o r b e d .  F i g u r e  6 
shows s i d e  a nd  end v i e w s  o f  t h e  r e s u l t i n g  t a r g e t .  The  s h e e t s  w e r e  
s pa ce d  0 . 4 6  cm a p a r t  a nd  we r e  15 cm l o n g .  T h e i r  h e i g h t  r a n g e d  f r om
6 . 5  cm t o  1 0 . 5  cm a nd  t h e i r  t h i c k n e s s  was  0 , 0 3 5  cm f o r  P b ,  0 . 0 2 0  cm 
f o r  V and 0 . 0 1 8  cm f o r  0 .
The t a r g e t  a s s e m b l y  was e n c a s e d  i n  a c y l i n d r i c a l  c o n t a i n e r  o f  
s t a i n l e s s  s t e e l  0 . 0 8  cm t h i c k  w h i c h  was f i l l e d  w i t h  l i q u i d  h y d r o g e n .  
T h i s  i n  t u r n  was  s u s p e n d e d  i n  a r e c t a n g u l a r  vacuum J a c k e t  c o n s t r u c t e d
o f  0 . 5 5  cm t h i c k  a l umi num.  A 0 . 2 2  cm t h i c k  window was m i l l e d  i n t o  t h e
f r o n t  f a c e  of  t h i s  vacuum J a c k e L  t o  a l l o w  t h e  beam t o  e n t e r  w i t h  t h e  
l e a s t  p o s s i b l e  h i n d r a n c e .  A 0 . 3 3  cm t h i c k  window was m i l l e d  i n t o  t h e  
b o t t o m  f a c e  o f  t h o  vacuum J a c k e t  i n  o r d e r  t o  r e d u c e  t h e  m a t e r i a l  
b e t w e e n  t h e  l a m i n a r  t a r g e t  and t h e  X - r a y  s p e c t r o s c o p y  s y s t e m .  
M e c h a n i c a l  d e s i g n ,  c o n s t r u c t i o n  a nd  m a i n t e n a n c e  of  t h e  l a m i n a r  t a r g e t s  
u s e d  by Exp 723 was p r o v i d e d  by t h e  H y d r o g e n  T a r g e t  Gr oup  a t  DHL.
F o r  t h e  r e s u l t i n g  d e s i g n ,  a M o n t c - C a r l o  s i m u l a t i o n  p r e d i c t e d  t h a t  
40-*7-9% o f  t h e  p r o d u c e d  i n  l i q u i d  h y d r o g e n  wo u l d  t r a v e l  i n  t h e
p r o p e r  d i r e c t i o n  and wou l d  s u r v i v e  d e c a y  o r  a b s o r p t i o n  f o r  t h e  t i me  
r e q u i r e d  t o  r e a c h  a  t a r g e t  s h e e t  and  f o r m an a t om.
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1 1 , 2 , 2  KSTOF I d o n t  i f  t e a t  i on
D a t a  s i m u l a t i o n s  d u r i n g  t h e  p l a n n i n g  s t a g e *  o f  t h e  e x p e r i m e n t  
d e m o n s t r a t e d  t h a t  m a x i m i z i n g  t h e  s i g n a l - t o - n o i * e  r a t i o  o f  t h e  £  atom 
X r a y a  v a s  o f  p a r a m o u n t  i m p o r t a n c e  t o  t h e  d e t e r m i n a t i o n  o f  t he  
m a g n e t i c  mome nt .  S i n c e  £ “ a t o m s  w e r e  f o r m e d  o n l y  s u b s e q u e n t  t o  t h e  
i n t e r a c t i o n  o f  a [  i n  t h e  l a m i n a r  t a r g e t ,  g r e a t  c a r e  was t a k e n  t o  
d e a i g n  an e x p e r i m e n t a l  a r r a n g e m e n t  t h a t  wa s  c a p a b l e  o f  d i f f e r e n t i a t i n g  
b e t w e e n  s t o p p i n g  k a o n s  and  t h e  more  n u m e r o u s  beam p i o u s ,  whi ch  
g e n e r a l l y  w e r e  f a r  t o o  e n e r g e t i c  t o  be  b r o u g h t  t o  a s t o p  w i t h i n  t h e  
t a r g e t  v o l u m e .  T h e s e  beam p l e n a  p r o d u c e d  many b e a m - c o i n o i d e n t  2f a nd  X 
r a y s  wh i c h  c o u l d  c o n t r i b u t e  t o  t h e  r a d i a t i o n  b a c k g r o u n d  i n  t h e  e n e r g y  
r e g i o n  o f  t h e  £  atom X r a y s .  T a b l e  I I  g i v e s  a l i s t i n g  o f  t h e  heam-  
d e f i n i n g  c o u n t e r s  a nd  t h e i r  d i m e n s i o n s .
C o u n t e r  Z ,  l o c a t e d  J u s t  d o w n s t r e a m  o f  t h e  ma s s  s l i t ,  p r o v i d e d  a 
t i m e  mar k  a s  f a r  u p s t r e a m  as  was  p o s s i b l e .  U n f o r t u n a t e l y ,  d e s i g n  
c o n s t r a i n t s  f o r  a c o u n t e r  w h i c h  w o u l d  f u n c t i o n  i n  t h i s  h i g h  r a d i a t i o n  
e n v i r o n m e n t  l i m i t e d  t h i s  c o u n t e r  t o  no  mor e  t h a n  75% e f f i c i e n c y ,  
ma k i n g  i t  u s e f u l  o n l y  a s  a  d i a g n o s t i c  t o o l .
P a r t i c l e s  e x i t i n g  Q6 we r e  d e t e c t e d  by a c o i n c i d e n c e  b e t w e e n  
c o u n t e r s  51 a nd  5 2 .  N e x t ,  c o u n t e r  <5, a v e l o c i t y - s e l e c t i v e  Ch e r c n k o v  
c o u n t e r  o f  t h e  F i t c h  t y p e  [ 7 6 ] ,  d i f f e r e n t i a t e d  b e t w e e n  t h e  C h e r e n k o v  
l i g h t  o f  680  MeV/o p i o n s  and  k a o n s  b y  d e t e c t i n g  t h e  d i f f e r e n c e  i n  t h e  
a n g l e  o f  d i s p e r s i o n  o f  t h e  l i g h t .  L i g h t  f r om t h e  t r a n s i t  o f  a kaon
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wa* t o t a l l y  I n t e r n a l l y  r e f l e c t e d  t o  a bank o f  t l x  p h o t o t u b e *  ( KCA 
DB50) . L i g h t  f rom a p i o n  t r a n s i t  bad a l a r g e r  a n g l e  of  d l t p o r a i o n  due 
t o  t h e  g r e a t e r  p i  on v e l o c i t y ,  and so m i s t e d  t h e  c r i t i c a l  a n g l e  f o r  
r e f l e c t i o n .  At * beam mementos  o f  6S0 MeV/c,  b e l t  p e r f o r m a n c e  o f  t h i s  
c o u n t e r  was o b t a i n e d  when a c o i n c i d e n c e  b e t w e e n  any f o u r  o r  more  of  
t he  a l l  p h o t o t u b e s  was  r e q u i r e d  b e f o r e  a s i g n a l  was g e n e r a t e d .  In 
t h i s  node  o f  o p e r a t i o n ,  t e s t s  I n d i c a t e d  a kaon d e t e c t i o n  e f f i c i e n c y  of
94% and a p i o n  r e j e c t i o n  r a t i o  o f  g r e a t e r  t h a n  5 0 : 1 ,
F o l l o w i n g  t h e  Cherenkov c o u n t e r  £,  c o u n t e r  S3 d e t e c t e d  p a r t i c l e s  
e n t e r i n g  t h e  m o d e r a t o r .  The m o d e r a t o r  was a 14 cm t h i c k n e s s  o f  Cu
c o v e r i n g  a 10 cm X 10 cm a r e a .  T b i t  was s u r r o u n d e d  on t h e  l e f t ,
r i g h t ,  t o p ,  and b o t t o m  by a t u n n e l  v e t o  s c i n t i l l a t o r  V1 d e s i g n e d  to
d e t e c t  a ny  beam p a r t i c l e s  or  t h e i r  r e a c t i o n  p r o d u c t s  wh i c h  e x i t e d  the 
m o d e r a t o r  i n  a d i r e c t i o n  d i v e r g e n t  f rom t he  b o u t  p a t h .  Monte  C a r l o
s i m u l a t i o n s  p r e d i c t e d  t h a t  abou t  50+/-2% o f  t h e  I -  e n t e r i n g  t he
m o d e r a t o r  would  docay  o r  i n t e r a c t  w i t h i n  i t s  v o l ume .
F o l l o w i n g  t he  m o d e r a t o r ,  hodoscope  U was u s e d  t o  m e a s u r e  t he  
p o s i t i o n  and s i z e  of  t h e  beam s p a t .  Th i s  h o d o s c o p e  c o n s i s t e d  o f  t h r e e  
v e r t i c a l  and f o u r  h o r i z o n t a l  s t r i p s  o f  0 . 3 2  cm t h i c k  p l a s t i c
s c i n t i l l a t o r  o v e r l a p p e d  t o  p r o v i d e  a s p a t i a l  r e s o l u t i o n  o f  5 b i n s  
h o r i z o n t a l l y  and 7 b i n *  v e r t i c a l l y  over  t he  10 cm X 10 cm a r e a  o f  t he  
m o d e r a t o r ’ s d owns t r e a m f a c e .  A b i t  r e g i s t e r  was used  t o  r e c o r d  t he  
f i r i n g  p a t t e r n  o f  t h e s e  o o n n t e r s ,  and t h i s  p a t t e r n  was r e c o r d e d  as  
p a r t  of  t h e  e v e n t  i n f o r m a t i o n .
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The h o d o s c o p e  v a t  f o l l o w e d  i m m e d i a t e l y  by two t h i c k  p l a s t i c  
s o i u t i 1 l a t o r i  l a b e l e d  i n  F i g u r e  5 aa S4 a n d  5 5 .  C o u n t e r  54 v a i  v i e w e d  
by  two o p p o s i n g  p h o t o t u b e s  c o n n e c t e d  t o  a m e a n - t i m e  c i r c u i t  i n  o r d e r  
t o  p r o v i d e  t h e  b e s t  p o s s i b l e  d e t e r m i n a t i o n  o f  t h e  t r a n s i t  t ime  o f  a 
beam p a r t i c l e .  Wheneve r  t i m i n g  s i g n a l s  we r e  f o r m e d  i n c l u d i n g  a 
c o i n c i d e n c e  w i t h  54,  t h e  l e a d i n g  edge  o f  t h e  S4 s i g n a l  t r i g g e r e d  t h e  
o u t p u t  so  t h a t  t h e  54 s i g n a l  s e t  t h e  t i m e  m a r k  f o r  t h e  e n t i r e  
e x p e r i m e n t s  1 a r r a n g e m e n t .  Combined w i t h  t h e  e a r l y  t i m e - m a r k  
i n f o r m a t i o n  f r om t h e  Z - c o u n t e r  t h i s  ga ve  t i m e - o f - f l i g h t  i n f o r m a t i o n  
w h i c h  g e n e r a l l y  p r o v i d e d  t h e  l e a s t  a m b i g u o u s  d i f f e r e n t i a t i o n  b e t w e e n  
680 MoY/e p i o n s  a n d  k a o n s .  When t h e  s i g n a l  f rom t h e  Z - c o u n t c r  was 
a v a i l a b l e  i t s  t i m e  r e l a t i o n  t o  t h e  54 s i g n a l  was d i g i t i z e d  and 
r e c o r d e d  a s  p a r t  o f  t h e  e v e n t  i n f o r m a t i o n .
The k a o n s  w h i c h  p a s s e d  t h r o u g h  S4 and  55 had  b e e n  s l o w e d  by t h e  
m o d e r a t o r  t o  a n  a v e r a g e  momentum o f  280  MeV/c ( M o n t c - C a r l o  
c a l c u l a t i o n )  w i t h  a r a t h e r  b r o a u  s p r e a d  f r om 160 t o  3 ( 0  MeY/c,  At 
t h i s  momentum,  t h e  k a o n s  d e p o s i t e d  much more  e n e r g y  p e r  u n i t  l e n g t h  
t h a n  d i d  t h e  p i o n s ,  w h i c h  we r e  o n l y  s l o w e d  t o  a nomcntum o f  490 HcV/c  
a n d  we r e  t h u s  s t i l l  m i n l m u m - l o n i x l n g , The p h o t o t u b e  p u l s e  h e i g h t s  
f r om c o u n t e r s  S4 a nd  55 w e r e  d i g i t i z e d  a nd  i n c l u d e d  a t  p a r t  o f  t h e  
e v e n t  i n f o r m a t i o n .  As c a n  be s e e n  i n  F i g u r e  7 ,  a c l e a r  s e p a r a t i o n  wa s  
f o u n d  b e t w e e n  t h o  s i g n a l s  f r om p i o n s  a nd  t h o s e  f rom k a o n s .  A h a r d w a r e  
d i s c r i m i n a t o r  t h r e s h o l d  o n  S5 was s e t  t o  3 0 0  a v  a s  i n d i c a t e d  I n  F i g u r e  
7 .  C o m p a r i s o n s  o f  t h e  a m p l i t u d e s  o f  t h e  54 a n d  S5 s i g n a l s  w i t h  t h e  
t i m e - o f - f l i g h t  i n f o r m a t i o n  when i t  was  a v a i l a b l e  showed  t h a t  t h i s  
t h r e s h o l d  r e p r e s e n t e d  a 90% ka on  d e t e c t i o n  e f f i c i e n c y  a nd  a p i o n
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r e j e c t i o n  r a t i o  o f  5 . 5 : 1 .
Ac c f u r t h e r  t e c t  t h a t  t h e  fcaou e x i t i n g  t h e  d e g r a d e r  a c t u a l l y  
■ t o p p e d  i n  t h e  t a r g e t ,  v e t o  c o u n t e r  Ya  l o c a t e d  a p p r o x i m a t e l y  one m e t e r  
do w n a t r o a m  o f  t h e  t a r g e t  irac n e e d  t o  e x c l u d e  p a r t i c l e *  w h i c h  c o n t i n u e d  
more  o r  I c e *  a t r i i g f a t  t h r o u g h  t h e  t a r g e t  w i t h o u t  a t o p p i n g .  K o n t c -  
C a r l o  c a l c u l a t i o n *  *bov t h a t  a p p p r o x i m a t e l y  100% o f  t h e  beam p l e n a  and 
l e a *  t h a n  lib o f  t h e  a t o p p i n g  k a o n a  t r i g g e r e d  t h i a  c o u n t e r .  The f i n a l  
K - i t o p  a i g u a t u r e  wa*
S l - S 2 * C * S3 - V t  * S4 * S 5 ( h i g h ) »  Va  
F i g u r e  6 ahowa a d i a g r a m  o f  t h e  f a a t  l o g i c  ua e d  t o  g e n e r a t e  t h i a  a t o p  
a i g u a t u r e ,  w h i c h  waa a p p r o x i m a t e l y  85% e f f i c i e n t  a nd  had  a p i o n  
r e j e c t i o n  r a t i o  o f  a t  l o a i t  2 5 0 : 1 .
TABLE I I
B e a u - D e f i n i n g  T e l e s c o p e  C o u n t e r *
S o i n t i i 1 a t l o n  C o u n t e r
51
52
53
ti
{ H o d o s c o p e )
54
55
Vi i 4  a i d e * )
V*
C o r c n h o v  Cagi Lt s r
P l w e n t l o n *  ( y p j
1 0 . 2  x 1 2 . 7  x 0 . 6 3 5
1 0 . 2  x 1 2 , 7  x 0 . 6 3 5
1 0 . 2  x 1 0 . 2  x 0 . 6 3 5
1 0 . 0  x 1 0 . 0  
( 5  b i n *  h o r i t  x 7 b i n *  v e r t )
1 0 . 2  x 1 0 . 2  x 0 . 6 3 5
1 0 . 2  x 1 0 . 2  x 1 . 2 7 0
1 0 . 2  x 1 5 . 2  x 0 . 6 3 5
3 0 . 5  X 3 0 . 5  i  0 . 6 3 5
& l n * n * l o n *
v
C ( I n c i t e ) 8 . 9  d i a m e t e r  x 1 . 2 7  t h i n k
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I I . 2 . 3  P i  on S p e c t r o m e t e r s
As shown i n  F i g n r e  5 ,  a l e t  o f  s c i n t i l l a t i o n  c o u n t e r *  and  
aluminum m o d e r a t o r *  was p o s i t i o n e d  an  e i t h e r  t i d e  o f  t h e  l a m i n a r  
t a r g e t  i n  an  e f f o r t  t o  d e t e c t  t h e  n* f o l l o w i n g  ^  p r o d u c t i o n  i n  
h y d r o g e n .  These  a r r a y s  a r e  l a b e l e d  a* t h e  l e f t  and r i g h t  p i o n  
s p e c t r o m e t e r * .  The f o l l o w i n g  d i s c u s s i o n  a p p l i e s  o n l y  t o  t h e  l e f t  p i o n  
s p e c t r o m e t e r .  The r i g h t  s p e c t r o m e t e r  i s  i d e n t i c a l .  A l i s t i n g  o f  t h e  
r e l e v a n t  e l e m e n t s  and t h e i r  d i m e n s i o n s  i s  g i v e n  i n  T a b l e  I I I .  The 
a s s o c i a t e d  e l e c t r o n i c s  1* shown i n  F i g u r e  9 ,  w i t h  a l i s t i n g  o f  t h e  
m a j o r  l o g i c  s i g n a l *  a nd  t h e i r  c o m p o s i t i o n  i n  T a b l e  IV.
TABLE I I I  
P i o n  S p e c t r o m e t e r  E l e m e n t s
E l ement  D i me n s i o n *  IcmJ
C o u n t e r  LI  2 5 . 4  x 2 5 , 4  x 0 . 3 1 7 5
Aluminum D e g r a d e r  4 5 . 7  x 4 5 . 7  x 4 . 13
C o u n t e r  L2 4 5 . 7  x 4 5 . 7  * 0 . 6 3 5
C o u n t e r  L3A 4 5 , 7  x 4 5 . 7  x 2 . 5 4 0
C o u n t e r  L3H 4 5 . 7  * 4 5 . 7  x 2 . 5 4 0
C o u n t e r  L3C 4 5 . 7  x 4 5 , 7  x 2 . 5 4 0
C o u n t e r  L4 4 5 . 7  x 4 5 . 7  x 0 . 6 3 5
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TABLE IV
L e f t  P i o n  S p e c t r o u e t e r  Lo g i c  S i g n a l *
S i t o p )  Name L ob t c i 1 C o a p n t i t l  on
P l o o  S i a n a l i  
Ln.
Ln
Ln
K S * < L l ) - ( L 2 ) . ( L 3 A ) - ( L 3 B )
+■
“ A
Lit
S l a n a U
Le*A,
Lo^ Aj
Le+ A, 
Lc+ A^
Le\
BJlxtmJ * 
Le*B, 
Le+B3 
Lo+ B, 
Le+ D. 
Le+ BJ
Let
(Open* 10 | i t c c  Ln | i t t )n
K S - ( L l )  *(L2)  <( I JA)  *(L3B) ' (L3C)
(Opetic 10 pace  Lflp i * t e )
KS ( L I )  (L2)  ( U A )  (L3B) (L3C) ( U )
(Open* 10 | i t ec  L i ^ g n t O
( L n * ) o r ( L n  ) o r ( L n  >A 5 c
a n n a t e )  *(L2> • (L3A) -<L3D> 
( L e g a t e )  * (L3A) * (L3D) • (L-2)
(LitA (■ t e )  • ( U B )  * ( U C )  *(L3A}
( L it^  g i  t e )  * IL3AW^
(Le+ A( ) o r  (Le+A3 ) o r  (Le4 Aj )o r ( Lo+ A^)
( L n . g a  t c )  * ( U A )  > ( L 3 B ) - ( U C )
( L n Bg* t e ) * (LIB)  - (L3C) * (L3A)
(L it.  g a t e  ) *(L2) - ( L3AWL3B)  
<Lnflg a t e ) - ( L 3 C } - ( L 4 )  - (L3D> 
( L n B( a t e ) - ( L 3 B (^ )
(Le+ B( ) o r ( L o  ) o r ( Le + 0^ >or{Lo^ B^  ) o r ( L e  Bs )
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Lot- S l a t i a l a  
Le+ C, 
t -+ r
ILnr t i t e )  -(L3B? - ( L 3 Q *  <L4) 
(Lit,, g a t e )  *(L3C)*(L4} - (L3B) 
( L e g a t e )  * ( U A > M L 3 P } ‘ ( U C i  
(Liij. i * t c > * ( L 3 C ^ h)
(Le+ C; ) o r ( Lo + ) o r  (Le^ C,  >or(Lo+ C^)
Any Le4 (Lo* ) o r ( L e g > o r ( L e £ )
B i g h t  P i o n  S p e c t r o m e t e r  s i g n a l s  a r e  e q u i v a l e n t
Vh an c o u n t e r  L3A v a t  p o s i t i o n e d  36 ca  f rom the  beam c e n t e r  l i n e  
t h e  l e f t  p i o n  t p a c t r o m e t e r  pa c kage  s u b t e n d e d  * s o l i d  a n g l e  o f  
a p p r o x i m a t e l y  9% aa  v i e w e d  f rom t h e  c e n t e r  o f  t h e  l a m i n a r  t a r g e t .  I n
o p e r a t i o n ,  n - * t o p  s i g n a l i  Ln.  , Lit and Ln i n d i c a t e d  t h a t  p a r t i c l e *n n C
o r i g i n a t i n g  i n  t h e  l a m i n a r  t a r g e t  i n  c o i n c i d e n c e  w i t h  a ESTOP
s i g n a t u r e  p a s s e d  t h r o u g h  t h e  aluminnm m o d e r a t o r  t o  a t op  i n  c o u n t e r  
L3A, L3 B, o r  L3C.  D u r i n g  s e t u p  of  t h e  e x p e r i m e n t a l  a p p a r a t u s ,  t h e  
t h i c k n e s s  o f  t h e  a luminum m o d e r a t o r  v a i  c h o s e n  t o  ma x i mi z e  t h e  r a t e
p e r  ESTOP of  d e l a y e d  Le+ s i g n a l s  f o l l o w i n g  a i t - s t o p  i n  c o u n t e r  L3 H.
Wi t h  4*13 cm t h i c k n e s s  o f  a luminum m o d e r a t o r  i n  p o s i t i o n ,  p i o n s  w h i c h  
e x i t e d  t h e  a i d e *  o f  t h e  l a m i n a r  t a r g e t  w i t h  k i n e t i c  e n e r g y  r a n g e s  o f  
( 5 5 - 6 3 ) ,  ( 6 3 - 7 0 )  and ( 7 0 - 7 7 )  HeV s t o p p e d  i n  c o u n t e r s  L3A, L3B a nd  L3C.  
The  n+ f rom £  p r o d u c t i o n  e x i t  t he  l a m i n a r  t a r g e t  w i t h  k i n e t i c  
e n e r g i e s  r a n g i n g  f rom 65 t o  79 HeV, d e p e n d i n g  o n  t h e  p r o d u c t i o n
l o c a t i o n  w i t h i n  t h e  t a r g e t  v o l u m e .
P age  64
A s u r v e y  o f  r e a c t i o n s  r e s u l t i n g  f rom s t o p p i n g  I ~  showed t h a t  t h e  
p a r t i c l e s  most  l i k e l y  t o  be  c o n f u t e d  by t h e  p i o n  s p e c t r o m e t e r *  w i t h  a 
jt+ a c c o mp a n y i n g  £  p r o d u c t i o n  were t h e  n~ from t h e  c o m p l e m e n t s r y  
p r o d u c t i o n  r e a c t i o n  E-  p —-> n"  and t h e  n+ and n“  f rom t he  £  d e c a y s
— > n + . M o n t e - Ca r l o  c a l c u l a t i o n s  shoved t h a t  t h e  n+ f r om t h e
d e c a y  £ . + — > n + n+ e x i t e d  t he  s i d e  o f  t he  l a m i n a r  t a r g e t  w i t h  
k i n e t i c  e n e r g i e s  r a n g i n g  f rom 77 t o  90 l leV.  The p i o n  s p e c t r o m e t e r s  
wer e  t h u s  f a i r l y  e f f e c t i v e  a t  d i s t i n g u i s h i n g  b e t w e e n  t h e s e  rr+ and t h e  
n+ ac compa ny i ng  p r o d u c t i o n .
S i g n a l s  c h a r a c t e r i s t i c  o f  a d e l a y e d  p o s i t r o n  f rom t h e  
n+ — -)u+ —*>e+ d e c a y  c h a i n  were  used  t o  d i s t i n g u i s h  b e t w e e n  n+ a nd  jt-  
w h i c h  s t o p p e d  i n  t b s  p i o n  s p e c t r o m e t e r s .  I f  t he  s t o p p e d  p a r t i c l e  was 
a i t *- ,  i t  a l a i o s t  i m m e d i a t e l y  formed a p i o n i c  atom and was  a b s o r b e d  i n t o  
t h e  n u c l e u s .  I f  t h e  s t o p p e d  p a r t i c l e  was a if*", i t  r e m a i n e d  i n  t h e  
I n t e r a t o m i c  s p a c e s  w h i l e  i t  p r o c e e d e d  t h r o u g h  t he  d o c a y  c h a i n
U
The p+ i n  t h i s  r e a c t i o n  i s  p r o d u c e d  w i t h  a k i n e t i c  e n e r g y  o f  o n l y  
4 . 1  UeV and t h u s  has  a r a nge  o f  o n l y  0 . 1 5  cm i n  t h e  s c i n t i l l a t o r  
m a t e r i a l .  The l i g h t  p u l i e e  p r o d u c e d  by t h e  p+ g e n e r a l l y  were  not  
w e l l - s e p a r a t e d  i n  t ime  f rom t hose  p r o d u c e d  by t he  s t o p p i n g  it"* , wh i c h  
h a s  * mean l i f e  o f  on l y  2 6 . 0 3 0 ^ 0 . 0 2 3  n s e c  1771.
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The  n+ hmt * Doan l i f e  o f  2 .  1 9 7 H  ±  0 . 00 0 0 7  p a c e  [7fl] . The  
d e l a y e d  e* f r o m  the d e c a y  o f  a p+ l a  p r o d u c e d  w i t h  k i n e t i c  a n e r g i c *  
r a n g i n g  f rom 0 t o  52 KeV, d i s t r i b u t e d  i n  a  Mi che l  t p e c t r o n  [ 7 9 ] ,  The 
Lo^ l o g i c  s i g n a l s  l i s t e d  i n  T a b l e  IV v e r c  d e i i g n c d  t o  d e t e c t  t h e r e  
d e l a y e d  p o s i t r o n * .  Thaac s i g n a l s  were  e n a b l e d  f o r  t e n  p s e c  f o l l o w i n g  
a n - s t u p  s i g n a l ,  Any s e c o n d a r y  ESTOP s i g n a t u r e  w h i c h  o c c u r r e d  d u r i n g  
t h i *  t e n  n*cc  g a t e  g e n e r a t e d  a 50 n s c c  b l a n k i n g  c i r c u i t  w h i c h  
i n h i b i t e d  t h e  o+ s i g n a l s .  T h i *  c i r c u i t  a e r v e d  t o  p r o t e c t  a g a i n s t  
b e a n - c o i n c i d e n t  r e a c t i o n  f r a g m e n t *  s c a t t e r i n g  i n t o  t h e  r a t h e r  l a r g e  
m a i n  c o u n t e r *  L3A, L3B and  L3C o f  t h e  p i o n  s p e c t r o m e t e r ,  t h e r e b y  
p r o d u c i n g  f a l s e  o'*" s i g n a l  a .
Any t i n e  a g a t e d  e+ s i g n a l  was  g e n e r a t e d ,  a b i t  r e g i s t e r  was a c t  
t o  i n d i c a t e  t h e  s p e c t r o m e t e r  f i r i n g  p a t t e r n .  The t i m e  r e l a t i o n s h i p  o f  
t h e  e+ s i g n a l  r e l a t i v e  t o  t h o  t t ~* t op  s i g n a l  whi ch  o p e n e d  t h e  g a t e  was 
d i g i t i z e d .  T h e  t i n e  and  b i t - r e g i s t c r  i n f o r m a t i o n  w e r e  r e c o r d e d  a s  
p a r t  o f  t h e  e v e n t  i n f o r m a t i o n ,  F i g u r e  10 ahcrws a s a m p l e  h i s t o g r a m  
e x t r a c t e d  f rom t h e  Lime r e l a t i o n s h i p  d a t a .  A l e a s t - s q u a r e s  f i t  o f  
t h e s e  d a t a  t o  a f u n c t i o n a l  fo rm c o n s i s t i n g  o f  a d e c r e a s i n g  e x p o n e n t i a l  
a n d  a f l a t  b a c k g r o u n d  y i e l d s  a l i f e t i m e  o f  ( 2 . 2 6 ± 0 . 1 0 )  f i sec ,  
c o n f i r m i n g  t h a t  t h e  e+ l o g i c  s i g n a l s  a r e  i n d e e d  m o s t l y  t h e  r e s u l t  o f  
p+ d e c a y s .
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I I . 3 Jt |lfiX Spectroscopy System
I I . 3.1 SoUdr_St*te Detector  C r y t » U
The f i n e - s t r u o t u r e  s p l i t t i n g  o f  t h e  f i n a l  few X - r a y  t r a n s i t i o n s  
i n  £ ‘ - Pb  and £  a toms  r a n g e s  f rom 300  t o  1000 eV.  B e n l - c r y s t i l
s p e c t r o m e t e r s  a r e  c a p a b l e  of  r e s o l v i n g  d o u b l e t  s e p a r a t i o n s  o f  l e s s  
t ha n  one eV,  bu t  t h e i r  v e r y  low i n h e r e n t  d e t e c t i o n  e f f i c i e n c y  makes  
t h e i r  use  f o r  t h e  me a s u r e me n t  o f  £ ~ a t c n  X r a y s  i m p r a c t i c a l .  S o l i d -  
s t a t e  X- ray  d e t e c t o r *  c a n  have  a b s o l u t e  e f f i c i e n c i e s  o f  up t o  20% and 
a r e  c a p a b l e  o f  r e s o l v i n g  d o u b l e t s  h a v i n g  s e p a r a t i o n s  o f  t h e  same o r d e r  
as  t h e  £  - F b  a n d  £T-1I f i o e - s t r n c t u r o  s p l i t t i n g .
S i l i c o n  and  ge rman i um a re  two t y p e s  o f  s e m i c o n d u c t o r  m a t e r i a l s  
which may be used  f o r  t h e  c o n s t r u c t i o n  o f  a s o l i d - s t a t e  1 - r a y  
d e t e c t o r .  B o t h  m a t e r i a l s  a r e  u s u a l l y  d o p e d ,  o r  d r i f t e d ,  w i t h  a 
u n i f o r m  d i s t r i b u t i o n  o f  t r a c e  i m p a r i t i e s  w h i c h  s e t t  t o  i mp r o v e  t he  
s e m i c o n d u c t o r  p e r f o r m a n c e .  Germanium o f  s u f f i c i e n t l y  h i g h  p u r i t y  
{ l e t s  t han  1:10* i m p u r i t i e s )  may thow good s e m i c o n d u c t o r  b e h a v i o r  
w i t h  no need f o r  t he  a d d i t i o n  o f  i m p u r i t i e s .  H l g h - p u r i t y  ge rmani um 
w i l l  g e n e r a l l y  have  e i t h e r  s l i g h t l y  p - t y p e  or  t l i g h t l y  n - l y p c  
s e m i c o n d u c t o r  p r o p e r t i e s .  For  E x p e r i m e n t  7 23 ,  h i g h - p n r i t y  n - t y p c  
germanium was c h o s e n  a s  t h e  s e m i c o n d u c t o r  m a t e r i a l ,  b o t h  f o r  I t s  h i g h  
p b o t o - a b s o r p t  i o n  e f f i c i e n c y  r e l a t i v e  t o  s i l i c o n  i n  t h e  100  t o  700  keV 
e n e r g y  r e g i o n  and f o r  i t s  p o t e n t i a l  o f  i m p r o v e d  r e m i t t a n c e  t o ,  and
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r e c o v e r y  f r o m,  r a d i a t i o n  damage.
Tbe s t a t i c  e l e c t r i c a l  c o n f i g u r a t i o n  o f  a s o l i d - s t a t e  X - r a y  
d e t e c t o r  i s  t h a t  o f  a r e v e r a e ~ b i s t o d  d i o d e  [BO].  A s e n i c o n d u c t o r  
J M i c t i o n  I s  formed i n  t h e  d e t e c t o r  m a t e r i a l ,  and a b i a s i n g  v o l t a g e  i s  
a p p l i e d  w i t h  t h e  p o l a r i t y  which t u r n s  t h e  J u n c t i o n  o f f .  T h i s  r e s u l t s  
i n  a dead  r e g i o n  a t  t h e  semi c o n d u c t o r  J u n c t i o n  whe r e  a ny  f r e e  c h a r g e  
c a r r i e r s  a r e  swept  t o  oue o r  t he  o t h e r  s i d e  by s t r o n g  e l e c t r i c  f i e l d s .  
Th i s  dead  r e g i o n  i s  t h e  a c t i v e  volume f o r  X - r a y  d e t e c t i o n .
A c o n s t a n t  f r a c t i o n  o f  t he  e n e r g y  o f  a p h o t o n  a b s o r b e d  i n  t h e  
s e m i c o n d u c t o r  m a t e r i a l  ( a s  d e t e r m i n e d  by t he  Fano  f a c t o r  o f  t h e  
m a t e r i a l  [ 8 1 ] )  g o e s  i n t o  t h e  p r o d u c t i o n  o f  e l e c t r o n - h o l e  p a i r s .  Those  
p a i r s  wh i c h  a r e  p r o d u c e d  w i t h i n  t h e  a c t i v e  volume a r e  s e p a r a t e d  by t h e  
s t r o n g  e l e c t r i c  f i e l d s  t h e r e i n  w i t h  a mi n i ma l  amount  o f  c h a r g e  
r e c o m b i n a t i o n ,  and t h e  two t y p e s  o f  c h a r g e  c a r r i e r *  a r e  t r a n s p o r t e d  
r a p i d l y  t o  o p p o s i t e  a i d e s  o f  t h e  J u n c t i o n .  A o h a r g e - a e n s i t i v e  
a m p l i f i e r  s e n s e s  t h e  momenta ry  f l ow o f  c u r r e n t ,  i n t e g r a t i n g  o v e r  some 
t ime  i n t e r v a l  wh i c h ,  i d e a l l y ,  i t  l o n g e r  t h a n  t h e  l o n g e s t  t r a n s i t  t ime 
e x p e r i e n c e d  by a ny  s i n g l e  c h a r g e  c a r r i e r .
I m p e r f e c t i o n s  i n  t h e  c r y s t a l  s t r u c t u r e  o f  t h e  s e m i c o n d u c t o r  
m a t e r i a l ,  i n c h  a* t h e  d i s p l a c e m e n t  o f  a toms  o u t  o f  t h e i r  l a t t i c e  
s i t e s ,  can  c a u s e  a t e m p o r a r y  t r a p p i n g  o f  o t h e r w i s e  m o b i l e  c h a r g e  
c a r r i e r s .  Such i m p e r f e c t i o n s  can  be c a u s e d  by a d i r e c t  c o l l i s i o n  o f  
an e n e r g e t i c  m a s s i v e  p a r t i c l e  w i t h  a n u c l e u s  o f  one o f  t he  a t oms  i n  
t h e  c r y s t a l . A l a r g e  number  o f  e n e r g e t i c  n e u t r o n s  and p i o n s  was 
p r o d u c e d  by i n t e r a c t i o n s  w i t h i n  t h e  m o d e r a t o r  and t h e  l a m i n a r  t a r g e t .
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T h u s ,  t h e  s o l i d —s t a t e  d e t e c t o r s  u s e d  i n  t h i s  e x p e r i m e n t  we r e  s u b j e c t  
t o  r a d i a t i o n  damage  o f  t h e  c r y s t a l  s t r u c t u r e .
E x t r a c t i o n  o f  f l n e - s t r u c t u r e  i n f o r m a t i o n  f rom t h e  £ ~ - P b  and £ ~ - Y  
X - r a y  s p e c t r a  c o l l e c t e d  w i t h  s o l i d - s t a t e  X - r a y  d e t e c t o r s  i n v o l v e s  a 
d e t a i l e d  a n a l y s i s  o f  a c ompl e x  l i n e s h a p e  s i n c e  t h e  f i a e - s t r u c t u r e  
c o m p o n e n t s  a r e  n o t  f o l l y  r e s o l v e d .  Such  an  a n a l y s i s  r e q u i r e s  
m o d e r a t e l y  h i g h  s t a t i s t i c s  it) o r d e r  t o  d i s t i n g u i s h  b e t w e e n  s m a l l  
d i f f e r e n c e s  i n  t h e  c o mp l e x  l i n e s h a p e .  The d e t e c t o r  r e s p o n s e  t o  a 
m o o o e n e r g e t l c  X - r a y  t r a n s i t i o n  s h o u l d ,  ■■ much as  i s  p o s s i b l e ,  r e m a i n  
i n v a r i a n t  o v e r  t h e  d u r a t i o n  o f  t h e  d a t a  c o l l e c t i o n  s o  t h a t  t h e  d a t a  
may bo c o mb i n e d  t o  a c h i e v e  t h e  n e c e s s a r y  s t a t i s t i c s .  Th e  e x p e c t e d  
r a t i o  o f  e n e r g e t i c  m a s s i v e  p a r t i c l e s  t o  £ ~ a t o u  X - r a y s  p r o d u c e d  by  
E x p e r i m e n t  723 wa s  l a r g e  e nough  t o  c a u s e  s e r i o u s  d e g r a d a t i o n  o f  t h e  
l i n e s h a p e  o v e r  t h e  c o u r s e  o f  t b e  e x p e r i m e n t  f o r  any n o r m a l  s o l i d - s t a t e  
X - r a y  d o t e c t o r ,
A n o v e l  r e v e r s o d - e l e c t r o d e  c o a x i a l  c o n f i g u r a t i o n  w h i c h  h a s  b e e n  
shown t o  be  up t o  28  t i m e s  [ 82 ]  a s  r e s i s t a n t  t o  r a d i a t l o o - d a m a g e  
i n d u c e d  l i n e s h a p e  d e g r a d a t i o n  a s  n o r ma l  c o n f i g u r a t i o n s  wa s  a d o p t e d  f o r  
t h e  X - r a y  d e t e c t o r s .  I n  t h i s  c o n f i g u r a t i o n ,  an  e l e c t r i c a l  c o n t a c t  i s  
p l a c e d  i n  a h o l e  d r i l l e d  a l o n g  t h e  a x i s  o f  a cy 1 i n d r i c e 1 l y - s h a p e d  
p i e c e  o f  h l g h - p u r i t y  n - t y p e  germanium s u c h  t h a t  t b e  e n t i r e  s u r f a c e  
w h i c h  was  e x p o s e d  by  t h e  d r i l l i n g  i s  m a i n t a i n e d  a t  c o n s t a n t  p o t e n t i a l .  
T h i s  c o n t a c t  i s  c o n n e c t e d  t o  t h e  i n p u t  o f  a  c h a r g e - s e n s i t i v e  a m p l i f i e r  
and  i t s  p o t e n t i a l  i s  m a i n t a i n e d  n e a r  e l e c t r i c a l  g r o u n d .  The  
t e m p e r a t u r e  o f  t h e  c r y s t a l  i s  m a i n t a i n e d  a t  77E { a s  l a  b o c o s s a r y  f o r
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good o p e r a t i o n  o f  any ge rman i um d e t e c t o r )  and n e g a t i v e  h i g h  v o l t a g e  i s  
a p p l i e d  t o  t he  o u t e r  s u r f a c e ,  whi ch  h a s  been  i m p l a n t e d  w i t h  a c c e p t o r -  
t ype  i m p u r i t i e s  t o  form a t h i n  l a y e r  o f  p - t y p e  m a t e r i a l .  T h i a  l a  
known as  a r e v c r s e - e l o c t r o d e  c o n f i g u r a t i o n  s i n c e  mos t  s o l i d - s t a t e  
d e t e c t o r s  have  t ho  c h a r g e - s e n s i t i v e  a m p l i f i e r  c o n n e c t e d  t o  t h e  p - t y p e  
b a l k  s e m i c o n d u c t o r  and p o s i t i v e  h i g h  v o l t a g e  a p p l i e d  t o  t h e  n - t y p e  
I m p l a n t e d  l a y e r .  The t e r n  c o a x i a l  r e f e r s  t o  t h e  c y l i n d r i c a l  g e o m e t r y .
Tbe s u p e r i o r  r a d i a t i o n - d a m a g e  r e s i s t a n c e  o f  t he  r e v e r a e - e l e c t r o d e  
c o a x i a l  c o n f i g u r a t i o n  c a n  be  a t t r i b u t e d  t o  t h e  f a c t  t h a t  e l e c t r o n s  a r e  
l e s s  s u s c e p t i b l e  t o  c h a r g e  t r a p p i n g  a t  l a t t i c e  d e f e c t s  t h a n  a r e  t h e  
e f f e c t i v e l y  more m a s s i v e  e l e c t r o n  h o l e s ,  a nd  t o  t h e  f a c t  t h a t  moat  of  
t h e  a c t i v e  o f a a r g e - c o l l e c t i o n  volume i s  l o c a t e d  n e a r e r  t h e  o u t e r  
( n e g a t i v e )  t e r m i n a l ,  whor e  t h e  e l e c t r o n  h o l e s  a r e  c o l l e c t e d ,  r a t h e r  
Lhan to  t h e  p o s i t i v e  t e r m i n a l ,  where  t h e  more m o b i l e  e l e c t r o n s  a r e  
c o l l e c t e d .  Al t hough  t h e  c r y s t a l  s t r u c t u r e  i t s e l f  i s  no l e s s  
s u s c e p t i b l e  t o  r a d i a t i o n  damage,  c h a r g e  c o l l e c t i o n ,  a nd  t h u s  t h e  
d e t e c t o r  l i n e s h a p e  r e s p o n s e ,  i s  much l e a s  a o n s l t i v e  t o  t h e  p r e s e n c e  of  
t h e  t r a p p i n g  s i t e s  c a u s e d  by r a d i a t i o n  damage .  T h i s  r e v e r s o - e l t e t r o d e  
c o n f i g u r a t i o n  can  be a c h i e v e d  o n l y  w i t h  an n - t y p e  s e m i c o n d u c t o r  
m a t e r i a l  such  a s  h i g h - p n r i t y  n - t y p e  germanium,  An a dde d  a d v a n t a g e  of  
n s i n g  a h i g h - p n r i t y  ( i . e . . u n d r i f t e d )  s e m i c o n d u c t o r  m a t e r i a l  i s  t h a t  
t h e  r a d i a t i o n  damage o f  t h e  c r y s t a l  s t r u c t u r e  may be l a r g e l y  r e p a i r e d  
by a n n e a l i n g  t h e  c r y s t a l  above  100 C, where  i n c r e a s e d  n o b i l i t y  o f  t he  
a toms  a l l o w s  t he  c r y s t a l  l a t t i c e  somewhat  t o  r e f o r m  i t s e l f .  D r i f t e d  
s e m i c o n d u c t o r  m a t e r i a l s  c a n n o t  be a n c e s s f u l l y  a n n e a l e d ,  a* t h e  
i m p u r i t i e s  t e nd  t o  m i g r a t e  t o  t h e  s u r f a c e s .
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T h e r e  i t  a n  i n v e r s e  r e l a t i o n s h i p  b e t w e e n  r e s o l u t i o n  and
e f f i c i e n c y  l n  t h e  d e s i g n  o f  s o l i d - s t a t e  X - r a y  d e t e c t o r s .  Even a t
l i q u i d  n i t r o g e n  t e m p e r a t u r e s ,  t h e  t h e r m a l  v i b r a t i o n s  o f  t h e  c r y s t a l  
l a t t i c e  c a n  c a s t e  t h e  o c c a s i o n a l  p r o d u c t i o n  o f  an e l e c t r o n - h o l e  p a i r .  
T h e s e  f r e e d  c h a r g e  c a r r i e r s  a r e  swept  ou t  o f  t h e  a c t i v e  c h a r g e -  
c o l l e c t i o n  v o l ume  by t h e  b i a a i n g  v o l t a g e ,  r e s u l t i n g  i n  a  f l ow o f  
l e a k a g e  a n r r e n t .  L a r g e r  a c t i v e  v o l u m e s  r e s u l t  i n  more  o f  t h i s  l e a k a g e  
c u r r e n t ,  wh i c h  cat i  become a l a r g e  c o n t r i b u t I o n  t o  t h e  n o i s e  l e v e l  i n  
t h e  c h a r g e - s e n s i t i v e  a m p l i f i e r .  The  m a g n i t u d e  of  t h e  c h a r g e  s i g n a l  
r e s u l t i n g  f r om a p b o t o n - c o n v c r s i o n  e v e n t  l a  r e l a t i v e l y  i n d e p e n d e n t  o f  
t h e  c r y s t a l  s i t e  a s  l o n g  a s  t h e  c r y s t a l  vo lume i s  much l a r g e r  t h a n  t h e
c l o u d  o f  e l e c t r o n - h o l e  p a i r *  p r o d u c e d  i n  t h e  n e i g h b o r h o o d  o f  t h e
e v e n t .  R e s o l u t i o n ,  a f u n c t i o n  o f  t h e  s i g n a l - t o - n o i s e  r a t i o  i n  t h e  
c h a r g e - s e n s i t i v e  a m p l i f i e r ,  i s  t h u s  b e t t e r  f o r  s m a l l e r  a c t i v e  v o l u m e s .
I n  c o n t r a s t ,  t h e  a b s o l u t e  e f f i c i e n c y  f o r  d e t e c t i o n  o f  p h o t o n s  
i n c r e a s e *  w i t h  a c t i v e  v o l u m e .  I n c r e a s i n g  t h e  a c t i v e  t h i c k n e s s  i n  t he  
d i r e c t i o n  o f  p h o t o n  p r o p a g a t i o n  i n c r e a s e s  t h e  p r o b a b i l i t y  t h a t  an 
i n c i d e n t  p h o t o n  w i l l  f u l l y  d e p o s i t  I t *  e n e r g y  w i t h i n  t h e  c h a r g e  
c o l l e c t i o n  v o l u m e .  I n c r e a s i n g  t h e  a c t i v e  a r e *  n o r ma l  t o  t h e  d i r e c t i o n  
o f  p h o t o n  p r o p a g a t i o n  i n c r e a s e s  t h e  s o l i d  a n g l e  s u b t e n d e d  by t h e  
a c t i v e  v o l ume  a s  v i e w e d  f r om t h e  s o u r c e ,  t h u s  i n c r e a s i n g  t h e  c h a n c e  
t h a t  a p h o t o n  l e a v i n g  t h e  p o i n t  s o u r c e  i n  a r andom d i r e c t i o n  w i l l  
i n t e r s e c t  t h e  a c t i v e  v o l u m e  a t  some p o i n t .
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The r e s o l u t i o n - v i - c f f i c i e n c y  t r a d e o f f  wa s  w e i g h e d  v e r y  c a r e f u l l y  
In t h o  d o s l g n  o f  t h e  1 - r a y  d e t e c t o r *  f o r  E x p e r i m e n t  7 2 3 .  F i t *  o f  
s i m u l a t e d  d a t a s e t s  w e r e  u s e d  t o  compa r e  t h e  r e l a t i v e  m e r i t *  o f  
i mpr ove d  r e s o l u t i o n  a nd  o f  i n c r e a s e d  s t a t i s t i c s  l n  t h e  d e t e r m i n a t i o n  
of  t h o  m a g n e t i c  mome n t .  A f t e r  l e n g t h y  c o n s u l t a t i o n s  w i t h  t h e  
d e s i g n e r s  o f  t h e  d e t e c t o r  s y s t e m  ( L a w r e n c e  B e r k e l e y  L a b o r a t o r i e s  and  
EClG O r t e c ) .  a d e s i g n  was  c h o s e n  w h i c h  c o n s i s t e d  o f  t h r e e  c o a x i a l  
b i g h - p u r l t y  ( I n t r i n s i c )  g e r m a n i u m  d e t e c t o r s ,  d e n o t e d  h e r e a f t e r  a s  
d e t e c t o r s  A, B and  C r mo un t e d  i n  a r e v e r * e - e l  e o t r o d e  c o n f i g u r a t i o n  on 
a common c r y u a t a t i c  c o l d  f i n g e r  a s s e m b l y  a s  shown i n  F i g u r e  1 1 .  The 
p h y s i c a l  c h a r a c t e r i s t i c s  o f  t h e  t h r e e  g e r m a n i u m  c r y s t a l s  a r e  l i s t e d  i n  
T a b l e  V.  The d i f f e r e n t  r a d i i  r e f l e c t  t h e  e x t r e m e s  o f  t h e  a n t i c i p a t e d  
r e g i o n  o f  o p t i m i z a t i o n .  The c y l i n d r i c a l  a x e s  o f  t h e  c r y s t a l s  we r e  
o r i e n t e d  v e r t i c a l l y  and  t h e  m o u n t i n g  a s s e m b l y  was  d e s i g n e d  t o  l e a v e  
the u p p e r  c r y s t a l  f a c e s  e x p o s e d  f o r  b e s t  d e t e c t i o n  o f  p h o t o n s  
i m p i n g i n g  on t h e  c r y s t a l s  f r o m  a b o v e .  An a l u m i n u m  va c u u m j a c k e t  
e n c l o s e d  t h e  e n t i r e  t h r e e - c r y s t a l  a s s e m b l y .  Window* 0 , 0 1 5  i n c h e s  
t h i c k  w e r e  m i l l e d  i n t o  t h e  t o p  f a c e  o f  t h e  va c u u m j a c k e t  t o  m i n i m i s e  
t he  a mount  o f  m a t e r i a l  t r a v e r s e d  by  a n  e n t e r i n g  p h o t o n .
The  d a t a s e t *  c o l l e c t e d  i n  1 9 6 2  showed t h a t  d e t e c t o r  C ' s  l a r g e r  
c r y s t a l  s i z e  d i d  n o t  a c t u a l l y  p r o v i d e  b e t t e r  s t a t i s t i c * ,  as  t h e  h i g h e r  
r a t e s  i n  t h e  l a r g e r  a c t i v e  v o l u m e  r e s u l t e d  i n  a  l a r g e r  p e r c e n t a g e  o f  
dead t i m e  l n  t h e  s i g n a l - p r o n e ■s i n g  e l e c t r o n i c s .  T h e  t o t a l  a mo u n t  o f  
d a t a  c o l l e c t e d  f r o m  e a c h  of  t h e  t h r e e  d e t e c t o r s  wa s  a p p r o x i m a t e l y  
e q u a l ,  r e g a r d l e s s  o f  c r y s t a l  s i z e .  F o l l o w i n g  t h e  1982  r u n ,  d e t e c t o r  
C’ s c r y s t a l  was m a c h i n e d  t o  t h e  same d i m e n s i o n s  a s  t h o s e  o f  d e t e c t o r *
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A and B, S u b s e q u e n t  t o  t h e  1982 a n d  19H3 r u n *  a l l  t h r e e  c r y s t a l s  were  
a n n e a l e d  l n  a n  e f f o r t  t o  r e p a i r  t h e  l a t t i c e  d i s p l a c e m e n t *  due t o  
r a d i a t i o n  d a ma g e . R e c o v e r y  of  t h e  o r i g i n a l  I i n e i h a p e *  we t  a l m o s t  
o o a p l e t c ■
TABLE V
X - r a y  D e t e c t o r  C r y s t a l  S p e c i f i c a t i o n s
S e r i a l  Hmnbcr Pele_Qt.or D i a m e t e r  L e n a t h  Op e r a t i n g  B i a s
701a A 47 mm 26 to,  - 2 6 0 0  V o l t s
701b B 47 mm 26 mm - 3 6 0 0  Vo l t *
70Se C
(19B2)  57 m  26 mm - 4 0 0 0  V o l t s
( 1 9 8 3 - 1 9 8 5 )  47 am 26 mm - 4 0 0 0  V o l t s
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I I . 3 .2 S i g n a l  F r o c c s s l u a
S i g n a l  p r o c e s s i n g  f o r  t ho  s o l i d - s t a t e  X - r a y  d e t e c t o r s  employed i n  
E x p e r i m e n t  723 was d i v i d e d  i n t o  t h r e e  f u n c t i o n a l  p a r t s ,  as i s  u s u a l l y  
t h e  c a s e  f o r  s o l i d —s t a t e  d e t e c t o r  s y s t e m :  c h a r g e - s e n s i t i v e
p r e a m p l i f i e r ,  s h a p i n g  a m p l i f i e r  and a n a l o g - t o - d l g i t a l  c o n v e r s i o n  
( A D O .
C h a r a e - S o n s  1 t l v c  P r o  m o l  I f  i c r
A b l o c k  d i a g r a m  o f  one o f  t h e  c h a r g e - s e n s i t i v e  p r e a m p l i f i e r s  u s e d  
i n  E x p o r i a i e n t  723 i s  shown i n  F i g u r e  1 2 ,  An o u t p u t  v o l t a g e  
p r o p o r t i o n a l  t o  t h e  c h a r g e  p r e s e n t  a t  p o i n t  P i s  g e n e r a t e d  by a h i g h -  
g a i u  i n v e r t i n g  a m p l i f i e r  c o n n e c t e d  i n  a capac  i t i  v e - f  e e d b a c k  
c o n f i g u r a t i o n .  I n  nor a i a l  o p e r a t i o n ,  r e s e t  t r a n s i s t o r  T i s  t u r n e d  o f f .  
Tho l e a k a g e  c u r r e n t  o f  t h e  d e t e c t o r  c r y s t a l  a nd  the  c h a r g e s  d e p o s i t e d  
by r a d i a t i o n  e v e n t s  w i t h i n  t h e  c r y s t a l  r e s u l t  i n  a d r a i n i n g  o f  
( p o s i t i v e )  c h a r g e  f rom p o i n t  P  t o  t he  n e g a t i v e  h i g h - v o l t a g e  s u p p l y .  
Th e  r e s u l t i n g  d r o p  l n  v o l t a g e  a t  p o i n t  P d r i v e s  t he  a m p l i f i e r  o u t p u t  
v o l t a g e  h i g h ,  t h u s  I n j e c t i n g  c h a r g e  i n t o  p o i n t  P t h r o u g h  f e e d b a c k  
c a p a c i t o r  C.
Fo r  t h o  i d e a l i s e d  c a s e  o f  an a m p l i f i e r  A h a v i n g  f r e q u e n c y -  
i n d e p e n d e n t  g a i n  - a ,
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I I . 3 - 1 )  VfiMT ~ a q  MC6 +aC> a n d  Vf  - q  / CCD +aC)
where CD i t  t h o  e f f e c t i v e  c a p a c i t a n c e  o f  p o i n t  P r e l a t i v e  t o  g r ound .
In  t h o  i d o a l  c a t e  o f  a— q /C and V^- 0 ,  maki ng  p o i n t  P a
v i r t u a l  g r o u n d .  In p r a c t i c e ,  may bo much l a r g e r  t h a n  C and a may
3
be o n l y  o f  t h e  o r d e r  o f  10 s o  t h a t  t h e  a p p r o x i m a t i o n  a— J «*> i t  no t  
a p p l i  o a b l e .
The  c h a r g e - t o - v o l t a g e  c o n v e r s i o n  f a c t o r  - a / ( C ^ + a C )  t h o u  Id  be 
m a x i mi z e d  t o  p r o v i d e  b e a t  t r a n a a i a i i o n  o f  t he  s i g n a l s  f rom r a d i a t i o n  
e v e n t s  t h r o u g h  any n o i s e  i n h e r e n t  i n  t b e  p r e a m p l i f i e r ,  t h e  s h a p i n g  
a m p l i f i e r  o r  t h e  ADC, An o v e r r i d i n g  c o n s i d e r a t i o n  i n  many d e t e c t o r  
d e s i g n s  l a  t h u s  t o  m i n i m i z e  C0 and C, Toward t h i s  end ,  and a l t o  t o  
p r o v i d e  t r u e  c h a r g e  s e n s i t i v i t y ,  a v e r y  h i g h  impedance  f i e l d - e f f e c t  
t r a n s i s t o r  (FKT) i s  g e n e r a l l y  used  as  t h e  i n p u t  d e v i c e  f o r  t he  
p r e a m p l i f i e r .
F o r  t h e  c o n f i g u r a t i o n  shown i n  F i g u r e  12 ,  t h e  p r e a m p l i f i e r  o u t p u t  
i s  a c o n s t a n t l y - i n c r e a s i n g  v o l t a g e  ramp (dne t o  t h e  d e t e c t o r  l e a k a g e  
c u r r e n t )  upon  wh i c h  i s  s u p e r  i mposed  a s e r i e s  of  p o s i t i v e  s t e p  c h s n g e t  
( J e s s  t h a n  20D n t e e  r i s e  t i me  f o r  E x p e r i m e n t  723) which a r e  i n d u c e d  by 
r a d i a t i o n  e v e n t s .  The a m p l i t u d e  of  e a c h  s t e p  i s  p r o p o r t i o n a l  t o  t he  
e ne r gy  d e p o s i t e d  by t h e  i n d u c i n g  r a d i a t i o n  e v e n t .  The o u t p u t  o f  
a m p l i f i e r  A h a s  seme f i n i t e  dyna mi c  r a n g e  w i t h i n  whi ch  t h e  o u t p u t  
v o l t a g e  i s  a p p r o x i m a t e l y  p r o p o r t i o n a l  to t h e  i n p u t  v o l t a g e .  Some 
p r o v i s i o n  mus t  be  made t o  d e p o s i t  c h a r g e  a t  p o i n t  P i n  o r d e r  t o  
m a i n t a i n  o u t p u t  v o l t a g e s  w i t h i n  t h i s  dynamic  r a n g e .  R e s i s t i v e
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f o e d b a o k  v i i  u s e d  i n  e a r l y  s o l i d - s t a t e  d e t e c t o r *  t o  e s t a b l i s h  some 
s t a b l e  DC o p e r a t i n g  p o i n t ,  b u t  such  s y s t e m s  have  d i f f i c u l t i e *  
m a i n t a i n i n g  t h i s  o p e r a t i n g  p o i n t  a t  h i g h  r a t e * .  Fo r  m o i t  modern
s o l i d - s t a t e  d e t e c t o r s ,  a p u l s e d - o p t l e a l  f e e d b a c k  l y i t e m  i s  used  i n
w h i c h  a l i g h t - e m i t t i n g  d i o d e  (LED) s h i n e s  on t h e  g a t e  J u n c t i o n  o f  the 
i n p u t  FET t o  s t i m u l a t e  c u r r e n t  f l o w  ( p h o t o d i o d e  e f f e c t )  w h e n e v e r  t he  
p r e a m p l i f i e r  o u t p u t  r o a c h e s  some p r e - d e t e m i n e d  u p p e r  d i s c r i m i n a t o r  
l e v e l .  T h e  g a t e  c u r r e n t  t h u s  g e n e r a t e d  r e s u l t s  i n  a r a p i d  r e - c h a r g i n g  
o f  p o i n t  P ,  w i t h  a c o r r e s p o n d i n g  r a p i d  f a l l  i n  t h e  p r e a m p l i f i e r  o u t p u t  
v o l t a g e .  Once a p r c - d e t e r m i n e d  l ower  d i s c r i m i n a t o r  l e v e l  i s  r e a c h e d ,  
t h e  LED i s  t u r n o d  o f f  a nd  normal  o p e r a t i o n  r e s u m e * .  A l o g i c  s i g n a l
i n d i c a t i n g  t h a t  a r e s e t  i s  i n  p r o g r e s s  i s  u s u a l l y  u s e d  t o  d i s a b l e  the
downs t r e a m s i g n a l  p r o c e s s i n g  e l e c t r o n i c s  d u r i n g  r e s e t s .
Such a p u l s e d - o p t i c a l  r e s e t  s y s t e m  adds  no e x t r a  c a p a c i t a n c e  o r  
n o i s e  t o  t h e  c h a r g e - s e n s i t i v e  s t a g e  and g e n e r a l l y  h a s  good h i g h - r a t e  
p e r f o r m a n c e .  I t  a l s o  may ha ve  s e v e r a l  d r a w b a c k s .  I n  c e r t a i n  c a s e s ,  
t h e  FET may show some r i n g i n g  a f t e r  t he  LED i s  s w i t c h e d  o f f .  I f  the 
s y s t e m  i s  a l l o w e d  t o  r e c o v e r  f u l l y  b e f o r e  s i g n a l  p r o c e s s i n g  i s  a g a i n  
e n a b l e d  t h e n  dead  t i m e s  o f  100 pa c e  o r  more p e r  r e s e t  may be 
i n t r o d u c e d .  A l s o ,  s w i t c h i n g  o f  t ho  I t r g e  c u r r e n t s  ( 1 0 ’s o f  mA) needed 
t o  d r i v e  t h e  LEDs makes  c r o s s t a l k  a p r ob l e m i f  s e v e r a l  p u l s e d - o p t i c a l  
r e s e t  d e t e c t o r s  a r c  t o  be mounted  c l o s e l y  t o g e t h e r  i n  a s i n g l e  pa c kage  
a s  i n  E x p e r i m e n t  7 2 3 .
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Wi t h  t h o  p r o p e r  c h o i c e  o f  a r e a c t  t r a n s l a t o r  ( 1 . a , . minimum 
c o l l e c t o r  c a p a c i t a n c e ,  among o t h e r  p r o p e r t i e s )  t h e  t r a n s i s t o r  r e s e t  
s y s t e m  shown I n  F i g u r e  12 c a n  be a r e a s o n a b l e  c h o i c e  f o r  l a r g e  c o a x i a l  
d e t e c t o r s  i n  wh i c h  t h e  i n p u t  c a p a c i t a n c e  i s  a l r e a d y  r a t h e r  l a r g e .  
D e p o s i t i o n  o f  t h e  r e a e t  c h a r g e  by a s e p a r a t e  t r a n s i s t o r  e l i m i n a t e s
l o n g - t e r m  a f t e r - e f f e c t s  t o  t h e  FET.  B e s e t  d e a d - t i m e s  may t h u s  be
s h o r t e n e d  f o r  s u p e r i o r  h i g h - r a t e  p e r f o r m a n c e .  I n  a d d i t i o n ,  a 
t r a n s i s t o r  r e s e t  s y s t e m  s w i t c h e s  o n l y  a few pA o f  c u r r e n t . When 
s e v e r a l  d e t e c t o r  a s s e m b l i e s  a r e  m o u n t e d  c l o s e l y  t o g e t h e r  i n  a common 
c r y o e t a t ,  t h i a  d e c r e a s e s  t h e  c h a n c e  t h a t  a r e s e t  i n  o n e  d e t e c t o r  w i l l
g e n e r a t e  a s p u r i o u s  s i g n a l  i n  one o f  t h e  o t h e r  d e t e c t o r s .
The  c h a r g e - s e n s i t i v e  p r e a m p l i f i e r s  u s e d  i n  E x p e r i m e n t  723 were 
c o n s t r u c t e d  by La wr e nc e  B e r k e l e y  L a b o r a t o r y  (model  n u m b e r  21X5911 P - l )  
a n d  i n c o r p o r a t e d  a t r a n s i s t o r  r e s e t  s y s t e m  a s  d e s c r i b e d  i n  R e f e r e n c e
[ 8 3 ] .  The u p p e r - l e v e l  d i s c r i m i n a t o r  was s e t  f a r  e nough  be low t he  
u p p e r  l i m i t  o f  t h e  p r e a m p l i f i e r ' s  d y n a mi c  r a n g e  t h a t  e v e n t s  a s  l a r g e  
a *  1 . 5  JfoV i n  e n e r g y  c o u l d  be p r o c e s s e d  p r o p e r l y  when s u p e r i m p o s e d  on 
an  o u t p u t  v o l t a g e  ramp wh i c h  was  a l r e a d y  n e a r  t h e  u p p e r  d i s c r i m i n a t o r  
l e v e l .  The d e l a y  in  t r i g g e r i n g  t h e  r e s e t  ( e f f e c t e d  by  t h e  d e l a y  one -  
s h o t  l n  F i g u r e  12)  o n c e  t h e  u p p e r  l e v e l  d i s c r i m i n a t o r  had  be e n  
a c t i v a t e d  I n s u r e d  t h a t  t h e  e v e n t  w h i c h  t r i g g e r e d  t h e  r e s e t  c o u l d  s t i l l  
be  p r o c e s s e d ,  t h u s  p r e v e n t i n g  a b i a s  a g a i n s t  e v e n t s  h a v i n g  l a r g e r  
e n e r g i e s .
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S h a p i n *  f l t t E l J f j j r
S o l i d - s t a t e  X- r * y  d e t e c t o r s  ha ve  t i o  p r i n c i p a l  s o u r c e *  o f  
f r e q u e n c y - d e p e n d e n t  n o i s e  1 8 1 ] .  D e l t a  n o l l e  l i  c o n c e n t r a t e d  a t  h i g h  
f r e q u e n c i e s . I t s  e f f e c t *  m y  be d e c r e a s e d  by a v e r a g i n g  ( i n t e g r a t i n g )  
t h o  i n p u t  s i g n a l  o v e r  i ddc  t i n e  i n t e r v a l .  I n c r e a s i n g  t h i s  t i m e
i n t e r v a l  d e c r e a s e s  t h e  e f f e o t c  o f  t h i s  d e l t a  n o l l e .  S t e p  n o l l e  I s  
c o n c e n t r a t e d  a t  low f r e q u e n c i e s .  As t h e  i n t e g r a t i o n  t i m e  i s
i n c r e a s e d ,  t h e  c o n t r i b u t i o n  o f  s t e p  n o i s e  i n c r e a s e s ,  T h o r c  t h u s  
e x i s t !  f o r  a l l  a o l l d - s t a t e  d e t e c t o r s  seme o p t i o n s  a m p l i f i e r  s h a p i n g  
t i me  f o r  which t h e  s i g n a l - t o - n o i s c  r a t i o  l a  m a x i m i z e d .  T h i s  t ime  i s  
u s u a l l y  much l o n g e r  t h a n  t h e  t ime  r e q u i r e d  f o r  c h a r g e  c o l l e c t i o n  
w i t h i n  t h e  d e t e c t o r  c r y s t a l .
Many d i f f e r e n t  d e s i g n s  a r e  p o s s i b l e  f o r  t h e  s h a p i n g  a m p l i f i e r .
The s h a p i n g  a m p l i f i e r s  o i e d  i n  E x p e r i m e n t  723 (LDL Model  l lXfMfl l  P ~ J )  
employ a G a u s s i a n  s h a p e r  c o n s i s t i n g  of  a s i n g l e  RC d i f f e r e n t i a t o r  
f o l l o w e d  by m u l t i p l e  RC i n t e g r a t o r s .  Tho same RC t i m o  c o n s t a n t  i i  
u s e d  f o r  bo t h  t h e  d i f f e r e n t i a t o r  a nd  f o r  *11 o f  t h e  i n t e g r a t o r s .  The  
r e s p o n s e  to a s t e p  i n p u t  o f  such  a s h a p e r  h a v i n g  N s t a g e s  o f  
i n t e g r a t i o n  i s  a p u l s e  of  t h e  f o rm
ff
1 1 , 3 - 2 )  V ( t )  -  ( t / R C)  exp [ N ( l - t / R C ) l
T h i s  p u l s #  shape  h a s  t h e  a d v a n t a g e  of  b e i n g  r a t h e r  b r o a d l y  p o s h e d  
w h i l e  s t i l l  r e t u r n i n g  t o  t h e  s i g n a l  b a s e l l n o  r a t h e r  r a p i d l y  a f t e r  t h e  
p e a k .  The b r o a d  maximum h e l p s  r e d u c e  s e n s i t i v i t y  t o  f l u c t u a t i o n s  i n  
c o l l e c t i o n  t i m e s .  The f a s t  r e t u r n  t o  b a s e l l n o  a l l o w s  s e q u e n t i a l  
p u l s e s  t o  be p r o o o s s e d  w i t h  a minimum o f  i n t e r f e r e n c e .  F o r  t h e
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s h a p i n g  t i n e s  empl oyed  i n  E x p e r i m e n t  723 ,  t h e  o u t p u t  o f  t h e  G a u s s i a n  
s h a p e r  pe a ked  n i n e  p s o c  a f t e r  t h e  i n p u t  s t e p  ( r i s e  t i m e )  and r e t u r n e d  
to  b a s e l i n e  w i t h i n  14 pa c e  a f t e r  t he  p e a k  ( f a l l  t l m o ) .
An a d d i t i o n a l  f u n c t i o n  o f  t he  s h a p i n g  a m p l i f i e r  was t o  m o n i t o r  
t he  t ime  s e p a r a t i o n  o f  t b e  i n p u t  p u l s e  t r a i n  t o  p r e v e n t  t he  p r o c e s s i n g  
o f  e v e n t s  wh i c h  o c c u r r e d  c l o s e l y  e nough  ln  t i mo  to  i n t e r f e r e  w i t h  each 
o t h e r .  The s h a p i n g  a m p l i f i e r *  u s e d  i n  E x p e r i m e n t  723 i n c o r p o r a t e d  
p u l s e - p i l e u p  r e j o c t l o n  c i r c u i t r y  whi ch  i n c l u d e d  a f a s t  t i m i n g  c h a n n e l  
and l o g i c  e l e m e n t s  wh i c h  i n h i b i t e d  t h o  s l o w - s h a p i n g  cha nne l  f o r  any 
p u l s e s  whi ch  w e r e  p r e c e d e d  by 14 p i e c  o r  l e s s  ( o n e  f a l l  t i m e )  by 
a n o t h e r  p u l s e  o r  wh i c h  was  sucoeded  by a n o t h e r  p u l s e  b e f o r e  t he  
G a u s s i a n  p n l s e - x h a p o  had  r e a c h e d  i t s  maximum.
A p e a k - d o t c c t  c i r c u i t  m o n i t o r e d  t ho  G a u s s i a n - s h a p e d  p u l s e ,  
a c t i v a t i n g  a s t r e t c h e r  a m p l i f i e r  when a poek was d o t e o t e d  and no p u l s e  
p i l e n p  o r  r e s e t  i n h i b i t i o n s  w e r e  i n  e f f e c t .  A V a l i d  Out  s i g n a l ,  
a c t i v a t e d  at  t h e  same t i m e  as t h e  s t r e t c h e r  a m p l i f i e r ,  g a t e d  the  
s t o r e d  v o l t a g e  t o  t h e  f i n a l  o u t p u t  f o r  two p s e c ,  p r o v i d i n g  t h o  u s u a l  
f l a t - t o p p e d  p u l s e  t o  t h e  ADC,
Some r e f i n i n g  p o i n t s  o f  t h e  s h a p i n g  a m p l i f i e r  i n c l u d e d  a b a s e l i n e  
r e s t o r e r  whi ch  i n s u r e d  t h a t  t he  s t r e t c h e r  a m p l i f i e r  o u t p u t  r e t u r n e d  
p r o p e r l y  t o  g r o u n d  l n  t h o  q u i c s c o n t  s t a t e  and an o f f s e t  b i a s  which 
c o u l d  bo a p p l i e d  t o  t h e  o u t p u t  g a t e .  The o v e r a l l  g a i n  of  t h o  s h a p i n g  
a m p l i f i e r  was d i s t r i b u t e d  i n t o  s e v e r a l  m o d e r a t e  g a i n  s t a g e s  f o r  
i mpr oved  o v e r l o a d  r e c o v e r y .  Gain s w i t c h i n g  was e f f e c t e d  a t  s e v e r a l  
p o i n t s  t h r o u g h o u t  t ho  s e r i e s  o f  g a i n  s t a g e s  f o r  opt imum s i g n a l - t o -
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not * t r  p e r f o r m a n c e .
A n a l o x - t o - D i x i t i l  gonyJrJion
A n a l o g - t o - d l g i t a l  c o n v e r s i o n  o f  t h e  I - r a y  d e t e c t o r  s i g n a l s  i n  
E x p e r i m e n t  723  was v i e  Le Cr oy  CAHAC ADC* (Model  3 5 1 1 ) ,  T h e s e  1 3 - b i t  
ADC* c o n v e r t e d  i n p u t  v o l t a g e  p u l s e *  r a n g i n g  f rom 0 t o  8 v o l t *  i n  
a m p l i t u d e  t o  d i g i t a l  b i n a r y  number* r a n g i n g  f ros t  8 t o  8000  by  a m e t h o d  
o f  s u c c e s s i v e  a p p r o x i m a t i o n s  t h e r e i n  t h e  o u t p u t  o f  a 1 3 - b i t  d i g i t a l -  
t o —a n a l o g  c o n v e r t e r  (DAC) 1* comper ed  t o  t h e  i n p u t  v o l t a g e  and  t h e
b i n a r y  i n p u t  t o  t h e  DAC i *  a d j u s t e d  one  b i t  a t  a t i m e  ( s t a r t i n g  v i t h  
t h e  moa t  s i g n i f i c a n t  b i t )  t o  p r o v i d e  t h e  b e a t  p o a a l b l e  a g r e e m e n t  
b e t w e e n  t h e  v o l t a g e  i n p u t  t o  t h e  ADC and t h e  v o l t a g e  o u t p u t  o f  t h e  
DAC. Such a me t h o d  r e q u i r e *  o n l y  one s a m p l i n g  p e r  b i t  d e c i s i o n  a n d  i s
c a p a b l e  o f  v e r y  r a p i d  c o n v e r s i o n .  The  LeCroy 3511 ADC p e r f o r m s  « f u l l
f lOOO-chsnnel  c o n v e r s i o n  I n  o n l y  5 p s e c .  By c o m p a r i s o n ,  a s  much a s  80 
p a e c  I s  r e q u i r e d  f o r  ADC* o f  t h e  W i l k i n s o n  r u n - d o w n  d e s i g n  when 
i n o o r p o r a  t i n g  a 100 MBs r un -down  c l o c k .  Fo r  t h e  e v e n t  r a t e s  
a n t i c i p a t e d  i n  E x p e r i m e n t  7 2 3 ,  t h e  r a p i d  c o n v e r s i o n  t i m e s  p e r m i t t e d  by 
t h e  a c c e a s i v e - a p p r o x l m a t i o n  m e t ho d  w e r e  e s s e n t i a l .
T y p i c a l l y  fox ADCs o f  e i t h e r  t h e  suce  s s i v e - a p p r o x i m a t i o n  o r  o f  
t h e  W i l k i n s o n  rundown d e s i g n s ,  t h e  i n p u t  v o l t a g e  i s  h e l d  i n  a 
s t r e t c h e r  a m p l i f i e r  w h i l e  c o n v e r s i o n  t a k e *  p l a c e .  Such  v o l t a g e
s t o r a g e  d e v i c e *  a r e  n e v e r  p e r f e c t .  T h i s ,  c o u p l e d  w i t h  t h e  f a c t  t h a t  
t h e  c o n v e r s i o n  t i m e  o f  an  ADC of  t h e  T i l k l a s o u  r u n - d o w n  d e s i g n  i s  
r o u g h l y  p r o p o r t i o n a l  t o  t h e  s i g n a l  a m p l i t u d e ,  c a n  r e s u l t  i n  s e r i o u s  
i n t e g r a l  n o n - l i n e a r i t i e s  f o r  ADCs o f  t b i *  d e s i g n .  The c o n v e r s i o n  t i m e
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o f  a s n e e r s s l v e - t p p r o x i m a t i o n  ADC i n c h  ai  t h e  LoCroy 3511 i s  
i n d e p e n d e n t  of  t h e  s i g n a l  a m p l i t u d e ,  r e s u l t i n g  i n  s u p e r i o r  i n t e g r a l  
l i n e a r i t y  c h a r a c t e r i s t i c s .  D i f f e r e n t i a l  n o n - l i n e a r i t i e s  ( b l n - t o - b i t i  
f l u c t u a t i o n s  I n  t h e  b i n w l d t h )  a r e  more o f  a p r o b l e m  f o r  s n c e s s i v e -  
a p p r o x i m a t i o n  ADCs, The LeCroy 3511 D i e t  a b i n - a v e r a g i n g  t e c h n i q u e  t o  
g r e a t l y  i mprove  t he  d i f f e r e n t i a l  l i n e a r i t y  r e s p o n s e ,  A d i g i t s l - t o -  
a n s l o g  c o n v e r t e r  (DAC) c o n v e r t s  t h e  c o n t e n t  of  an o f f s e t  r e g i s t e r  t o  ■ 
v o l t a g e  wh i c h  i s  added l i n e a r l y  t o  t h e  ADC i n p u t  b e f o r e  d i g i t i z a t i o n .  
The c o n v e r s i o n  g a i n  o f  t h e  DAC i s  a d j u s t e d  so t h a t  one l e a s t -  
s l g n i f i o s n t - b l t  change  o f  t h e  c o n t e n t  o f  t h e  o f f s e t  r e g i s t e r  r e s u l t s  
i n  a 0 . 5  *V change i n  t h e  DAC o u t p u t  v o l t a g e .  T h i s  c o r r e s p o n d s  t o  
o n e - h a l f  o f  a b i n  o f  t h e  ADC o u t p u t .  A f t e r  d i g i t i s a t i o n ,  t h e  c o n t e n t  
o f  t he  o f f s e t  r e g i s t e r  i s  d i v i d e d  hy two and s u b t r a c t e d  f rom t h e  
r e s u l t  of  t h e  a u o e a s i v e - a p p r o x l m a t l o n  d i g i t i s a t i o n  p r o c e d u r e  by the  
i n t e r n a l  l o g i c  o f  t he  ADC, I t  I s  t h e n  i n c r e m e n t e d  by one a n d ,  i f  
g r e a t e r  t h a n  3 6 3 ,  r e s e t .  T h i s  r e s u l t s  i n  an a v e r a g i n g  o f  t h e  ADC 
r e s p o n s e  o v e r  191 s u c c e s s i v e  b i n s ,  a p r o c e d u r e  wh i c h  s moo t hs  ou t  moat  
d i f f e r e n t i a l  n o n - l i n e a r i t i e s  p r e s e n t  i n  t he  s u c e s s i v o ' - s p p r o x i m a t i o n  
ADC.
S e v e r a l  m o d i f i c a t i o n s  we r e  made t o  t h e  Model 3511 ADCs u s e d  i n  
E x p e r i m e n t  7 2 3 .  The v o l t a g e  r e f e r e n c e  f o r  t he  v i r t u a l  g r o u n d  
e s t a b l i s h e d  by t he  b i - p o l a r  power  s u p p l i e s  o f  t he  l i n e a r  i n p u t  s t a g e  
was  d e r i v e d  f rom t he  s h i e l d  o f  t he  c o a x i a l  c a b l e  c a r r y i n g  s i g n a l s  f rom 
t h e  s h a p i n g  a m p l i f i e r  r a t h e r  t h a n  f rom t h e  CAHAC g r o u n d  i n  t h e  l o g i c  
s e c t i o n  of  t ho  ADC, T h i s  t e c h n i q u e  e l i m i n a t e d  g r o u n d - l o o p  p i c k u p  o f  
t h e  £0  Bz  m a g n e t i c  f i e l d s  p r o d u c e d  by n e a r b y  power  s u p p l y
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t r a n s f o r m e r s . Bypa s s  c a p a c i t o r *  s h u n t e d  a ny  h i g h - f r e q u e n c y  t r a n s i e n t s  
on t h i s  v i r t u a l  g r o u n d  t o  t h e  CAHAC g r ound  i n  t h e  l o g i c  s e c t i o n  o f  t he  
ADC, A c a r e f u l  s u r v e y  o f  t h e  l o g i c  f u n c t i o n s  p e r f o r m e d  w i t h i n  t he  
3511 ADC r e v e a l e d  s e v e r a l  c a s e s  In wh i c h  l o g i c  l e v e l s  changed 
u n n e c e s s a r i l y  d u r i n g  t h e  c o n v e r s i o n  p r o c e d u r e .  Such l e v e l  t r a n s i t i o n s  
we r e  f ound  t o  c a u s e  some s e v e r e  d i f f e r e n t i a l  n o n - l i n e a r 1 t y  whi ch  c o u l d  
n o t  be s a t 1 s f a e t o r l 1y removed by t he  o f f s e t  r e g i s t e r  s y s t e m .  Some 
p o r t i o n s  o f  t h e  l o g i c  c i r c u i t r y  whi ch  were  unus ed  in  t h e  a p p l i c a t i o n  
o f  E x p e r i m e n t  723 we r e  d i s a b l e d  and some l o g i c  c i r c u i t r y  whicb was 
e s s e n t i a l  f o r  E x p e r i m e n t  723 were  m o d i f i e d  so t h a t  t h e r e  was no 
u n n e c e s s a r y  s w i t c h i n g  o f  l o g i c  l e v e l s  d u r i n g  t h e  c o n v e r s i o n  p r o c e d u r e .  
F i n a l l y ,  an e m i t t e r —f o l l o w e r  c u r r e n t  a m p l i f i o r  was added t o  t h e  o u t p u t  
s t a g e  o f  t he  DAC u s e d  f o r  t h e  o f f s e t  r e g i s t e r  c o n v e r s i o n ,  r e d u c i n g  the 
s e n s i t i v i t y  t o  s w i t c h i n g  t r a n s i e n t s  d u r i n g  c o n v e r s i o n  a nd  f u r t h e r  
i mp r o v i n g  t h e  d i f f e r e n t i a l  l i n e a r i t y .  The r e s u l t i n g  d i f f e r e n t i a l  
n o n - l i n e a r i t i e s  f o r  t h e  ADCs u s e d  i n  E x p e r i m e n t  723 were  l e t s  t ha n  
0 . 5  % when t h e  o f f s e t  r e g i s t e r  s y s t e m was e n a b l e d .
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11,3 ,3 I n t e r c o n n e c t i o n *  * M  O p e r a t i o n
An i n t e r c o n n e c t i o n  d i ag r a m f o r  t h e  v a r i o u s  component *  o f  one o f  
t he  X - r a y  d e t e c t o r  sys t em* u s e d  i n  E x p e r i m e n t  723 i s  shown i n  F i g u r e  
13,  The  g a t e d  o u t p u t  o f  t he  s h a p i n g  a m p l i f i e r  had  a r a t h e r  s low
e x p o n e n t i a l  r i s e  t i m e .  Tho V a l i d  Opt  s i g n a l  f rom t h e  s h a p i n g
a m p l i f i e r  wax u s e d  t o  s w i t c h  t h o  i n p u t  t r a c k - s n d - h o l d  s t a g e  of  t he  ADC 
from t r a c k  t o  h o l d  one p a e c  a f t e r  t h o  s t a r t  o f  t h o  t w o - p s e c  l ong  
o u t pu t  p u l s e .  T h i s  i n s u r e d  t h a t  t ho  v o l t a g e  t o  bo c o n v e r t e d  was
a lways  sampled f rom t h e  t sme p o i n t  on t h o  g a t e d  o u t p u t  p u l s e  s h a p e .
The  t e r m i n a t i n g  r e s i s t o r  a t  t ho  i n p u t  o f  t ho  s h a p i n g  a m p l i f i e r  
was changed so t h a t  t h e  c ombi ned  l o a d s  o f  t h e  t i m i n g  f i l t e r  a m p l i f i e r  
(TFA -  O r t e e  Model  454)  and o f  t he  s h a p i n g  a m p l i f i e r  r e s u l t e d  i n  
p r o p e r  t e r m i n a t i o n  o f  t he  s i g n a l  c a b l e  f r om t h e  p r e a m p l i f i e r .  The 
o u t p u t  of  t he  TFA was m o n i t o r e d  by a c o n s t a n t - f r a c t i o u  d i s c r i m i n a t o r  
(CFD -  O r t e c  Model  4 73a )  which p r o v i d e d  a t i m e  mar k  w i t h  a p p r o x i m a t e l y  
± 1 0  n i c e  s t a b i l i t y  r e l a t i v e  t o  t h e  i n d u c i n g  r a d i a t i o n  e v e n t  ( Se e  
F i gu r e  14) ,  C o i n c i d e n c e s  w i t h i n  40 n s e o  o f  t h i s  t i m e - m a r k  s i g n a l  
w i t h  t h e  KSTOP s i g n a t u r e  from t h e  b e a m - d e f i n i n g  c o u n t e r  t e l e s c o p e  
(EVENT GATE) we r e  u s e d  t o  e n a b l e  t h e  g a t e  g e n e r a t o r  wh i c h  c o n t r o l l e d  
t he  ADC c o n v e r s i o n  s t r o b e .  An a d d i t i o n a l  c o n d i t i o n  on t h e s e  e n a b l i n g  
s i g n a l s  was a BUSY s i g n a l  from t h e  d a t a  a c q u i s i t i o n  s y s t e m ,  i n d i c a t i n g  
t h a t  t h e  sys tem was r e a d y  t o  a c c e p t  an e v e n t .
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Tho d e t e c t o r  a s s e m b l y ,  i n c l u d i n g  d e t e c t o r  c r y s t a l s ,  c h a r g e -  
s e n s i t i v e  p r e a m p l i f i e r * .  c r y o s t a t l c  c o l d  f i n g e r  and l i q u i d  n i t r o g e n  
dowar ,  was l o c a t e d  i n  an e n c l o s e d ,  i n s u l a t e d  a n d  t h e r m a l l y  c o n t r o l l e d  
h o u s i n g  b e n e a t h  t h e  l a m i n a r  t a r g e t .  The r e m a i n d e r  o f  t h e  e l e c t r o n i c s  
shown i n  F i g u r e  13 was h o u s e d  i n  a s e p a r a t e  t e m p e r a t u r e - c o n t r o l l e d  
e n v i r o n m e n t  a p p r o x i m a t e l y  e i g h t  m e t e r s  t o  one s i d e  o f  t h e  beam l i n e .  
The d i g i t a l  o u t p u t s  o f  t h e  ADC* w e r e  t r a n s m i t t e d  t o  t he  e x p e r i m e n t a l  
t r a i l e r  on  a s t a n d a r d  100 f t  l o n g  CAMAC b r a n c h  h i ghwa y .
D e s p i t e  t he  e l a b o r a t e  t e m p e r a t u r e  c o n t r o l *  employed i n  Exp e r i me n t  
723 ,  t h o  d a t a  c o l l e c t e d  i n  t h e  1982 r u n  showed a d i s a p p o i n t i n g  
d e p e n d e n c e  on t h e  a mb i e n t  t e m p e r a t u r e  i n  t h e  e x p e r i m e n t a l  a r e a .  Tho 
p r ob l e m was f o u n d  t o  be i n  t h e  s i g n a l  c a b l e s  c o n n e c t i n g  t h e  
p r e a m p l i f i e r s  t o  t h e  s h a p i n g  a m p l i f i e r s .  Thos e  c a b l e s  wer e  o f  a t ype  
e x h i b i t i n g  u n u s u a l l y  h i g h  l)C r e s i s t a n c e  f o r  t h e  e i g h t - n c t c r  l e n g t h  
empl oyed .  Th i s  r e s i s t a n c e ,  f o r m i n g  a v o l t a g e  d i v i d e r  wi t h  t h e  
t e r m i n a t i n g  r e s i s t o r  a t  t h e  i n p u t  o f  t h e  s h a p i n g  a m p l i f i e r ,  was p r one  
t o  v a r y  w i t h  f l u c t u a t i o n s  i n  t h e  a mb i e n t  t e m p e r a t u r e .  I n  s u b s e q u e n t  
run*  (19B3 and 1 9 8 4 ) ,  t h e s e  e i g h t - m e t e r  s i g n a l  c a b l e t  wer e  r e p l a c e d  
w i t h  o a b l e s  made o f  t h e  l e s s  r o s i s t l v e  RG5HU a nd  were  r o u t e d  t h r o u g h  a 
1 . 2 5  I n c h  I n n e r  d i a m e t e r  p i p e  w r a p p o d  w i t h  f i b e r g l a s s  i n s u l a t i o n ,  A i r  
f rom t h e  t e m p e r a t u r e  c o n t r o l l e d  e n v i r o n m e n t  h o u s i n g  t h e  sha p i ng  
a m p l i f i e r s  and ADCs was f o r c e d  a l o n g  t h e  l e n g t h  o f  t he  p i p e  and v e n t e d  
j u s t  s h o r t  o f  t he  t e m p e r a t u r e - c o n t r o l l e d  h o u s i n g  f u r  t h e  d e t e c t o r  
a s s e m b l y .  The d a t a  c o l l e c t e d  i n  t h e s e  s u b s e q u e n t  m u *  w e r e  found t o  
be  much l e s s  s c n i i t i v o  t o  f l u c t u a t i o n *  i n  t h e  a mb i e n t  t e m p e r a t u r e .
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1 3 . 4  P a t s  Ac o p I s i t i  on
M e a s u r e m e n t  d e v i c e s  c o n f o r m i n g  t o  t h e  CAMAC e n g i n e e r i n g  s t a n d a r d
[ 8 4 ]  were  n a e d  f o r  d a t a  a c q u i s i t i o n  i n  E x p e r i m e n t  723.  The v a r i o u s  
d e v i c e s  we r e  m o u n t e d  i n  t h r e e  s t a n d a r d  CAHAC c r a t e *  p r o v i d i n g  power 
a n d  c o n n e c t i o n s  t o  a l o c a l  d a t a - b n s .  Each of  t h e s e  l o c a l  d a t a  buses  
was  i n t e r f a c e d  t o  a s t a n d a r d  CAMAC b r a n c h  h i ghwa y  by means of  a t ype
A - l  c r a t e  c o n t r o l l e r ,  A l i s t i n g  o f  t he  d e v i c e  c o n f  i g n r s t  J on f o r  each
c r a t e  i s  g i v e n  i n  T a b l e  VI .
O p e r a t i o n s  o n  t h e  CAHAC b r a n c h  h i ghway we r e  o v e r s e e n  by a H u l t i -  
p r o g r a m m a b l e  B r a n c h  D r i v e r  {HDD) [ 8 5 ] .  T h i s  KBD was c o n n e c t e d  wi t h  
d i r e c t  memory a c c e s s  t o  t h e  Un i bus  o f  a D i g i t a l  Equipment  C o r p o r a t i o n  
P D P - 1 1 / 3 4  c o m p u t e r  w h i c h  s e r v e d  t o  i n i t i a l i s e ,  download and c o n t r o l  
t h o  HDD, o v e r s e e  t h e  w r i t i n g  o f  d a t a  t a p e s ,  and p e r f o r m  o n l i n e  da t a  
a n a l y s i s  f o r  d i a g n o s t i c  p u r p o s e s .
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TABLE VI 
CAHAC C r a t e  C o n f i g u r a t i o n
Crate Hp.4fti.iLi
1 W  T r i g g e r  H o d a l e  
P a t t e r n  B i t  R e g i s t e r  
P a t t e r n  B i t  R e g i s t e r  
TDC {100 u s c c )
Charge  S e n s i t i v e  ADC 
P a t t e r n  B i t  R e g i s t e r  
P a t t e r n  B i t  R e g i s t e r  
TDC (10 p a c e )
Charge  S e n s i t i v e  ADC
2 S e a l e r *  H B  i n  10 u n i t s )
3 S p e c t r o s c o p y  ADCs (3)
Enaction
DA S y n c h r o n i z a t i o n  
Event  Decodi ng  
Dodoscope  P a t t e r n  
JCS'K t i n e / K  TOR 
d E / d l  (54 , S5)
Lo+ d e c a y  p a t t e r n  
Re+ d e c a y  p a t t e r n  
RS-)*+ t ime  
e+ e n e r g y
S c a l e  i n p n t s / L A H  on o v e r f l o w  
Energy  In  d e t e c t o r s  Aj B or  C
The f u n d a m e n t a l  d a t a  u n i t  i n  t h i s  e x p e r i m e n t , w h e t h e r  f rom a 
h a r d w a r e  o r  front a s o f t w a r e  p e r s p e c t i v e ,  wax r e f e r r e d  t o  as  a n  e v e n t . 
A h a r d w a r e  e v e n t  o c c u r r e d  w h e n e v e r  t h e  d a t a  a c q u i s i t i o n  s y s t e m was 
r e a d y  t o  a c c e p t  an e v e n t  and a r a d i a t i o n  p u l s e  o c c u r r e d  In  one of  t ho
t h r e e  I - r a y  d e t e c t o r s ,  i n  c o i n c i d e n c e  w i t h  one  of  t h r e e  c o n d i t i o n s  
( See F i g u r e  I S ) ;
1 * F~»tot )  -  An SD-ns cc  g a t e  opened by t he  ISTDP s i g n a l  ,
P r o p a g a t i o n  d e l a y s  we r e  a d j u s t e d  s o  t h a t  t h e  p e a k  o f  t h e
fcSTOP-to—V t i m i n g  d i s t r i b u t i o n  o c c u r r e d  30 n i c e  i n t o  t h e  g a t e  
( Se e  F i g u r e  14)  .
2 .  Bo an-i t  -  A 1 . 0 - t o * - l . J  p a c e  g a t e  ( v a r i e d  w i t h  t h o  c a l i b r a t i o n
s o u r c e s )  o p e n e d  by a s i g n a l  c h a r a c t e r i s t i c  o f  b e a b  p i o n s  
p a a s i n g  t h r o u g h  the  e n t i r e  beam c o u n t e r  t e l e s c o p e  w i t h o u t
s t o p p i n g ,
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3 .  Beamof  f  -  A c o n t i n u o u s  c o i n c i d e n c e  w i t h  a s i g n a l  f r om t h e  AGS 
c o n t r o l  room w h i c h  i n d i c a t e d  t h a t  no boam was  b e i n g  
d e l I v e r e d ,
H a r d w a r e  e v e n t *  w e r e  c l a s s i f i e d  a s  CS'X , Beam-On o r  B e a m - O f f  d e p e n d i n g  
on t h e  c o i n c i d e n c e  c o n d i t i o n .  A l l  data e v e n t s  w e r e  c l a s s i f i e d  a s  t S ‘¥ 
e v e n t s .  The  Beam—On and Bea m- Of f  e v e n t s  we r e  u s e d  f o r  c a l i b r a t i o n  
p u r p o s e s  o n l y .
M o d e r a t e - i n t e n s i  t y  ( ' -1 pC) s o u r c e s  o f  If r a y *  o f  w e l l - k n o w n  
e n e r g i e s  [ 6 6 , 8 7 }  w e r e  p o s i t i o n e d  on t h e  b o t t o m  f a c e  o f  t h e  a luminum 
vacuum J a c k e t  w h i c h  h o u s e d  t h e  l a m i n a r  t a r g e t .  The  s o u r c e s  empl oyed  
h e r e  and  t h e  e n e r g i e s  o f  t h e i r  d o m i n a n t  p h o t o n  e m i s s i o n s  a r c  g i v e n  i n  
T a b l e  V I I ,  The  s o u r c e s  we r e  s e l e c t e d  t o  p r o v i d e  c a l i b r a t i o n  l i n o s  
c l o s e  t o  t h e  £  a t o m t r a n s i t i o n s  u s e d  i n  t h e  m a g n e t i c  moment  a n a l y s i s  
w i t h o u t  i n t e r f e r i n g  w i t h  any  o f  t h e  a tom o r  k i o n i c  a tom X r a y s .
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T i b i *  VI I
C a l i b r a t i o n  Y - r s y  S o u r c e Ene r g i  e i
S o u r c e I f - n v  Enerav (keV) Used W i h
S7Co • 1 2 2 , 0 6 3  ± 0 . 0 0 3  
1 3 6 . 4 7 6  i  0 , 0 0 3
Fb, I ,  u
,33Ba * 2 7 6 . 3 9 7  ± 0 . 0 1 2  
3 0 2 . 8 3 9  *  0 . 0 0 B  
3 3 6 . 0 0 5  ±  0 . 0 1 7  
383 .B31 ± 0 , 0 2 0
Pb
l r  ** 2 0 5 , 7 9 5 4 9 ±  0 . 0 0 0 0 7  
2 9 5 .  9 5B25 ± 0 . 0 0 0 0 1  
3 0 8 . 4 5 6 8 9 ± 0 . 00001 
3 1 6 . 5 0 7 6 9 ± 0 , 0 0 0 0 1  
4 6 8 . 0 7 1 4 7  ± 0 . 00027
V
Au ** 4 1 1 . 6 0 4 4 1 ± 0 . 0 0 0 0 1 u
S l Cr  • • 3 2 0 . 0 7 6  ±  0 . 0 0 6 u
IJ7C. * • 6 6 1 . 6 6 1  *  0 . 0 0 3 Pb, w, D
* R e f e r e n c e  [87]
** f f o i i h t e d  u e i t i  o f  v i l s t i  f r e e  R e f e r e n c e  [ 86]
The  p r o b a b i l i t y  t b i t  i  p h o t o n  I r o n  one o f  t h o s e  c a l i b r a t i o n  
s o u r c e s  wo u l d  n i t e  i d  a c c i d e n t a l  c o i n c i d e n c e  v l t b  t h e  LSTOP t i i m l  ve s  
n t h o r  m i l  owing t o  t h e  s h o r t  d u r a t i o n  ( 80  n i c e )  o f  t h e  tS'Y 
c o i n c i d e n c e  f a t e .  T h e r e  v i s  t h u s  l i t t l e  E o a k ^ t b r o o t h  o f  t he  
c i l i b r a t i o n  l i n e s  i n t o  t h e  d a t a  s p e c t r a .  D e t e c t o r  e v e n t s  v b i e b  s i d e  a 
c o i n c i d e n c e  w i t h  t b e  BEAH-fl l a t e  I n c l u d e d  s one  b a c k g r o u n d  e v e n t s  which
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were  i n d u c e d  by t h e  t r i g g e r i n g  b e a n  p i  on and  some r andom c o i n c i d e n c e *  
o f  c a l i b r a t i o n  p h o t o n s  w i t h  t ho  r a t h e r  w i d e  { 1 . 5  p a e c )  g a t e .  The s e  
Beam-On c a l i b r a t i o n  d a t a  were  na e d  t o  m o n i t o r  t h e  e n e r g y  c a l i b r a t i o n  
and d o t e c  t o r  l i n e  shape  u n d e r  beam c o n d i t i o n s .  D e t e c t o r  e v e n t s  wh i c h  
wade a c o i n c i d e n c e  w i t h  t h e  BEAM-OFF g a t e  we r e  a l m o s t  e x c l u s i v e l y  
c a l i b r a t i o n  p h o t o n s .  T h e s e  e v e n t s  we r e  uaed t o  m o n i t o r  t h e  
t e m p e r a t u r e  s t a b i l i t y  of  t h e  X - r a y  s p e c t r o s c o p y  s y s t e m  i n  a s o f t w a r e -  
i m p l c n o n t e d  t w o - p o i n t  s t a b i l i s a t i o n  scheme w h i c h  was i n c o r p o r a t e d  i n t o  
t h e  d a t a  t a p e  p l a y b a c k  (See  s e c t i o n  I I I . 2 ) .
Di a g r a ms  o f  t ho  e v e n t - t e l e c t i o n  l o g i c  and  t h e  e v e n t  g a t i n g  a r e  
shown i n  F i g u r e s  15 a nd  1 6 .  The  T r i g g e r  Module  shown i n  F i g u r e  16 was 
a s p e c i a l l y  f a b r i c a t e d  CAMAC uni  C r e s p o n s i b l e  f o r  t h e  s y n c h r o n i z a t i o n  
of  h a r d w a r e  and  s o f t w a r e  e l e m e n t s  o f  t h e  d a t a  a c q u i s i t i o n  s y s t e m .  
When t h e  s y s t e m was r e a d y  t o  a c c e p t  an e v e n t  t h e  l o g i c  l e v e l  BUSY was
a s s o r t e d .  The n e x t  v a l i d  e v e n t  p u l s e  t r i g g e r e d  t h e  m o d u l e  w h i c h  t h e n
i m m e d i a t e l y  d o - a s s e r t e d  BUSY, d i s a b l i n g  t h e  f u r t h e r  a c c e p t a n c e  o f  
e v e n t s .  A f t e r  a  d e l a y  o f  a p p r o x i m a t e l y  15  p s e c  { d e s i g n e d  t o  a l l o w
p r o p e r  s i g n a l  s h a p i n g  and ADC c o n v e r s i o n  i n  t h e  X - r a y  s p e c t r o s c o p y  
s y s t e m ) ,  t h e  T r i g g e r  Module i s s u e d  a Look At He (LAM) t o  t h e  MBD w h i c h  
t h e n  r e s p o n d e d  by p r o c e s s i n g  t h e  e v e n t .
A f t e r  t he  MBD had f i n i s h e d  p r o c e s s i n g  t h e  e v e n t  and  t h e
s p e c t r o s c o p y  ADCs had  be e n  c l e a r e d  by CAHAC c o n t r o l ,  t h e  da La 
a c q u i i i t i o n  s o f t w a r e  r e s i d e n t  i n  t h e  HDD i s s u e d  a  CAMAC F16 command t o  
t h e  T r i g g e r  Module  which r e s p o n d e d  by g e n e r a t i n g  a N I M - s t a n d a r d  p u l s e  
f rom t h e  CLEAR o u t p u t .  T h i s  p u l s e  was d i s t r i b u t e d  t o  t h e  EXTERNAL
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CLEAR i n p u t s  o f  a l l  o f  t h e  o t h o r  CAMAC u n i t s  mounted  i n  C r i t c  #1 ,  
F i n a l l y ,  t h e  e v e n t - p r o c e s s i n g  r o u t i n e  r e s e t  t h e  T r i g g e r  Module  { r e ­
a s s e r t i n g  t h e  BUST o u t p u t  l e v e l )  and  r e t u r n e d  t o  a q u i e s c e n t  s t a t e  
u n t i l  r e - a c t i v a t e d  by a n o t h e r  LAM,
I n  t h e  1983 and 1984 r u n s  a LAM i n h i b i t  i n p u t  was a dde d  t o  t h e  
T r i g g e r  Modu l e .  The BUSY o u t p u t s  o f  t h e  s p e c t r o s c o p y  ADCs wer e  
combined t o  h o l d  t h e  LAM i n h i b i t e d  u n l e s s  one o r  more  o f  t h e  ADCs was 
c o n v e r t i n g  a p u l s e  w i t h i n  i t s  v a l i d  i n p u t  r a n g e .  At  t he  end o f  t h e  15 
p s e c  LAM d e l a y  p e r i o d  t h e  T r i g g e r  Module s a mp l e d  t h e  l o g i c  l e v e l  a t  
t h e  i n h i b i t  i n p u t  and i s s u e d  e i t h e r  a LAM t o  t h e  MBD o r  a CLEAR t o  t h e  
f a s t - c l e a r  f a n o u t  u n i t .  I f  no LAM was  i s s u e d ,  t h e  t r a i l i n g  edge o f  
t h e  (LEAR p u l s e  was u s e d  t o  r e - a s s e r t  t h e  BUSY o u t p u t  o f  t h e  T r i g g e r  
Module ,  r e - e n a b l i n g  e v e n t  a c c e p t a n c e .  T h i s  m o d i f i c a t i o n  was f ound  to  
improve  o v e r a l l  s y s t e m t h r o u g h p u t  s i n c e  many o f  t ho  b e a m - i n d u c e d  
r a d i a t i o n  e v e n t s  g e n e r a t e d  v e r y  l a r g e  p u l s e s  f rom t h e  p a s s a g e  o f  
c h a r g e d  p a r t i c l e s  t h r o u g h  t h e  c r y s t a l  vo l ume .  Such e v e n t s  c o u l d  
t r i g g e r  t h e  d a t a  a c q u i s i t i o n  s y s t e m  eve n  t h o u g h  t h e i r  e n e r g y  was f a r  
above  t he  u p p e r  l i m i t  f o r  c o n v e r s i o n  by  t h e  ADCs. Each o f  t h e s e  f a l s e  
t r i g g e r s  i n t r o d u c e d  a t  l e a s t  35 p s e c  d e a d  t i me  w h i l e  t he  a c q u i s i t i o n  
s o f t w a r e  d e c i d e d  t h a t  t h e  e v e n t  was  n o t  v a l i d  a nd  e x e c u t e d  i t s  r e s e t  
p r o c e d u r e ,
Once t h e  LAH- dr l ven  H B D - r e s i d e n t  e v e n t  p r o c e s s i n g  s o f t w a r e  was 
a c t i v a t e d ,  i t s  f i r s t  a c t i o n  was t o  r e a d  t ho  e v e n t  p a t t e r n  u n i t  shown 
i n  F i g u r e  1 6 .  One o f  s e v e r a l  o p t i o n s  was s e l e c t e d  f o r  t h e  e v e n t -  
h a n d l i n g  p r o c e d u r e ,  d e p e n d i n g  on t h e  b i t  p a t t e r n  f o u n d  i n  t h i s  u n i t .
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ES*if e v e n t s  a n d  B e a r - O n  e v e n t s  were  h a n d l e d  l a  a p p r o x i m a t e l y  t h e  same 
manne r ;  n a m e l y ,  a n u m b e r  o f  CAMAC u n i t s  were r e a d  a n d  a s o f t w a r e  
e v e n t ,  c o n s i s t i n g  o f  a b e a d e r  and a  number  o f  d a t a  w o r d a ,  was 
c o n s t r u c t e d  and  a p p e n d e d  t o  a b u f f e r  r e s i d e n t  I n  t h e  memory o f  t h e  
PDP-11.  Tho e v e n t  h e a d e r  c o n t a i n e d ,  i n  a d d i t i o n  t o  i n f o r m a t i o n  on t h e  
t o t a l  number o f  d a t a  w o r d s  c o m p r i s i n g  t h e  e v e n t ,  an  e v e n t  number  w h i c h  
d i f f e r e n t i a t e d  among t y p e s  o f  e v e n t *  a* shown in  T a b l e  V I I I .  The 
CAMAC u n i t s  r o a d  a nd  I n c l u d e d  i n  e a c h  c l a s t  o f  e v e n t  a r e  shown i n  
T a b l e  IX.  The  Ma i t  i p t c  e v e n t  t yp e  shown i n  t h e s e  t a b l e s  o c c u r r e d  
when,  w i t h i n  a  g i v e n  E-STOP c o i n c i d e n c e  g a t e  (ES f a n o u t ,  F i g u r e  I f ) ,  
e v e n t s  were  d e t e c t e d  i n  m o r e  t h a n  one o f  t h e  d e t e c t o r  c r y s t a l s  o r  b o t h  
p l o n  s p e c t r o m e t e r s  r e g i s t e r e d  a s t o p p i n g  p i o n .  I n  t b i t  c a t e ,  a l l  o f  
t b e  CAMAC u n i t s  were  r e a d  a n d  t h e i r  o u t p u t s  r e c o r d e d .  A c o n s i d e r a b l e  
p o r t i o n  (up t o  2$%} o f  t h e  d a t a  a c q u i s i t i o n  s y s t e m ' s  c a p a b i l i t i e s  we n t  
i n t o  p r o c e s s i n g  t h e s e  Hal  t i n ! < e v e n t s ,  wh i c h  were s u b s e q u e n t l y  f o u n d  
t o  c o n t a i n  a l m o s t  no u s e f u l  d a t a .  Tbe d a t a  a c q u i s i t i o n  s o f t w a r e  was 
t h u s  m o d i f i e d  f o l o w i n g  t h e  1 9 8 2  r un  so t h a t  t h e  o c c u r r e n c e  o f  a 
Hul  t i p j  e e v e n t  t r i g g e r e d  a  f a s t  r e s e t  o f  a l l  CAMAC u n i t s ,  w i t h  no 
i n f o r m a t i o n  b e i n g  r e a d  o r  r e c o r d e d .
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T a b l e  V I I I  
S o f t w a r e  E v e n t  T y p e s
Eve n t  Number Event  Tvpe T r i a e e r
70 ON.A BEAR-ON
80 ON .B BEAM-ON
90 ON. C BEAN-ON
100 RAT. A RS-I ,
110 RAT . 0 t s - u
120 RAT. C KS-)fc
130 CL RAN.A K S ^ L n A
131 CLEAN .A ES ' f c ' L r t B
132 CLEAN. A ES * Ka ■ L itc
133 CLEAN.A KS - JA - Rn^
13 4 CLEAN.A KS ■ Rnn
135 CLEAN. A KS ■ k  ■ Rtic
( and a i i a l l i r l y )
140- 145 CLEAN. B KS - >Rf^ )
1 5 0 - 1 5 5 CLEAN. C ES ■ k  *<Ln^— >flnc  )
ISO- 165 TAG. A I S  • ^  — JRn,. > - e
1 7 0 - 1 7 5 TAG. B KS * yB - CLn^ — JRi^ > - o'
I SO- 185 TAG. C ES * Jc * (Ln^ *-~>Ri^ ) • e
190 M e l t i p l c KS*( >one  If ) o r  E S ' j r - (> one  h )
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T ab ic  IX 
Event I n f o n s e t I o n
IjTPP Rp-gPJdcd 1 p f  QfpjJ.
TAGGED 1) Even t  R e a d e r
2 )  D e t e c t o r  Ene r gy
3) Hodoacope P a t t e r n
4) KS'K t i m i n g
5) d E / d l  S4 <A+B>
6) dE/dX S3
7) Kaon TOP
8) e+ Decay P a t t e r n
9) KS — > o+ t i m i n g  
10)  e+ Ene r gy
CLEAN 1 - 7  above
RAW 1- 7  above
MULTIPLE H e a d e r  + a l l  CAMAC word*
Beam-On 1 - 2  above
I f  a Beam-Off  e v e n t  wax I n d i c a t e d  by t h e  e v e n t  p a t t e r n  u n i t ,  t h e n  
o n l y  t h e  a p p r o p r i a t e  s p e c t r o s c o p y  ABC [ax i n d i c a t e d  by t h e  A.B.C b i t x  
o f  t h e  e v e n t  p a t t e r n  u n i t )  wat  r e a d .  The r e u n i t i n g  number  wax axed t o  
i n c r e m e n t  one o f  > i i  Beam-Off  h i a t o g r a m x  r e i i d e n t  i n  t h e  memory o f  t h e  
JiBD. Each  of  t h e x e  h i a t o g r a m x .  two f o r  e a c h  d e t e c t o r ,  was 60 b i n s
wi de  a nd  wax r e s p e c t i v e l y  c e n t e r e d  on t b e  122 keV l i n e  o f  f 7 Co a nd  on
t ho  662 koV l i n e  o f  , 3 7 C*. The  g a i n  and o f f s e t  o f  t h e  I - r a y
s p e c t r o s c o p y  s y s t e m  we r e  a d j u s t e d  so t h a t  t h e s e  l i n e s  f e l l
a p p r o x i m a t e l y  a t  c h a n n e l s  500 and 6500 o f  t h e  s p e c t r o s c o p y  ADCs  8 0 0 0 -
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c h a n n e l  c o n v e r s i o n  r a n g e .  F o r  t h e  1983  a nd  1984  r u n s  t h o  u p p e r  
h i  a t u g  ram f o r  e a c h  d e t e c t o r  v a t  b i n n e d  by two by t h e  KBD s o f t w a r e  ao 
t h a t  an  e f f e c t i v e  i n t e r v a l  o f  120 c h a n n e l  c o f  t h e  ADC o o t p n t  r a n g e  was  
m o n i t o r e d .
P e r i o d i c a l l y  ( □ a n a l l y  onc e  e v e r y  t e n  m i n u t e s ) ,  t h e  PDP-11  s e t  a 
F l u s h  Fend i nn  f l a g  i n  t h e  HDD memor y .  The n e x t  t i m e  t h a t  a Beam- O f f  
e v e n t  was  p r o c e s s e d  and  s u f f i c i e n t  b u f f e r  a p a c e  r e m a i n e d  i n  t b e  memory 
o f  t b e  PDP-11.  a P e a m- O f f  s o f t w a r e  e v e n t  ( e v e n t  n u m b e r  50} v n  
a p p e n d e d  to  t h e  d a t a  s t r e a m .  T h i s  e v e n t  c o n s i s t e d  o f  a h e a d e r  and  t h e  
c o n t e n t s  o f  t h e  s i x  wi ndowe d  Be a m- Of f  h i s t o g r a m s .  The f i r s t  c h a n n e l  
o f  e a c h  h i s t o g r a m  was o v e r w r i t t e n  w i t h  t h e  ADC o u t p u t  v a l u e  w h i c h  h a d  
c a u s e d  t h a t  f i r s t  c h a n n e l  t o  be  i n c r e m e n t e d .  T h i s  o f f s e t  v a l u e  c o u l d  
be  c h a n g e d  by cosunanda f r o m  t h e  d a t a  a c q u i s i t i o n  c o n t r o l  s o f t w a r e .  
Upon s u c c e s s f u l  t r a n s f e r  o f  t h e  De a i r - Of f  h i s t o g r a m s  t o  t h e  b u f f e r  i n  
t h e  P DP- 1 1 ,  t h e  MBD c l e a r e d  t b e  h i s t o g r a m  a r e a  i n  i t s  i n t e r n a l  memory 
and  r e s e t  t h o  FI us f r  P e n d i  na  f l a g .
The  d a t a  b u f f e r  i n  PDP memory was 4096  ( 1 6 - b i t )  w o r d s  l o n g .  Once  
t h i s  b u f f e r  was  f i l l e d ,  t h e  MBD i s s u e d  an  A S T - l e v e l  in ter r u p t  
( As y n c h r o n o u s  S e r v i c e  T r a p )  t o  t h e  PDP-11 a nd  we n t  i n t o  a  d o r m a n t  
s t a t e .  The i n t e r r u p t  a c t i v a t e d  an  AST s e r v i c e  r o u t i n e  i n s t a l l e d  i n  
t b e  PDP-11 wh i c h  t r a n s f e r r e d  t h o  d a t a  b u f f e r  t o  t a p e  and  r e - a c t i v a t e d  
t h e  MBD, I n i t i a l i s i n g  i t s  b o f f e r  p o i n t e r  t o  i n d i c a t e  a f r e s h  b u f f e r .  
The  AST s e r v i c e  r o u t i n e  a l s o  p a s s e d  t h e  f i r s t  1024 w o r d s  o f  t h e  d a t a  
b u f f e r  t o  t h e  a n a l y s i s  s o f t w a r e  f o r  o n l i n e  d i a g n o s t i c  a n a l y s i s .
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Two s i m i l a r l y - c o n f 1g o r e d  PDP-11 / 34  c o m p u t e r s  wer e  i n s t a l l e d  f o r  
E x p e r i m e n t  723 ,  Each c o n s i s t e d  o f  a CPU, a h a r d w a r e  f l o a t i n g - p o i n t  
p r o c e s s o r ,  1 2 8 t  wor ds  o f  RAM, s e v e r a l  2 . 2  M e g a b y t e - c a p a c i t y  RK05 h a r d  
d i s k  d r i v e s ,  one o r  more t ap e  d r i v e s ,  a c o n s o l e  p r i n t e r ,  a T e k t r o n i x  
4010 g r a p h i c s  t e r m i n a l ,  and s e v e r a l  a d d i t i o n a l  C H T - d i s p l a y  t e r m i n a l s .  
Due o f  t h e  P D P - 1 1 ' a  was u s e d  f o r  d a t a  a c q u i s i t i o n  and t b e  o t h e r  was 
u s e d  f o r  i mmedi a t e  o f f l i n e  a n a l y s i s  o f  d a t a  t a p e s .  A d d i t i o n a l  d e v i c e s  
c o n n e c t e d  t o  t h e  d a t a - a c q u i s i t i o n  c omp u t e r  i n c l u d e d  t h e  MBD and a 
h a r d c o p y  d e v i c e  f o r  t he  g r a p h i c s  t e r m i n a l .
The s t a n d a r d  p r og r a m used  f o r  d a t a  m a n i p u l a t i o n  on e i t h e r  
c omput e r  was a c u s t o m i z e d  i n s t a l l a t i o n  o f  t h e  MULTI [88]  d a t a  a n a l y s i s  
s ys t e m r u n n i n g  i n  an ESX-11M [ 89]  m u l t i - u s e r  o p e r a t i n g  sys t em 
e n v i r o n m e n t .  On t h e  d a t a - a c q u i s i t l o n  c o m p u t e r ,  MULTI was r e s p o n s i b l e  
f o r  i n i t i a l i s i n g  t h e  A S T - l e v e l  r o u t i n e  u s e d  f o r  t a p e  h a n d l i n g ,  f o r  
o v e r s e e i n g  t h e  o p e r a t i o n  o f  t h e  MBD, f o r  c o n s t r u c t i o n  of  r e a l - t i m e  
h i s t o g r a m s ,  and f o r  t be  i n t e r p r e t a t i o n  o f  k e y b o a r d  commands t o  t h e  
d a t a  a c q u i s i t i o n  s y s t e m .  On t h e  o f f l i n e  c o m p u t e r ,  MULTI r e a d  ba c k  
d a t a  t a p e s  and c o n s t r u c t e d  h i s t o g r a m s  a c c o r d i n g  t o  a u s e r - d e f i n e d  
a n a l y s i s  p r o t o c o l .
The d a t i - a c q u i s i t i o n  MULTI s y s t e m was a l s o  r e s p o n s i b l e  f o r  
i s s u i n g  r e q u e s t s  f o r  t b e  MBD t o  f l u s h  t h e  Beam-Off  h i s t o g r a m s  t o  t he  
d a t a  b u f f e r .  Once t h e s e  h i s t o g r a m s  wer e  r e c e i v e d ,  MULTI c a l l e d  a 
u s e r - w r i t t e n  p r og r a m UMOFIT wh i c h  p e r f o r m e d  1e a s t - s q u a r e s  f i t s  t o  each  
o f  t he  s i x  Beam-Off  h i s t o g r a m s  a nd  p r i n t e d  t ho  f i t  r e s u l t s  t o  a 
d e d i c a t e d  p r i n t e r  p o r t  and t o  a s p o o l  f i l e .
C h a p t e r  I I I  
DATA ANALYSIS
1 1 1 , 1  D a t a  So t  s
D a t a  f o r  E x p e r i m e n t  723  we r e  c o l l e c t e d  o v e r  t h e  c o a r s e  of  s e v e r * ]  
r u n n i n g  p e r i o d *  f r om 19B2 t o  1 9 8 4 .  I n  a d d i t i o n ,  a  b a c k g r o u n d  s t u d y  
was  c o n d u c t e d  i n  t h e  s p r i n g  o f  1 9 8 5 .  A summary of  t h o s e  r ous  i t  g i v e n  
i n  T a b l e  X.  I n  an f a r  a s  was  p o s s i b l e ,  t h e  e x p e r i m e n t a l  a r r a n g e me n t  
was t b e  s a n e  f o r  a l l  d a t a  r u n s  e x c e p t  f o r  c ha nges  i n  t he  ha r dwa r e  
e v e n t  t r i g g e r  a s  d i s c u s s e d  i n  S e c t i o n  I I . 4 .  Tbe b a c k g r o u n d  s t udy  used  
a s i m p l i f i e d  e x p e r i m e n t a l  a r r a n g e m e n t  w h i c h  e x c l u d e d  t he  p i o n  
s p e c t r o m e t e r s  and  t b e  t e m p e r a t u r e  c o n t r o l s .
The k a o n  beam d e l i v e r e d  by t h e  AXIS d u r i n g  tbe  1983 r unn i ng  p e r i o d  
was f o u n d  t o  h a v e  a s t r o n g  t i m e  m i c r o s t r u c t u r e ,  r e s u l t i n g  i n  t  s e v e r e  
d e g r a d a t i o n  l a  p e r f o r m a n c e  o f  b o t h  t h e  p i o n  s p e c t r o m e t e r s  and t h e  
X - r a y  s p e c t r o s c o p y  s y s t e m .  A l l  d a t a  c o l l e c t e d  i n  1983 were 
s u b s e q u e n t l y  f ound  t o  be o f  v e r y  p o o r  q u a l i t y  and we r e  d i s c a r d e d .
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TABLE I  
Out* C o l l e c t i o n  P e r i o d *
Bat  i Tape* X*£AC.t Consent  *
1 i / 1 6 / 6 2  
t o  4 / 6 / 8 Z
1 t o  91 Pb I n i t i a l  S e t u p
2A
ZB
4 / 1 5 / 8 2  
t o  4 / 3 0 / 8 2
92 t o  182 
183 t o  £34
Fb Good Pb Ba t *
3 5 / 10 / 32  
to 5 / 1 7 / 8 1
235 t o  313 V ' O l d ' ¥  D * U
4 4 / 1 1 / 8 3  
t o  4 / 1 9 / 8 3
1001 t o  1022 ¥ Poor  Bo h  Q u a l i t y
J 4 / 2 1 / 3 3  
t o  5 / 3 / 3 3
1025 t o  1047 U Poor  Bean On* 11 t y
6 5 / 2 0 / 8 4  
t o  5 / 3 0 / 8 4
Z001  t o  z o z z ¥ 'No t ' ¥  B a t a
7 5 / 3 1 / 6 4  
to 6 / 1 7 / 8 4
2023 t o  2 0 4 8 U Poor  C a l i b r a t i o n
B 5 / 4 / BJ No t a p e * ¥ S t o p p i n g  P l o n s
13 D l t k  f i l e *  ( b a c k g r o u n d  t t u d y )
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Da t a  t a p e *  were  p l a y e d  back; on t b e  t un  PDP 11-34 c o m p u t e r  t y a t e n *  
u i 1e j  t h e  KULTI d a t a  a c q u i a i t i o n  « o f t w * r e  pa c kage  i n  p l a y b a c k  mode.  
The TAGGED e v e n t *  ( t h o a e  £S-¥ e v e n t *  f o l l o w e d  by a d e l a y e d  o'" i l g n a l  -  
t e e  S e c t i o n  1 1 . 2 . 3 )  a nd  B e a n - O f f  e v e n t *  wore l o r t e d  f rom t h e  d a t a  
t a p e *  and  r e c o r d e d  a e p e r a t e l y  on p a r e d - d o w n  t a p e *  t o  f a c i l i t a t e  t b e  
TAGGED p l a y b a c k .  P h o t o n  e n c r g l c *  r e c o r d e d  i n  TAGGED e v e n t *  were  
h i  a togrammed i n t o  a p e c t r a  TAG.A. TAG.B and TAG.C, d e p e n d i n g  upon whi ch  
d e t e c t o r  o b a e r v e d  t h e  I  r a y .  The f u l l  e n e r g y  r ange  o f  77 t o  750 keV 
a n  c o v e r e d  i n  t h e  TAGGED t p e c t r a .
Tbe X - r a y  e n e r g i e *  o f  t h o a e  £S*X e v e n t *  n o t  f o l l o w e d  by a d e l a y e d  
c  a l g n a l  were  h i  *t ogrammed i n  t p e c t r a  d e n o t e d  RAW.A, RAW.B and RAW.C, 
e a c h  of  wh i c h  c o v e r e d  t h e  f u l l  e n e r g y  r a n g e  o f  77 t o  750 koV,
The p h o t o n  a n e r g i c *  r e c o r d e d  t u b a c q u e n t  t o  a Boas-On e v e n t  { t e e  
a e c t i o n  I I . 4)  were  m e d  to  form h i t t o g r a m *  wh i c h  c o v e r e d  o n l y  n a r r o w 
e n e r g y  r e g i o n *  b r a c k e t i n g  t h e  c a l i b r a t i o n  l i n e * .  The nano* o f  t b o t c  
h i t t o g r a m *  d e p e n d e d  on t he  p a r t i c u l a r  l i n o  o r  *ot  of  l i n e *  c o v e r e d .  
( Exa mpl e :  ONOO.A c o v e r e d  t h e  122 keV l i n e  o f  J7Co r e c o r d e d  by
d e t e c t o r  A. )  At  a g r o u p ,  t h e t e  h i t t o g r a a *  a r e  r e f e r r e d  t o  a* t he  CALON 
t p e c t r a ,
Al l  t h r e e  t ype*  o f  * p e c t r a  (CALON, RAW and TAGGED) wer e  t u b j e c t c d  
t o  a a o f t v a r e  t w o - p o i n t  a t a b i 1 t r a t i o n  p r o c e d u r e  on p l a y b a c k ,  Vhcuevc r  
a Beam-Off  l o f t w a r e  e v e n t  ( c n a a l t t l u g  of  t h e  a l t  Be a n - Of f  h i t t o g r a a *  -  
*ee  S e c t i o n  1 1 . 4 )  was  e n c o u n t e r e d  in  t h e  p l a y b a c k  e v e n t  a t r e a m ,  t h e  
p r o c e a a i n g  o f  e v e n t *  by HULTI v a a  t e m p o r a r i l y  a uspended  w h i l e  a a c t  o f
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n i e r  p r o g r u i  (FITTER a nd  DM0SRF) pe r f o r mod  the  f o l l o w i n g  s e q u e n c e  o f  
s t e p s :
1) F i t  e a c h  of  t h o  t l x  Beam-Off  h i t  t og rami  by l a t s t - s q t l a r e  s to
a G a t i i a i a n - p t u a - 1  I n e i r  f u n c t i o n a l  form.
2)  Uie t b e  r e v o l t i n g  c e n t r o i d s  and t h e  known e n e r g l e a  of  t he
c a l i b r a t i o n  l i n e *  t o  f i n d  t h e  o f f s e t  and gain, ,  a v e r a g e d  o v e r
t h e  d a t a  r e c o r d e d  s i n c e  t he  l a a t  Beam-Off  e v e n t ,  o f  each of  
t h e  t h r e e  X - r a y  d e t e c t o r  a y i t e a t i .
3)  Open a s u m f i l e .  For  each  h i a t o g r a m  s t o r e d  i n  t h i a  f i l e
3 a )  r e a d  i n  t h e  h i s t o g r a m  from the  i n m f l l e .
3b )  f i n d  a m a t c h i n g  h i a t o g r a m  name i n  MULTI' a p l a y b a c k
a r e a .
3 c )  u s i n g  t h e  g a i n  and o f f a e t  of  t he  p l a y b a c k  h l t t o g m m
( a s  d e t e r m i n e d  i n  a t e p  1) and t h a t  o f  t be  a u m f i l e
h i s t o g r a m  ( a s  d e t e r m i n e d  by t be  h i s t o g r a m  h e a d e r ) ,
g a i n a h l f t  t h e  p l a y b a c k  h i s t o g r a m  t o  ma t c h  t h e  a u m f i l e  
h i a t o g r a m  and add t h e  two.
3d)  r e - w r i t e  t b e  i n c r e m e n t e d  a u mf i l e  h i a t o g r a m  t o  t be
i tnaf  l i e ,
3 e )  c l e a r  t h e  p l a y b a c k  h i s t o g r a m  i n  MULTI'* p l a y b a c k  a r e s .
4} When f i n i s h e d  w i t h  a l l  h i s t o g r a m s ,  c l o s e  t be  a u m f i l e  and r e ­
a c t i v a t e  MULTI f o r  f a r t h e r  p l a y b a c k .
The  o f f a e t  a nd  g a i n  o f  t he  h i s t o g r a m s  i n  t h e  a u m f i l e  were  chos en
«o a* t o  l o c a t e  t h e  c e n t r o i d  of  t he  122 keV l i n e  o f  ^ TCo i n  c h a n n e l
500  a nd  t h a t  o f  t h e  662 keV l i n e  of  l37Cs In  c h a n n n a l  6500 .
D u r i n g  p l a y b a c k  of  t h e  19B2 d a t a ,  a m f i l e s  were  g e n e r a t e d  f o r  
e a c h  s e t  Of a p p r o x i m a t e l y  t en  d a t a  t a p e s .  As a t e a t  o f  t h e  s o f t w a r e  
s t a b i l i x a t i o n  p r o c e d u r e ,  t h e  c e n t r o i d s  o f  the Beam-Off  c a l i b r a t i o n  
t f - r a y  l i n o *  ( 122  keV l i n o  of  r7Co and 662 keV l i n e  o f  i37 Ca) were  
f i t t e d  i n  t b e  CALON s p e c t r a  of  each  t e n - t a p e  g r oup .  S e v e r a l  of  t h e s e  
t a p e  s e t s  we r e  f ound t o  have  CALON c e n t r o i d s  i n c o n s i s t e n t  w i t h  t he  
m a j o r i t y  o f  t h e  d a t a .  These  same s u b s e t s  of  t he  CALON d a t a  e x h i b i t e d  
a s i g n a l —t o - n o i I D  r a t i o  a t  l e a s t  an o r d e r  of  m a g n i t u d e  g r e a t e r  t h a n  
t h a t  o f  t h e  m a j o r i t y  of  t h e  d a t a .  Thi s  s u g g e s t s  t h a t  t h e r e  may have
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bsen  a p r o b l e m  w i t h  t b e  Boom-n g a t e  {shown i n  F i g u r e  15)  wh l c b  c o u l d  
have a l l o w e d  p h o t o n s  h i v i n g  no p a r t i c u l a r  t i me  c o r r e l a t i o n  w i t b  t be  
a r r i v a l  of  beam p a r t i c l e s  t o  t r i g g e r  Beam-On c a l i b r a t i o n  e v e n t s .  Tbe 
da t a  a c t s  e x h i b i t i n g  a b n o r m a l l y  l a r g e  s i g n a l - t o - n o i * c  r a t i o *  i n  t he  
CALON s p e c t r a  we r e  t hus  c o n s i d e r e d  t o  be u n r e l i a b l e  and w e r e  e x c l u d e d  
from t h e  a n a l y s i s .  The r e m a i n i n g  d a t a s e t s  we r e  summed t o  f o r m m a s t e r  
sun f i l e t  as  shown in T a b l e  XI .
Of t h e  d a t a  c o l l e c t e d  i n  1984 ,  t b o t e  on t a p e s  2001 t h r o u g h  2007 
were f o u n d  t o  ha ve  p r o b l e m *  s temming f rom a m a l a d j u s t m e n t  o f  t he  
p r e a m p l i f i e r s  of  t h e  X - r a y  s p e c r a t c o p y  s y s t e m  and s o  were  d i s c a r d e d .  
Tapes  2 0 0 8  t h r o u g h  2022 we r e  p l a y e d  back w i t h  g a i u s h l f t i n g  and  summed 
i n t o  m s s t o r  f i l e *  RAW10.SUM and TAGfO.SUM a s  shown i n  T a b i c  XI ,
Tbe  u r a n i u m  d a t a  ( t a p e *  2023 t h r o u g h  204B)  wore  d i s c a r d e d  b e c a u s e  
o f  a c o m b i n a t i o n  o f  t h e  p o o r  q u a l i t y  of  t h e  c a l i b r a t i o n  d a t a  and t b e  
d i f f i c u l t i e s  o f  c a l c u l a t i n g  e f f e c t s  on t h e  e n e r g y  e i g e n s t a t e s  due t o  
dysami c  q u a d r n p o l e  m i x i n g .
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TABLE I I  
Snmmod Da t a  F i l e *
Fi  1enama C o n t e n t * l AP e i
RPH2A0. SUM 
TPB2A0,SUH
RAT and CALON a p e c t r a  
TAGGED a p e c t r a
92 - 162  e x c l u d i n g  
Det  C f rom 10 2 - 1 1 2
HPB2B0.SUM 
TPB2B0.SUU
RAT and CALON a p e c t r a  
TAGGED a p e c t r a
163-203 
and 224- 234
RW0.SUM 
T » 0 . StJH
RAT and CALON a p e c t r a  
TAGGED a p e c t r a
235- 313
HAWO
TAGWO
RAT and CALON a p e c t r a  
TAGGED a p e c t r a
2 0 0 8 - 2 0 2 2
F i j a r e t  1 7 , 1 6 , 1 9  end 20  chow t ho  p r i n c i p a l  d a t a  a p e c t r a  c o l l e c t e d  
d u r i n g  t h e  cour a e  o f  E x p e r i m e n t  7 2 3 .  The i mpr ovement  t o  t h e  t i g n a l -  
t o - n o i * e  r a t i o *  o f  t h e  S  I - r a y  H o e *  can be  aeen  I n  F i g u r e  2 1 ,  whi ch  
■hove t h e  ( 12— >11) t r a n a i t i o n  of  £  ' P b  a nd  t h e  (9-— >8) t r a m l t i o n  o f  
E —Pb a* r e c o r d e d  i n  b o t h  t h e  RAT a nd  t h e  TAGGED a p o c t r a .
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111*3 F i t t i l i i  A l g o r i t h m
b o
1 1 1 . 3*1  P M *  F i t *
F i t *  o f  t ho  d o t *  t o  v i r i o n *  f u n c t i o n a l  f o m *  * e r e  made by t h e  
n o t h o d  o f  uaaimom l i k e l i h o o d  [ 9 0 ] ,  u s u a l l y  r e f e r r e d  t o  i *  t b e  M e t h o d  
f  l e a s t - e q u a r e a  f o r  h i s t o r i c a l  r a n o D i .  H i s t o g r a m s  w h i c h  c o n t a i n e d  
chaotic I t  h a v i n g  f e w e r  t h a n  30  c o u n t *  were  f i t t e d  u n d e r  t h e  
a s s u m p t i o n  t h a t  t h e  d a u b e r  o f  c o u n t s  i n  n g i v e n  c h a n n e l  was  d e s c r i b e d
by * G a m s i a n  p a r e n t  d i  a t r  i b a t i o n ,  I f  * d a t a s e t  yj  i s  a s sume d  t o
d e r i v e  f r c n  a  f u n c t i o n a l  f o n c  yj m f { x ^ ; a ^ ) ,  t he n  i t  1* e a s i l y  shown,
f o r  G a u s s i a n  s t a t i s t i c s ,  t h a t  t h e  moa t  l i k e l y  v a l u e s  o f  t h o  p a r a m e t e r s
a- a r e  t h o a e  f o r  w h i c h  t h e  ~X.
a
,  n [yr -  f ; *. - ) ]
I I I . 3-1) X  -  & - * —  '
J= 1 tJ\X
Tj
i s  u i n i a l i c d .  I f  t h e  y.  i n  e q u a t i o n  1 1 1 , 3 - 1  a r e  t h e  Da ube r s  o fJ
d i r e c t l y  o b s e r v e d  e v e n t s  i n  i  c o u n t i n g  e x p e r i m e n t ,  t h e n  t h e  a i s a n p t i o n
± i
o f  G a t n s i a n  a t a t i s t i c m  p r o v i d e s  t b e  c o n n e c t i o n  <r ■ y. , and t h e  X
? /  J
b e c c u e s
_ fi [y,- -  f  f l ;  : a ;  ) J
I I I . 3 - 2 )  X -  £  ------------ — s------
J . i  y j
F r e q u e n t l y ,  a s  i n  t h e  c a s e  o f  E x p e r i m e n t  723,  t h e  y .  r e p r e s e n t
4
t h e  o u t p u t  o f  aome p r e - p r o o e s s i n g  a l g o r i t h m  ( g a i n s h i f t i n g ,  a u e o t b i t i g ,  
e t c , )  whi ch  t a k e s  t h e  form
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I I I . 3 .3)
■ h e r e  t he  d^ r e p r e s e n t  t ho  o b s e r v e d  n u m b e r  o f  e v e n t i  o f  c l e a t  k and  
K - - -  * - -» <~ici a n t  a o h a r a c t c r i i t i  c o f  t he
The  g a i m h l f  t i n g  a l g o r i t h m  empl oyed  d u r i n g  p l a y b a c k  o f  t h e  d a t a  o f  
E x p e r i m e n t  723 p r o v i d e d  f o r  each  c h a n n e l  o f  t h e  o u t p u t  h i s t o g r a m s  t h e  
a u n t  1 1 1 , 3 - 3  and I I I . 3 - 4 .
An i t e r a t i v e  a p p r o x i m a t i o n  m e t h o d  v i a  u s e d  t o  d e t e r m i n e  t h e
f u n c t i o n  f i x ;  ;a.- ) In  e q u a t i o n  I I I . 3^1  max r e p l a c e d  by i t s  l i n e a rV *
• y a t e m of  l i n e a r  e q u a t i o n !  f o r  t h e  p a r a m e t e r !  a; , T b i t  a y a t e m  o ft1
e q u a t i o n !  may be  a o l v e d  by a t a n d a r d  m a t r i x  m e t h o d !  t o  o b t a i n  an
m i n i m l i e d .  B o p o a t e d  a p p l i c a t i o n *  o f  t h i a  p r o c e d u r e  a a u a l l y  c o n v e r g e  
r a p i d l y .
The a s s u m p t i o n  o f  G a u a a i a n  a t a t i e t i c *  i a  t h e  h i g h -  t t e t l  t t i c a  
( a  > 30)  l i m i t  o f  t h e  P o l s s o n  d i a t r l b u t l o n ,  v h i c h  i a  more g e n e r a l l y  
r e g a r d e d  aa t h e  p r o p e r  d e s c r i p t i o n  o f  a c o u n t i n g  e x p e r i m e n t .  
F o l l o w i n g  a me t h o d  d e v i s e d  by Awake [ 9 1 ] ,  i t  i a  f ound  t h a t  t he  
n a x i n u m - 1 I k e l i h o o d  v a l u e *  f o r  t h e  p a r a m e t e r !  v h i c h  d e s c r i b e  s
I I I . 3 - 4 )
f o r  v h i c h  t b e  X  v *s  m i n i m i r o d .  The
e x p a n s i o n  a b o u t  some i n i t i a l  p o i n t  a*- i n  t h e  p a r a m e t e r  s p a c e .  
Demanding t h a t  t h e  d e r i v a t i v e !  a l l  v a n i s h  r e s u l t s  t h e n  i n  a
a p p r o x i m a t i o n  f o r  t h e  v a l u e *  of  t h e  p a r a m e t e r s  a- f o r  v h i c h  t h e  X  i st
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g a i n s h i f t e d  d a t a s e t  h a v i n g  totoe o r  m i l  o f  l i t  c h a n n e l  v a l u e *  l e t s  t h a n  
30 * r e  t i e  v a l u e *  f o r  w h i c h  t h e  p i r u i e t c r
n
I I I .  3 - 5 )  G -  £  fy. l n < f  t x } ) )  -  f  (x;  ; m(- ) 1 f 1 \ j
J* I
I s  m a x i m i z e d ,  He r e  7 '^ i s  t b e  A v e r a g e d  v a l u e  o f  b ^  f o r  t b e  j  ’ t h  
c h a n n e l  o f  t h e  g a i n s h i f t e d  d m t s A c t .
I I I . 3 - 6 )  7\j -  T  $  *
f  %  dJ?
The  c h a n g e s  i n  d i s p e r s i o n  e f f e c t e d  by t h o  g a i n s h i f t i n g  a l g o r i t h m  u s e d  
i n  t h e  p l a y b a c k  of  t h o  d a t a  f rom E x p e r i m e n t  723 we r e  l o s s  t h a n  0.2% i n  
m a g n i t u d e ,  I n  Ch i t  c a s e ,  7t* i t  a s l o w l y  v a r y i n g  f u n c t i o n  o f  J  . and so
J.
c a n  e a s i l y  be a p p r o x i m a t e d  by t a k i n g  t h e  r a t i o  i n d  s m o o t h i n g  i t
o v e r  a  f ew { u s u a l l y  f i v e )  c h a n n e l s  t o  m i n i m i z e  t h e  e f f e c t *  o f  
s t a t i s t i c a l  f l u c t u a t i o n s .
The  p a r a m e t e r  G may be  m a x i m i z e d  by a m e t h o d  s i m i l a r  t o  t h a t  u s e d  
t o  m i n i m i z e  t h e  X \  S u b s t i t u t i n g  a l i n e a r  e x p a n s i o n  of  t h e  f u n c t i o n  
K x ' i a * )  i n t o  e q u a t i o n  I I I . 3 - 5  a n d  d e m a n d i n g  t h a t  t h e  p a r t i a l  
d e r i v a t i v e s  v a n i s h  r e s u l t s  i n  a s y s t e m  o f  l i n e a r  e q u a t i o n s  f o r  t h e
p a r m c t c r s  a- wh i c h  may be  s o l v e d  by s t a n d a r d  m a t r i x  m e t h o d s .  R e p e a t e d
a p p l i c a t i o n s  of  t h i s  p r o c e d u r e  c o n v e r g e  r a p i d l y  t o  t h e  v a l u e s  o f  t he
p a r a m e t e r s  f o r  wh i c h  G, a n d  t h u s  t h e  l i k e l i h o o d .  i s  m a x i m i z e d .  Any
d a t a s e t *  w h i c h  c o n t a i n e d  one o r  m o r e  c h a n n e l s  h a v i n g  f e w e r  t h a n  30
c o u n t s  w e r e  f i t t e d  by t h i s  m e t h o d .  I n  a d d i t i o n ,  s e v e r a l  h i g h -
s t a t l s t i c a  d a t a s e t s  w e r e  f i t t e d  u s i n g  b o t h  t h i s  m e t ho d  a nd  t h e  more
u s u a l  me t h o d  o f  m i n i m i z a t i o n .  No s i g n i f i c a n t  d i f f e r e n c e  was  f ound
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b e t w e e n  t h e  r e s u l t s ,  a l t h o u g h  c o n s i d e r a b l y  more c o m p u t a t i o n  t ime  « n  
r e q u i r e d  f o r  t he  P o i a a o n - * t * t i i t i c s  f i t * .
I I I . 3 . 2  P a r a m e t e r  F i U
I t  i n  f r e q u e n t l y  n o c e c s a r y  l u  t h l a  a n a l y s t *  t o  f i t  a  s e t  o f  
s t a t 1 a t  1 e e l l y - d e t c r a l n e d  e s t i m a t e *  o f  one  v a r i a b l e  t o  tome g e n e r a l  1 r o d  
f u n c t i o n  o f  a n o t h e r  v a r i a b l e .  The g e n e r a l i z e d  f u n c t i o n  c h o s e n  f o r  
t h i a  a n a l y t i c  a t a  a a m  o f  Le ge nd r e  p o l y n o m i a l * .  S i n c e  L e g e n d r e  
p o l y n o m i a l  a a r e  d e f i n e d  o n l y  o v e r  Lhe r e g i o n  [ " 1  — > + 1 ] ,  t h e  v a l n e a  
of  t h e  i n d e p e n d e n t  v a r i a b l e  wore l i m i t e d  t o  a f i n i t e  r e g i o n  whi ch  v a t  
mapped o n t o  t h e  r e g i o n  1-1 — > +1] v i a  a l i n e a r  t r a n i f o r m a t i o n .
U n l i k e  t h e  f i t *  o f  S e c t i o n  1 1 1 , 3 , 1 ,  t h e  d a t a i e t a  t o  be f i t t e d  t o  
p o l y n o m i a l *  f r e q u e n t l y  had u n c e r t a i n t l e t  In  t h e  v a l u e *  o f  b o t h  t h e  
d e p e n d e n t  and  the  i n d e p e n d e n t  v a r i a b l e * .  The n n c e r t a i n t y  i n  t he  
i n d e p e n d e n t  v a r i a b l e  a t  each p o i n t  v i a  m u l t i p l i e d  by t h e  a l o p e  o f  t h e  
f i t t e d  f u n c t i o n  ( o r  t h e  c u r r e n t  b e i t  e s t i m a t e  t h e r e o f )  a t  t h a t  p o i n t  
i n  o r d e r  t o  c o n v e r t  t o  an e q u i v a l e n t  n n c e r t a i n t y  i n  t h e  d e p e n d e n t  
v a r i a b l e .  T h i a  e q u i v a l e n t  n n c e r t a i n t y  t a t  *qua r e d  and  added t o  t he  
square  o f  t h e  n n c e r t a i n t y  i n  t h e  d e p e n d e n t  v a r i a b l e .  The r e s u l t  was
i
u t e d  a t  t h e  w e i g h t i n g  f a c t o r  cr  i n  e q u a t i o n  1 1 1 , 3 - 1 ,  and t he
I t
r e s u l t i n g  \  vac t h e n  m i n i mi z e d  a* i n  S e c t i o n  1 1 1 . 3 , 1 .  I t  was 
s c a n n e d  t h a t  t he  v a l u e s  j j  i n  e q u a t i o n  I I I . 3 - 1  obe ye d  G a u s s i a n  
s t a t i s t i c *  f o r  *11 p a r a m e t e r  f i t * .
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When t h o  p o l y n o m i a l  f u n c t i o n  w h i c h  h a d  b e e n  f i t t e d  t o  a 
p a r t i c u l a r  d a t a s e t  v n  e v a l u a t e d  f o r  some a r b i t r a r y  v a l u e  a o f  t h e  
i n d e p e n d e n t  v a r i a b l e  n(- , t h e  u n c e r t a i n t y  a a s i g u c d  t o  t h e  v a l u e  o f  t he  
f u n c t i o n  v a t  c a l c u l a t e d  by t h e  r e l a t i o n s h i p
I I I . 3 - 7  > ( P)  (P)  1 w h e r e  fPJ -
eFemenfcs
l a  a d i a g o n a l  m a t r i x  c o n s t r u c t e d  f r o m  t h e  v a l u e s  o f  t h e  L e g e n d r e  
p o l y n o m i a l !  a t  a n d  (C1} i t  t h e  e r r o r  m a t r i x  19 0 ] .
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I I I . 4 Nonr_G*t ia*lan D e t e c t o r  R e s p o n s e F u n c t i o n s
As d i s c u s s e d  i n  s e c t i o n  1 1 . 3 ,  o p t i m i s a t i o n  o f  t h e  e n e r g y  
r e s o l u t i o n  o f  t h e  I - r a y  s p e c t r o s c o p y  s y s t e m  we* o f  paramount  
i m p o r t a n c e  t o  t h i s  e x p e r i m e n t .  D u r i n g  i n i t i a l  t e s t i n g  and s e t u p  of  
t h e  d e t e c t o r  a r r a y ,  g r e a t  c a r e  was  t a k e n  t o  i n s u r e  t h a t  t he  b e s t  
p a s s i b l e  e n e r g y  r e s o l u t i o n  waa o b t a i n e d  s u b j e c t  t o  t h e  d e s i g n  
c o n s t r a i n t s  o f  t h e  e x p e r i m e n t a l  a r r a n g e m e n t .  Such an o p t i m i s a t i o n  
r e g i m e n  r e q u i r e d  t h a t  r e s o l u t i o n s  o b t a i n e d  w i t h  d i f f e r e n t  d e t e c t o r  
c o n f i g u r a t i o n s  be c o m p a r ed  f o r  s m a l l  d i f f e r e n c e s .
I n  o r d e r  t o  m e a s u r e  s m a l l  e f f e c t s  o n  t h e  r e s o l u t i o n ,  mono- 
e n e r g e t i c  3 r a y s  ( u s u a l l y  f r om t h e  303 keV l i n e  o f  Ba) ware 
o b s e r v e d  a n d  t h e  d i g i t i s e d  p h o t o n  e n e r g i e s  w e r e  h i s t o g r a m m e d .  Tho 
r e s u l t i n g  I n t e n s i t y - v s - o n e r g y  s p e c t r a  wore  t h e n  f i t t e d  by t h e  method 
o f  l e a s t - a q u a r e x  t o  a f u n c t i o n a l  form c o n s i s t i n g  o f  a G a u s s i a n  pe a k  on 
a l i n e a r  b a c k g r o u n d .  The f u l l - v i d t h  a t  h a l f - ma x i m u m  (FtHH) o f  t h e  
G a u s s i a n  was  t a k e n  a s  a d e f i n i t i o n  o f  t he  e n e r g y  r e s o l u t i o n .  The 
s t a t i s t i c a l  u n c e r t a i n t y  i n  t h i a  p a r a m e t e r  d e c r e a s e d  a p p r o x i m a t e l y  as 
t h e  i n v e r s e  s q u a r e  r o o t  o f  t h e  number  o f  m o n o o n e r g e t i c  p h o t on s  
o b s e r v e d .  A t y p i c a l  d a t a s e t  g a t h e r e d  f o r  p u r p o s e s  o f  r e s o l o t i o n  
t e s t i n g  c o n t a i n e d  o n  t h e  o r d e r  o f  10^ e v e n t s  i n  t h e  p e a k ,  a l l o w i n g  t he  
Firilil { t y p i c a l l y  930  t o  1030 eV) t n  be m e a s u r e d  t o  w i t h i n  a p p r o x i m a t e ! y  
one  eV.
T h e r e  was  a t  f i r s t  some d i f f i c u l t y  w i t h  a l a c k  o f  r e p r o d u c i b i l i t y  
o f  t h e  FWJJM f rom d a t a s e t  t o  d a t a s e t  w h e r e  t h e  d a t a  were  c o l l e c t e d  
u n d e r  i d e n t i c a l  c o n d i t i o n s .  F u r t h e r  i n v e s t i g a t i o n  l e d  t o  t he
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d i s c o v e r y  o f  s e v e r a l  c h a r a c t e r i s t i c *  o f  t h e s e  r e l a t i v e l y  h i g h -  
s t a t i s t i c *  { i . e .  . l a n e  number  o f  o b s e r v e d  p h o t o n s )  d a t a s e t s  wh i c h  
a f f e c t e d  t h e  re  BOl u t i o n - B i o a t u r c me n t  p r o c e d u r e .  The  f i t t e d  v a l u e  o f  
t h o  FISK was f ound  t o  be r a t h e r  s e n s i t i v e  (10 t o  2 5  oV) t o  t h e  e n e r g y  
r e g i o n  i n c l u d e d  i n  t h e  f i t .  Fo r  t h i s  r e a s o n ,  r e s o l u t i o u - d e t e r m i n a t i o n  
f i t s  which w e r e  t o  be compar ed  w e r e  made o v e r  t h e  a a n e  e ne r gy  r e g i o n  
o f  a p p r o x i m a t e l y  7 koY r a n g e  c e n t e r e d  a b o u t  t h e  c e n t r o i d  of  t h e  p e a k .  
The f i t t e d  v a l u e  of  t h e  FWIIM was a l s o  somewhat  s e n s i t i v e  t o  t h e  number  
o f  c o u n t s  ±n t h e  p e a k ,  s o  t h a t  o n l y  d a t a s e t s  c o n t a i n i n g  a c o m p a r a b l e
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number  of  s t a t i s t i c s  c o u l d  be  c o mp a r ed .  The n o r m a l i x e d  X  p a r a m e t e r s  
o f  t h e  l e a a t - s q u a r c a  f i t s  t o  t h e s e  d a t a s e t s  we r e  u s u a l l y  r a t h e r  p oo r  
(2 t o  12 ' i C f y ) , i n d i c a t i n g  t h a t  t h e  r e s p o n s e  o f  t h o  Z - r a y  s p e c t r o s c o p y  
s y s t e m  t o  a m o n o e n e r g e t i c  t f - r a y  l i n e  was n o n - G a o s t i t o  i n  f o rm.
O v e r l a i d  p l o t s  of  t ho  d a t a  a nd  t h e  G a u s s i a n  f u n c t i o n  w h i c h  was 
f i t t e d  t o  t h e  d a t a  (See F i g u r e  22 )  I n d i c a t e d  t h a t  t h e  l o w - e n e r g y  wing 
o f  t h e  d e t e c t o r  r e s p o n s e  f u n c t i o n  s h o u l d  d e c r e a s e  l e s s  r a p i d l y  t h a n  
d o e s  a G a u s s i a n  f u n c t i o n .  P r e v i o u s  a u t h o r s  h a v e  a t t e m p t e d  t o  
accommodate  s u c h  a n o n - G a u s s i a n  r e s p o n s e  f u n c t i o n  by m a t c h i n g  an 
e x p o n e n t i a l  t a i l  t o  t h e  G a u s s i a n  192]  o r  by a d d i n g  a s econd  G a u s s i a n ,  
h a v i n g  a w i d t h  p a r a m e t e r  s e v e r a l  t i m e s  t h a t  of  t h e  m a i n  p e a k ,  t o  t h e  
b a c k g r o u n d  t e r m [ 9 3 ] ,  N e i t h e r  o f  t h e s e  me t hods  was  f ound t o  a c c o u n t  
s a t i s f a c t o r i l y  f o r  t he  n o n ^ G a u n i a u  d e t e c t o r  r e s p o n s e  i n  t ho  h i g h -  
s t a t i s t i c s  d a t a s e t s  c o l l e c t e d  d u r i n g  d e t e c t o r  o p t i m i z a t i o n .  The 
d o u b l e - G a n * s i  a n  form d i d  r e s u l t  i n  a n  i mpr ove me n t  i n  t h e  n o r m a l i x e d  X '  
p a r a m e t e r  s i m p l y  by v i r t u e  o f  a d m i t t i n g  a u o n - s y m m e t r l c  component  t o  
t h e  f u u t i n n a l  form.  However ,  t h e  l o w - o n e r g y  t a i l s  o f  t h e  p e e k s  i n
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t h o s e  d a t a s e t s  seemed t o  bo u o r e  n e a r l y  e x p o n e n t i a l  i n  n a t u r e  t h a n  
c o n l d  be o b t a i n e d  v i t h  a d o u b l e - G a u s t i s n  form!  which s u f f e r e d  t h e  
a d d i t i o n a l  d i s a d v a n t a g e  o f  r e q u i r i n g  t h r e e  a c r e  p a r a m e t e r *  t h a n  d i d  a 
s i m p l e  G a n a i i a n  f o rm,  Tho m a t c h e d - e x p o n e n t i *1 f o r a  gave  i mpr ove me n t s  
t o  t h e  n o r m a l i i e d  X*  p a r a m e t e r  boyoud t h o * e  due t o  t h e  use  o f  a 
d o u b l e - G a n i s l a n  f o r m.  Whi l e  o n l y  one more p a r a m e t e r  wae r e q u i r e d  f o r  
t h i a  form t h a n  f o r  t h e  e i mp l e  G a n a a i a n  f o r a ,  t h e  f i t t e d  v a l u e  o f  t h e  
a d d i t i o n a l  p a r a m e t e r  a a t  f o u n d  t o  be s t r o n g l y  de pe nde n t  on t h e  number  
o f  p b o t o n a  o b s e r v e d ,  on t h e  e n e r g y  r e g i o n  i n c l u d e d  i n  t h e  f i t .  and on 
s t a t i s t i c a l  f l u c t u a t i o n s  f r o n  d a t a s e t  t o  d a t a s e t .
A d d i t i o n a l  c l u n s  t o  t h e  f o r m of  t ho  n o n - Ga n * s i a n  d e t e c t o r  
r e s p o n s e  f u n c t i o n  were  f o u n d  s u b s e q u e n t  t o  t he  19SZ run when a f a i l u r e  
o f  t he  l i q u i d  n i t r o g e n  dower  c a n t e d  t h e  t e m p e r a t u r e  of  t h e  r a d i a t i o n -  
damaged d e t e c t o r  c r y s t a l s  t o  r i s e  somewhat  above  77K. Such a p a r t i a l  
warming a l l o w s  t h e  c r y s t a l  l a t t i c e  i n  t h e  n e i g h b o r h o o d  o f  a t o m i c  
d i s p l a c e m e n t  s i t e *  t o  d e f o r m ,  t h u s  g r e a t l y  i n c r e a s i n g  t h e  
e f f e c t i v e n e s s  o f  t h o s e  damage s i t e s  i n  t e m p o r a r i l y  t r a p p i n g  c h a r g e  
c a r r i e r s .  The e f f e c t  on t h e  d e t e c t o r  r e s p o n s e  was a s e v e r e  l o s s  o f  
r e s o l u t i o n ,  w i t h  o b v i o u s  t a i l s  s e v e r a l  keV i n  e x t e n t  a p p o a r i n g  on t h e  
l o w - e n e r g y  s i d e  o f  t h e  V - r a y  p e a k s .  F i t s  t o  d a t a s e t s  wh i c h  were
c o l l e c t e d  u n d e r  t h e s e  c o n d i t i o n s  and whi ch  were r e s t r i c t e d  t o
e s s e n t i a l l y  t h e  up p e r  h a l f  o f  t h e  peak* wer e  c o n s i s t e n t  v i t h  a
G a u s s i a n  o f  FWHM o f  a b o u t  one keV.  F i t s  t o  t h e  same d a t a s e t s ,  b u t  
r e s t r i c t e d  t o  e s s e n t i a l l y  t h e  l o w e r  t h i r d  o f  t h e  p e a k s ,  showed a form 
w h i c h  was v e r y  n e a r l y  e x p o n e n t i a l  i n  n a t u r e .  D a t a s e t s  we r e  c o l l e c t e d  
f o r  each  d e t e c t o r  i n  t h i s  r a d i a t i o n - d a m a g e d  s t a t e  o v e r  a wide  r a n g e  o f
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□ p e r * t i n t  b i a s e s .  The l e n g t h *  o f  t he  e x p o n e n t i a l  t x l l t  w i r e  f ound  t o
Prom t h e s e  o b s e r v a t i o n s , a model  of  t h e  d e t e c t o r  r e s p o n s e  w n
p r o b a b i l i t y  d i s t r l b u t i o n s  i n v o l v e d  w i l l  ha ve  *1 I n d e p e n d e n t  v * r l a b l e >  
t h e  I n i t i a l  p h o t o n  e n e r g y ,  t h e  pho t on  e ne r gy  d e p o i i t e d  w i t h i n  t h e  
d e t e c t o r  c r y t t a l ,  t h e  c h a r g e  g e n e r a t e d  by t h i i  e ne r gy  d e p o s i t i o n ,  t h e  
c h a r g e  a c t u a l l y  c o l l e c t e d  by t h e  s i g n a l - p r o c e s s i n g  a y t t e n ,  t he  v o l t a g e  
o u t p u t  by t h e  a i g n a l  p r o o e t t i n g  a y * t e n ,  and f i n a l l y  t he  cha nne l  number  
o u t p u t  o f  t h e  ADC. The r e l a t i o n s h i p  among t h e s e  v a r i a b l e *  l a  v e r y  
n e a r l y  l i n e a r .  Assuming e x a c t  l i n e a r i t y  e v e r  l o c a l  r e g i o n s  { f o r  t he  
d e r i v a t i o n  o f  t h e  r e s p o n s e  model  o n l y l ) ,  one may r e l a t e  any of  t h e  
v a r i a b l e s  t o  t h e  ADC c h a n n e l  number  by a l i n e a r  t r a n s f o r m a t i o n  whi ch  
a mo u n t s  e s s e n t i a l l y  t o  a c h o i c e  of  s c a l e .  For  c a l c u l a t i o o a l  and 
n o t a t i o n a l  c o n v e n i e n c e ,  a l l  v a r i a b l e s  a r c  e x p r e s s e d  i n  t h e  same u n i t s ,  
a s s u m e d  t o  be ADC c h a n n e l s ,  i n  t h e  d i s c u s s i o n  t h a t  f o l l o w s .
I I I . 4 . 1  C h a r a e  P r o d u c t  I on and Col  l e c t i o n
The p r o b a b i l i t y  d i s t r i b u t i o n  C(Q;Ep ) f o r  t he  amount  of  c h a r g e  Q 
p r o d u c e d  by t h e  d e p o s i t i o n  of  an energy  Ep w i t h i n  t he  d e t e c t o r  c r y s t a l  
was  a s s u m e d  t o  h a v e  a G a u s s i a n  form as  gove rned  by the  c h a r g c -  
p r o d u c t i o n  s t a t i s t i c *  [ 8 1 ] .
T h i s  d i s t r i b u t i o n  was t h e n  c o n v o l u t e d  w i t h  * c h a r g e - c o l  1 o c t  i o n
de c w i t h  i n c r e a s i n g  b i a s  v o l t a g e s ,
f o r m u l a t e d .  At  d i f f e r e n t  s t a g e s  of  t h e  r e s p o n s e  p r o c e s s ,  t he
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p r o b a b i l i t y  d i s t r i b u t i o n  V(C^.;Q) wh i c h  r e p r e s e n t e d  t h e  p r o b a b i l i t y  
( a v e r a g e d  o v e r  t h e  a c t i v e  volume o f  t h e  d e t e c t o r )  t h a t  a c h a r g e  0 
p r o d u c e d  w i t h i n  t h e  a c t i v e  volume wou l d  r e s u l t  i n  a  c h a r g e  Qc 
c o l l e c t e d  a t  t h e  i n p u t  of  t h e  c h a r g e - s e n s i t i v e  p r e a m p l i f i e r  w i t h i n  t h e  
s h a p i n g  t i m e  of  t h e  p u l s e - p r o q e s t i n g  s y s t e m .  S i nce  no more  c h a r g e  c a n  
bo c o l l e c t e d  t h a n  was  p r o d u c e d ,  Y((^. ;Q) i s  i d e n t i c a l l y  z e r o  f o r  Qc 
g r e a t e r  t h a n  Q.
I n  a d a m a g e - f r e e  d e t e c t o r  c r y s t a l ,  whe r e  c h a r g e  t r a p p i n g  i t  a t  a 
min i mum,  t h e r e  i s  o n l y  a v e r y  s ma l l  p r o b a b i l i t y  t h a t  l a r g e  a mo u n t s  o f  
c h a r g e  w i l l  b e  d e l a y e d  o r  l o s t ,  so t h a t  V t Q ^ Q )  d e c r e a s e s  r a p i d l y  a s  
d e c r e a s e s  be l ow Q,  I d t h e  r a t h e r  u n r e a l i s t i c  l i m i t  o f  no t r a p p i n g ,  
Vt Qp; Q)  be c ome s  a D i r a c - d o l t a  f u n c t i o n  i n  t h o  v a r i a b l e  £ 0 “^ . -Q and t h e  
c o n v o l u t i o n  w i t h  t h e  G a u s s i a n  e h a r g e - p r o d n c t i o n  d i s t r i b u t i o n  y i e l d s  
t h e  G a u s s i a n  form w h i c h  i s  u s u a l l y  a s sume d  a s  t h e  d e t e c t o r  r e s p o n s e  
f t i n c t  t o n .
I n  a h e a v i l y  r a d i a t i o n - d a m a g e d  d e t e c t o r  c r y s t a l ,  where  
c o n s i d e r a b l e  p o r t i o n s  o f  t h e  p r o d u c e d  c h a r g e  may n o t  be c o l l e c t e d ,  
V l Q ^ Q )  may be  much w i d e r  t ha n  t h e  c h a r g e - p r o d u c t i o n  d i s t r i b u t i o n  
C ( Q; E d , < T ) .  The c o n v o l u t i o n  t h e n  t a k e s  on  t h e  d o m i n a n t  f e a t u r e s  o f  
Y t Qf S Q ) ,  so t h a t  t h e  r e s u l t  i s  r a t h e r  i n s e n s i t i v e  t o  t h e  s t r u c t u r e  o f  
C{QiE0 , o - > ,
The  f i t s  t o  t h e  d a t a s e t s  c o l l e c t e d  f o l l o w i n g  t h e  p a r t i a l  warmup 
o f  t h e  d e t e c t o r  c r y s t a l s  l e d  t o  t h e  t r i a l  form
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111.4-2} V(QC;Q,A) -  l l/AI eip((Qc-Q> A )
where  t h e  s t e p  f u n c t i o n  0 ( X >) 1* m o d  t o  l i m i t  V(QC:Q,X) t o  t h e  
domai ns  (Qc < Q) f o r  A > 0 end ( Qc > Q) f o r  X < 0 .  The r e s u l t i n g  
c o n v o l u t i o n  o f  V(Qe ;Q,A) and CfQiE^.cr) y i e l d *  t h e  d e t e c t o r  r e s p o n s e  
f  t mc t  1 on
I I I .  4 - 3 )  E1 (Qc i ED, i r  ,A) *■ PiQ^lEp.o- .A)
■here  , t r (A) "  S i g n ( y )  exp
■nd y * ; * -  ( Q c - E ^ / t r
T h i s  u n i t - a r e a  d e t e c t o r  r e s p o n s e  d i ■ t r i b n t i o n  h a s .  f o r  A > 0,  i  t a i l  
o f  c h i r i c t e r l • t i c  e x p o n e n t i a l  l e n g t h  A on t h e  l o w - e n e r g y  t i d e  o f  t h e  
p e a k .  Ac X d e c r e a s e *  t o w a r d s  z e r o  t h e  d i s t r i b u t i o n  a p p r o a c h e s  a 
G a u s s i a n  f o r m .  T h i s  d e f i n i t i o n  n a y  e a s i l y  be e x t e n d e d  t o  n e g a t i v e  
v a l u e *  o f  A < r e s u l t i n g  i n  a t a i l  s t r u c t u r e  on t he  h i g h - e n e r g y  a i d e  o f  
t h e  p e a k .  P l o t s  o f  r e p r e s e n t a t i v e  f u n c t i o n *  V, C and  a r e  shown i n  
F i g u r e  2 3 - a ,
L e i s t ~ * q u a r e s  f i t s  o f  t h e  f u n c t i o n a l  form t o  h i g h - s t a t i ■t i c s
d a t a s e t *  c o l l e c t e d  d u r i n g  d e t e c t o r  o p t i m i z a t i o n  showed a d r a m a t i c  
improvement  i n  t h e  v a l u e *  o f  t he  n o r m a l i z e d  X* o v e r  t h o s e  o b t a i n e d  
f rom f i t s  u s i n g  any o f  t h e  p r e v i o u s l y  d i s c u s s e d  f u n c t i o n a l  f o r ms .  The 
f i t t e d  v a l u e  o f  t he  c h a r a c t e r i s t i c  l e n g t h  X *■* f o u n d  t o  be q n i t e  
i n s e n s i t i v e  t o  t he  e n e r g y  r e g i o n  and t o  s t a t i s t i c a l  f l n c t u a t i o n s  among
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d i f f e r e n t  d a t a s e t s  c o l l e c t e d  u n d e r  s i m i l a r  c o n d i t i o n s .  V i t h  t h i a  
f u n c t i o n a l  form.  r e a s o n a b l e  f i t s  c o u l d  be o b t a i n e d  t o  a l m o s t  a l l  o f  
t h e  d a t a s e t s  c o l l e c t e d  s u b s e q u e n t  t o  t b c  p a r t i a l  warmup.  T h e s e  
r a d i a t i o n ^ d a m a g e d  d a t a s e t s  w e r e  a l s o  f i t t e d  t o  a l i n e a r  c o m b i n a t i o n  o f  
0(  ;E^ , o'  A  ) and a G a u s s i a n  G(Oe i E (] , <T } , w i t h  t h e  r e s u l t s  t h a t  t he
G a u s s i a n  t e r m was n e a r l y  a l wa ys  f o u n d  t o  be  s u p e r f l u o u s .
The n u m e r i c a l  e v a l u a t i o n  o f  Df , t r  , ^1  ■ *>•! i t s  d e r i v a t i v e s ,  a t
r e q u i r e d  f o r  t he  a p p l i c a t i o n  o f  a l e a s t - s q u a r c s  f i t  a l g o r i t h m ,  i t  
somewhat  c o m p l i c a t e d  by the  e r f g ( i )  t e r m s  i n v o l v e d .  An a l g o r i t h m  was 
d e v e l o p e d  wh i c h  c a l c u l a t e d  e r f g ( x )  t o  an  a c c u r a c y  o f  12 o r  more d i g i t s  
o v e r  mos t  o f  i t s  s i g n i f i c a n t  r a n g e .  D e p e n d i n g  on  t h e  v a l u e  o f  t h e  
a r g u m e n t  x,  t h i s  a l g o r i t h m  e mp l o y e d  e i t h e r  a p o w e r  s e r i e s  e x p a n s i o n ,  
an e x p a n s i o n  in  c o n t i n u e d  f r a c t i o n s ,  o r  i n t e r p o l a t i o n  b e t w e e n  
t a b u l a t e d  v a l u e s  v l a  a d i r e c t  n u m e r i c a l  i n t e g r a t i o n  o f  t h e  a p p r o p r i a t e  
G a u s s i a n  f u n c t i o n .  The  t e c h n i q u e  wa s  c h o s e n  w h i c h  wo u l d  p r o v i d o  t he  
d e s i r e d  a c c u r a c y  v i t h  t h e  l e a s t  a mo u n t  o f  c a l c u l a t i o n .  The r e s u l t i n g
a l g o r i t h m  was s u f f i c i e n t l y  e f f i c i e n t  t o  make l e a s t - s q u a r e i  f i t s  t o
f u n c t i o n a l  forms  b a s e d  on D(C^ j E d , a~ , \ ) a r e a l i s t i c  o p t i o n  i n  t b c  
a n a l y s t  s .
1 1 1 , 4 . 2  Snal  1-Ana l e  Compton S c a t t e r !  nit
Wi t h  f u n c t i o n a l  f o r ms  b a s e d  on D( : E p , <r , A) t o  f i t  t h e  d a t a s e t s
c o l l e c t e d  f o r  r e s o l u t i o n  t e s t i n g  a nd  t h e  CALON d a t a  f rom t h e  1982  r u n ,
s e v e r a l  f u r t h e r  d e v i a t i o n s  o f  t b o  d a t a  f rom t h e  e x p e c t e d  fo rm we r e  
o b s e r v e d .  The b a c k g r o u n d  u n d e r n e a t h  some o f  t h e  1o v e r - e n e r g y  p e a k s  
s nob  a*  t h e  122 keV l i n e  o f  FTCo was  f o u n d  t o  ha ve  a h i g h e r  v a l u e  on
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t h e  l o w - e n e r g y  a i d e  o f  t h e  pe a k  t h a n  on t h e  h i g h - e n e r g y  a i d e .  T h e r e  
i n  r a r e l y  any s i g n i f i c a n t  d i f f e r e n c e  b e t w e e n  t h e  e l o p e *  o f  t h e  
b a c k g r o u n d *  on t h e  two a i d e * .  D a t a s e t *  c o l l e c t e d  s p e c i f i c a l l y  t o  
■tndy  t h i s  e f f e c t  showed t h a t  t h i a  a t e p - f u s c t 1 on e f f e c t  i n  t h e  
b a c k g r o u n d  c a n i d  be i n c r e a s e d  d r a m a t i c a l l y  by t h e  a d d i t i o n  o f  a t h i n  
a h e e t  o f  a luminum b e t w e e n  t h e  p h o t o n  s o u r c e  and  t h e  X - r a y  d e t e c t o r .  
T h i s  e f f e c t  was a s sume d  t o  be doe t o  s m a l i - a n g l e  Compton s c a t t e r i n g  o f  
t h e  p h o t o n s  i n  t h e  m a t e r i a l  b e t w e e n  t h e  s c a r c e  and  t h e  d e t e c t o r ,  
r e s u l t i n g  i n  t h e  l o s s  o f  o n l y  s m a l l  amount*  o f  t h e  p h o t o n  e n e r g y ,  The 
E l c i n - N i t h i n a  f o r m u l a  [94]  f o r  t h e  a n g u l a r  d e p e n d e n c e  Df t h e  Compton 
s c a t t e r i n g  o r o a *  s e c t i o n  was ne e d  t o  g e n e r a t e  a  p r o b a b i l i t y  
d i s t r i b u t i o n  f o r  t h e  f i n a l  e n e r g y  o f  C o m p t o n - s c a t t e r e d  p h o t o n *
o r i g i n a t i n g  f rom a m o n o e n e r g e t i c  s o u r c e  o f  e n e r g y  Ey.  T h i s  
d i s t r i b u t i o n  was f ound  t o  be  n e a r l y  i n d e p e n d e n t  o f  e n e r g y  f o r  s m a l l  
e n e r g y  l o s s e s ,  a nd  c o u l d  be c l o s e l y  a p p r o x i m a t e d  f o r  e n e r g i e s  w i t h i n  a 
f ew p e r c e n t  of  t h e  i n i t i a l  p h o t o n  e n e r g y  Ey by a s t e p  f u n c t i o n  
P ( E ^ - E | )  * P O t E ^ - E ^ ) . Tho e n e r g y  d i s t r i b u t i o n  o f  p h o t o n s  a r r i v i n g  a t  
t h e  d e t e c t o r  c r y s t a l  f rom a  m o n o e n e r g e t i c  s o u r c e  t h u s  h a s  t h e  form
1 1 1 , 4 - 4 )  I(E0 ;Er ?D - ^ ( E d-E j ) + n O ( E j - E &>
wher e  T\ may be i n t e r p r e t e d  a* t h e  o b s e r v e d  i n t e n a l t i y  p e r  u n i t  e n e r g y  
p e r  u n s c a t t e r e d  p h o t o n  of  C o m p t o n - a o a t t e r e d  p h o t o n * .
The  G a u a a i a n  form o f  t h e  c h a r g e  p r o d u c t i o n  d i s t r i b u t i o n  
C(Q;E0 , 0" )  i s  b a s e d  on t h e  a s s u m p t i o n  t h a t  p h o t o n *  p r o d u c i n g  t h e  
c h a r g e  a l l  have  t h e  same e n e r g y .  The c b a r g e - p r o d u c t i o n  d i s t r i b u t i o n  
r e s u l t i n g  f rom t ho  c o n v e r s i o n  o f  p h o t o n s  o b e y i n g  an i n t e n s i t y
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d i s t r i b u t i o n  H E ^ i E ^ / T U  i s  s c o n v o l u t i o n  o f  t b i i  i n t e n s i t y  
d i s t r i b u t i o n  v i t h  t b c  m o n o o n e r g e t i c  p r o d u c t i o n  d i s t r i b u t i o n  C( Qt Ep ,(T ) 
■o t h a t  t b c  d e t e c t o r  r e s p o n s e  f u n c t i o n  be c o me s
I I I .  4-5) R ^q,. ;Ep ,(T ,A ,70 -  V(QC;Q,A) * ClQjE^.O-) * I  ( Ep ; ,71)
P l o t s  o f  r e p r e s e n t a t i v e  f u n c t i o n s  I a n d  a r e  i h o v n  i n  F i i u r e  2 3 - b ,
I I I . 4 . 3  P u l  sc  P i l cud
A n o t h e r  d e v i a t i o n  o f  t h e  d a t a  f roai  t b c  e x p e c t e d  f o r m was  a s ma l l  
a m p l i t u d e  t a i l  o f  one  o r  t v o  keV w i d t h  v h l c h  a p p e a r e d  on t h e  b i g h -  
e n e r g y  s | d o  o f  t h e  p o a k s  i n  t h e  CALON d a t a s e t s  a n d ,  t o  a l e s s e r  
e x t e n t ,  i n  t h o s e  r e s o l u t i o n - t e s t  d a t a s e t s  v h l c h  w e r e  c o l l e c t e d  a t  h i g h  
r a t e s .  T h e s e  h i g h - s i d e  t a i l s  w e r e  n o t  o b s e r v e d  i n  d a t a s e t s  c o l l e c t e d  
u n d e r  l e v  r a t e  c o n d i t i o n s ,  a nd  w e r e  a s s u m e d  t o  be c a n t e d  by p u l s e  
p i l c u p .
P u l s e  p i l e u p  o c c u r s  when t h e  p e a k  o f  a p u l s e  e x i t i n g  t h e  s h a p i n g  
a m p l i f i e r  ( s e e  S e c t i o n  1 1 . 3 , 2 )  I s  i n s u f f i c i e n t l y  s e p a r a t e d  i n  t i m e  
f r om p r e c e d i n g  o r  t u c e e d i n g  p e a k s  t o  p r e v e n t  i n t e r f e r e n c e .  Each  LDL 
a m p l i f i e r  s y s t e m  c o n t a i n e d  a f a s t  d i s c r i m i n a t o r  (200  n s e c  t i me  
r e s o l u t i o n )  v h i o h  h a d  i t s  t h r e s h o l d  s e t  J u s t  a b o v e  t h e  n o i s e  l e v e l .  A 
l o g i c  c i r c u i t  i n  t h e  a m p l i f i e r  m o n i t o r e d  t h e  o u t p u t  o f  t h i s  
d i s c r i m i n a t o r  and  r e j e c t e d  p u l s o s  v h i c h  s h o v e d  a n  I n s u f f i c i e n t  t i me  
s e p a r a t i o n .
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T h e r e  i s  an I n v e r s e  r e l a t i o n s h i p  be tween t h e  t ime a n d  e n e r g y  
r e s o l u t i o n s  of  any a m p l i f i e r  whi ch  p r o c e s s e s  t h o  o u t p u t  o f  a  s o l i d -  
s t a t e  d e t e c t o r  c r y s t a l .  Thus,  any d i s c r i m i n s  t o r  which h a s  a t ime  
r e s o l u t i o n  c o n s i d e r a b l y  s h o r t e r  t h a n  t h a t  o f  t h e  s h a p i n g  a m p l i f i e r
w i l l  c o n s e q u e n t l y  ha ve  an energy  r e s o l u t i o n  w h i c h  i s  c o n s i d e r a b l y
p o o r e r  t h a n  t h a t  o f  the s h a p i n g  a m p l i f i e r .  The d i s c r i m i n a t o r
t h r e s h o l d  mus t  be a c t  a t  l e a s t  one w i d t h  of  i t s  e n e r g y  r e s o l u t i o n
above t h e  n o i s e  l e v e l  in o r d e r  t o  a v o i d  f a l s e  t r i g g e r s ,  a nd  p u l s e s
which f a l l  be low t h i s  t h r e s h o l d  ( o r  wh i c h  a r e  s e p a r a t e d  f r om t h e  p u l s e  
of  i n t e r e s t  by l e s s  t h a n  the t ime  r e s o l u t i o n  o f  t h e  d i s c r i m i n a t o r )  a r c  
no t  d e t e c t e d .
The p r o b a b i l i t y  t h a t  a p u l s e  which f a l l s  be low t h i s  f a s t  
d i s c r i m i n a t o r  t h r e s h o l d  w i l l  o c c u r  w i t h i n  t h e  t i m e  r ange  t h a t  a p u l s e
of  i n t e r e s t  i s  s u s c e p t i h l e  to i n t e r f e r e n c e  i n c r e a s e s  w i t h  i n c r e a s i n g
r a t e  o f  l o w - e n e r g y  p h o t o n s .  Thus ,  p e a k s  In  h i g h - r a t e  d a t a s e t s ,  and 
e s p e c i a l l y  t h o s e  c o l l e c t e d  unde r  beam c o n d i t i o n s  d u r i n g  whi ch  
b r e m s s t r a h l u n g  and Compton s c a t t e r i n g  p r o d u c e  many s o f t  1  r a y s ,  c i n  be 
a a p e c t e d  t o  have  h i g h - s i d e  t a i l s .  Tho e n e r g i e s  o f  t h e s e  t a i l s  r ange  
above t h e  c e n t r o i d  by up t o  one o r  two t i me s  t h e  e n e r g y  r e s o l u t i o n  o f  
t he  f a s t  d i s c r i m i n a t o r  and t h e i r  a m p l i t u d e s  i n c r e a s e  w i t h  r a t e .  The 
forms and  a m p l i t u d e s  o f  t h e s e  t a i l s  s h o u l d  be I n d e p e n d e n t  of  t he
e nergy  o f  t h e  X r a y  o f  i n t e r e s t .
P u l s e  p i l e n p  may be I n c o r p o r a t e d  i n t o  t h e  model  o f  d e t e c t o r  
r e s p o n s e  by t he  i n t r o d u c t i o n  of  a p i l e u p  p r o b a b i l i t y  d i s t r i b u t i o n  
PfAjQ^) wh i c h  r e p r e s e n t s  t he  p r o b a b i l i t y  t h a t  a p u l  an h a v i n g  a m p l i t u d e
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Qc i n  t h e  a b s e n c e  o f  i n t e r f e r i n g  p u l s e s  v l l l  be a l t e r e d  i n  t h e  
p r e t e n c e  o f  p u l s e  p i l e t i p  s u c h  t h a t  i t *  e f f e c t i v e  a m p l i t u d e  i *  A. The  
LBL a m p l i f i e r s  a*ed f o r  E x p e r i n e n t  723 e mp l oye d  u n i p o l a r  ( G a u s s i a n )  
p u l  so s h a p e r *  t o  t h a t  a l l  auc b  c o n t r i b u t i o n *  froei  p u l a e  p l l o u p  h a d  t h e  
e f f e c t  of  i n c r e a s i n g  t h e  a p p a r e n t  p e a k  e n e r g y ,  P ( A ; Q C) 1* t h o *  a e r o  
f o r  A < 0 C a nd  d e e r e a t e *  r a p i d l y  t o  z e r o  f o r  A > . S i n c e  n o s t
p n l a e *  a r e  n o t  s u b j e c t  t o  p l l e u p ,  moat  o f  t h e  i n t e g r a t e d  a r e a  of  
v i l l  b e  c o n c e n t r a t e d  i n  a D l r a c ~ d e l t *  f u n c t i o n  t e r m  j " ( A- Qc ) ,  
F o r  t h i *  a n a l y s i s ,  a f o n t
I I I . 4 - 6 )  P t A i Q ^ q , * )  -  5 ( A - { ^ )  + q t e x p U A - Q ^ / t f )  6 (  I  ) 1 /  I * I
i a  a s s u m e d ,  v h e r e  q l a  t h e  p o r t i o n  o f  e v e n t s  s u b j e c t  t o  p l l e n p  a n d  ^ 
i i  t h e  c h a r a c t e r i s t i c  l e n g t h  o f  t h e  e x p o n e n t i a l l y - s h n p e d  p i l c n p  t a i l .  
T h i a  f o r *  i a  c a l c n l a t i o n a l l y  c o n v e n i e n t  and  l a i  f o u n d  t o  be s u f f i c i e n t  
t o  d e s c r i b e  t h e  o b s e r v e d  h l g h a i d e  t a i l s .  The  d e t e c t o r  r e s p o n s e  
f u n c t i o n  Ri (Qc ; E j , , o- p r e v i o u s l y  d e r i v e d  n a y  be  c o n v o l u t e d  v i t h  
P t A j Q ^ q . y )  t o  g i v e  t h e  e x p e c t e d  r e s p o n s e  f u n c t i o n  w i t h  p i l e u p  
I n c l u d e d ,
I I I . 4 - 7 )  R3 <A;Ey , « r t X.1l .q»V} -  P ( A ; Q C •  R1 (QC ; Er  , <T ,A .* >
P l o t s  o f  r e p r c s e n t a t i v e  f u n c t i o n s  P a n d  a r e  s h o r n  i n  F i g u r e  2 3 - c .
I I I . 4 . 4  A a p l l f i e r  and APC N o i s e
A d e t a i l e d  s t u d y  b o t h  o f  i n  e x p e r i a e n t s l  a n d  a M o n t e - C a r l o  
s i m u l a t i o n  n a t u r e  shoved  t h a t  t h e  ADC r e s p o n s e  o v e r  l o c a l i z e d  r e g i o n s  
o f  i n p u t  v o l t a g e  bad  t h e  e f f e c t  of  H e a r i n g  t h e  v o l t a g e  by a  G a u s s l s n
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o f  FWflM o f  a b o u t  0 , 5  c h a n n e l  s .  The  o r d e r  o f  t h e  c o n v o l u t i o n s  i n  
e q u a t i o n  1 1 1 , 4 - 7  may be c ommut ed .  R a t h e r  t h a n  c o n v o l u t l n g  R^ by t he  
ADC r e s p o n s e  f u n c t i o n ,  t h e  ADC r e s p o n s e  f u n c t i o n  may be f i r s t  
c o n v o l u t e d  v i t h  t h e  G a u s s i a n  c h a r g e - p r o d u c t l o n  d i s t r i b u t i o n  
C ( Q ; E ^ , < r ) .  T h i s  r e s u l t s  i n  a s l i g h t  i n c r e a s e  o f  t h e  e f f e c t i v e  v a l u e  
o f  cr . l a  an i d e n t i c a l  m a n n e r ,  t h e  n o i s e  I n  t h e  a m p l i f i e r  s y s t e m  v t s  
a s s u m e d  t o  h a v e  a G a u s s i a n  f o r m ( c o n f i r m e d  by p u l s e r  t e s t s } ,  and  so  
may be  I n c l u d e d  I n  t h e  e f f e c t i v e  v a l u e  o f  o ' . S i n c e  o n l y  t he  
e f f e c t i v e  v a l u e  o f  c r  l a  a c t u a l l y  o b s e r v a b l e  i n  t h e  X - r a y  d a t a ,  t he  
a m p l i f i e r  n o i s e  and  ADC r e s p o n s e  f u n c t i o n s  a r e  n o t  i n c l u d e d  e x p l i c i t l y  
i n  t h i a  model  o f  t h e  d e t e c t o r  r e s p o n s e ,
1 1 1 , 4 , 5  F u n c t i o n a l  Form
A c o n s i d e r a b l e  m a t h e m a t i c a l  s i m p l i f i c a t i o n  r e s u l t s  i f  t h e  o r d e r  
o f  t h e  c o n v o l u t i o n s  i n  e q u a t i o n  I I I . 4 - 7  a r e  commuted so t h a t  
R3 «*P*V*C*1 be c ome s  R^-C* ( P * V * I ) ■ T h i s  s i m p l i f i c a t i o n  i s  due t o  t h e  
f a c t  t h a t  a  c o n v o l u t i o n  o f  two t r u n c a t e d  e x p o n e n t i a l s  i s  a l i n e a r  
c o m b i n a t i o n  o f  t h o s e  same t r u n c a t e d  e x p o n e n t i a l s .  S i n c e  t h e  s t e p  
f u n c t i o n  Q l a  t h o  l o n g - t a i l  l i m i t  o f  a t r u n c a t e d  e x p o n e n t i a l ,  t h e  
f i n a l  d e t e c t o r  r e s p o n s e  f u n c t i o n  (AjE^ , o '  , \  ,7\,,q#lf) may t h u s  be 
e x p r e s s e d  a s  a l i n e a r  c o m b i n a t i o n  o f  t e r m s  b a a e d  on t h e  e x p o n e n t  1a l -  
G a n s s i a n  c o n v o l u t i o n  D(A;Ey , o~ , fl) i n  w h i c h  t h e  a l l o w e d  v a l u e s  o f  p a r e
X.  X /  and some r a t h e r  a r b i t r a r y  b u t  v e r y  l a r g e  p o s i t i v e  number  LO,
S
t a k e n  f o r  t h i s  a n a l y s i s  t o  bo e q u a l  t o  2 x 1 0  , The  r e s u l t i n g  fo rm o f  
t h e  d e t e c t o r  r e s p o n s e  f u n c t i o n  i s :
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1 1 1 , 4 - 8 )  R j -  D(A;Ej , t r ,A> + ay D(A;E^,<T, X) + a ^  D(A»Ey, o-(tij) 
whe r e  *i ■ 1 + fc ] • [rr] • [ r ^ ]
uj *  I" w  _ *|
(A -w> |_ < X - U )  JV
and A -  f i n a l  o u t p u t  v a r i a b l e  
By _ c o n t r o i d  p a r a m e t e r
0~ — G a u a s l a n  w i d t h  p a r a m e t e r  ( e f f e c t i v e )
A ■ c h a r g e  t r a p p i n g  p a r a m e t e r  ( t a i l  l e n g t h )  
q  -  p i l e u p  t a i l  a m p l i t u d e  
K -  p i l e u p  t a i l  l e n g t h  
71 — Compton s h e l f  a m p l i t u d e
ty  *■ 2x10* "  Compton i h e l f  ' l e n g t h *
T h i » f u n c t i o n a l  f o r m i t  n o n o a l i i e d  t o  a t o t a l  a r e a  A“ ( 1 + T]iiJ) ( 1 + q) , 
w i t h  a p o r t i o n  ( 1+q)  due  t o  t h e  main p e a k  w i t h  p i l e u p  and a p o r t i o n  
TUiHl+q)  due t o  t h o  Compton i b e l f  w i t h  p i l e u p .  The e x p e r i m e n t a l  d a t a  
were  f i t t e d  t o  f u n c t i o n a l  f o r m a  f - { A m p ! 1t u d e ) R j . An a r e a  of 
( A u p l i t u d e ) ( 1 + q )  was  a t t r i b u t e d  t o  t h e  p e a k  f o r  t h e  p u r p o s e s  of  
e x t r a c t i n g  y i e l d s  f rom t ho  d a t a .
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I I I . 5 P a r a m e t e r ! s a t  1 on  o f  t h e  D e t e c t o r  R e s p o n s e  Fun ctIon
Th e  r e s p o n s e  o f  t h e  X - r a y  d e t e c t o r  s y s t e m  t o  m o a o e n e r g e t i c  
p h o t o n s  v i s  n o t  a s s u m e d  t o  be a c o n s t a n t  f r om r b n  t o  r u n ,  a l t h o u g h  i t  
was a s s u m e d  t h a t  t h e r e  w e r e  no s i g n i f i c a n t  d i f f e r e n c e s  b e t w e e n  t h e  
r e s p o n s e s  a s  r e c o r d e d  i n  t h e  CALON, RAW, and  TAGGED s p e c t r a  o f  a g i v e n  
r u n .  The s e q u e n c e  o f  s t e p s  u s e d  t o  e x t r a c t  a pa ramo t e r i x a t i o n  o f  t b c  
d e t e c t o r  r e s p o n s e  a s  a f u n c t i o n  o f  e n e r g y  was m o t i v a t e d  by t h e  
o b s e r v a t i o n  t h a t  t h e  d i f f e r e n t  n o n - G a u a s i a n  p a r a m e t e r s  a f f e c t e d  t h e  
f u n c t i o n a l  form i n  d i f f e r e n t  r e g i o n s .  The C o m p t o n - s h e l f  p a r a m e t e r  ' 
a f f e c t e d  a l m o s t  e x c l u s i v e l y  t b o  b a c k g r o u n d  on t h e  l o w - e n e r g y  s i d e  o f  
t h e  p e a k .  The  c h a r g o - t r a p p i n g  p a r a m e t e r  A a f f e c t e d  p r i m a r i l y  t h e  
c e n t r a l  p a r t  o f  t h e  d a t a  p e a k  a n d ,  t o  a l e s s e r  e x t e n t ,  i t s  l o w - e n e r g y  
wi n g .  The p u l s e  p i l e u p  p a r a m e t e r s  q a nd  Jf a f f e c t e d  p r i m a r i l y  t h e  
h i g h - e n e r g y  wi ng  a n d ,  t o  a  much l e s s e r  e x t e n t ,  t h e  c e n t r a l  p a r t  of  t h e  
d a t a  p e a k .  Th u s ,  p a r a m e t c r l r a t  i o n s  as  a f u n c t i o n  o f  t h e  c e n t r o i d  
c h a n n e l  number  N, w e r e  f i r s t  f o u n d  f o r  J], t h e n  f o r  q and 3f, t h e n  f o r  
A, and t h e n  f o r  t h e  G a u s s i a n  w i d t h  cr  . F i n a l l y ,  t h e  c e n t r o i d  c h a n n e l  
number  was  p a r a m e t e r i z e d  a s  a f u n c t i o n  o f  e n e r g y .
The  n o r m a l i s e d  X* o f  t h e  p o l y n o m i a l  f i t s  u s e d  t o  e x t r a c t  t h e s e  
p a r a m e t e r i i a t i o n e  f r e q u e n t l y  e x h i b i t e d  e i t h e r  a b n o r m a l l y  l a r g e  o r  
a b n o r m a l l y  s m a l l  v a l u e s .  T h i s  was  f o u n d  t o  be due i n  p a r t  t o  t h e  
une ve n  s p a c i n g  i n  e n e r g y  o f  t h e  c a l i b r a t i o n  X r a y s .  A commonly 
o b s e r v e d  c a s e  was t h a t  o f  a d a t a s e t  c o n t a i n i n g  a s u b s e t  o f  t h r e e  o r  
more  p o i n t s  w h i c h  w e r e  c l o s e l y  s p a c e d  i n  e n e r g y ,  one  of  wh i c h  d i f f e r e d  
s i g n i f i c a n t l y  i n  o r d i n a t e  v a l u e  f r o m  t h e  o t h e r s .  The  L e g e n d r e  
p o l y n o m i a l s  c o u l d  n o t  a c c o mmo d a t e  s u c h  r a p i d  v a r i a t i o n s  a s  a f a c t i o n
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□f the independent  v a r i a b l e ,  and the X suffered  badly i t  a r e m i t  
I n  e v e r y  o n e  o f  t b i t  t y p e ,  a p o l y n o m i a l  f i t t e d  t o  t h e  d a t a i e t  wi th  
t h e  s i n g l e  t r o u b l e e o n e  p o i n t  e x c l u d e d  d i d  no t  d i f f e r  s l g u i f i c a n t l y  
f r o m  t he  p o l y n o m i a l  f i t t e d  t o  t h e  e n t i r e  d a t a  s e t .  Aa a p r e c a u t i o n ,
A n o t h e r  commonly o b a e r v e d  caae  wa* t h a t  of  a d a t a a e t  c o n t a i n i n g  a 
■ n b a e t  of  t h r e e  or  more  p o i n t s ,  c l o s e l y  a p a c e d  I n  e n e r g y ,  ha v i ng  
o r d i n a t e  v a l u e *  whi ch  d i f f e r e d  by o o n t i d e r a b l y  l e a i  t h a n  t h e i r  
a t a t i a t i c a l  n n o e r t a i n t i e s . T h i i  r e a u l t e d  In a b n o r m a l l y  a s a l l  v a l u e s
t h e  i n t e m i  t i v i  t y  t o  t h e  p a r a m e t e r  v a l u e *  of  t he  d a t a  f i t s  f rom which 
t h e y  were  d e r i v e d  r a t h e r  t h a n  o f  any a c t u a l  v a r i a t i o n *  from p o i n t  t o  
p o i n t  of  t h e  p a r a m e t e r  v a l u e s ,
I I I . 5 . 1  C o m o t o n - S h e l f  P a r a m e t e r
I n  o r d e r  t o  e x t r a c t  a  p a r a m e t e r i z a t i o n  f o r 7 [  f rom a g i v e n  CALON 
s p e c t r u m ,  t h o  me t hod  o f  1 e a a t - a q u a r e  a w*a u s e d  t o  f i t  a l l  t he  
c a l i b r a t i o n  p e a k s  I n  t h a t  s p e c t r u m  w i t h  t h e  n o n - Ga u s s l a n  f u n c t i o n a l  
f o r m  c o m p l e t e  w i t h  Compton s c a t t e r i n g  a n d  p u l s e  p i l e u p .  When i l l  t he  
f i t t e d  p a r a m e t e r s  we r e  a l l o w e d  t o  v a r y  s i m u l t a n e o u s l y ,  s e v e r a l  of  the  
c a l i b r a t i o n  p e a k s  seemed t o  c ause  u n s t a b l e  b e h a v i o r  i n  t he  f i t t i n g  
a l g o r i t h m  eve n  when t h e  p a r a m e t e r  s t e p s  i r e  was s e v e r e l y  r e s t r i c t e d  i n  
a n  e f f o r t  t o  p r e v e n t  o s c i l l a t i o n s .  These  p a r t i c u l a r  p e a k s  were 
e x c l u d e d  f rom t h e  a n a l y s i s  i n  t h i s  f i r s t  s t e p .  Fo r  t h e  d a t a  o f  runs  
2A a nd  IB,  t h o  v a l u e s  o f  t h e  Comp t o n - s h e  1 f  p a r a m e t e r  7J o b t a i n e d  f rom
t h e  e r r o r  b a r s  o f  a l l  p a r a m e t e r i s a t i o n  f i t s  were  s c a l e d  by XVj /
w h e n e v e r  X f y  wa s  g r e a t e r  t h a n  one .  
I n  t h e s e  o a s e s ,  t h e  u n c e r t a i n ! ! e *  were r e p r e s e n t a t i v e  more  of
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t h e  r e m a i n i n g  p e a k s  f o r me d  a smooth a n r v e  and c o u l d  be f i t t e d  t o
L e g e n d r e  p o l y n o m i a l s  o f  up t o  s econd  o r d e r  i n  l o g i N , ) ,  where  N0 i s  t h e
c e n t r o i d  p a r a m e t e r  o f  t h e  f i t s .  The r e s u l t s  o f  t h e s e  f i t s  a r e  shown
i n  T a b l e  111 .  Fo r  t h e  d a t a  of r u n s  3 and 6,  t h e  v a l u e s  o f  t h e
C n m p t o n - a b e l f  p a r a m e t e r  7]_ d i d  n o t  form a smooth c a r v e  when p l o t t e d  a s  
a f u n c t i o n  of  . T h i s  p a r a m e t e r  was t h u s  i n c l u d e d  a s  a f r e e  v a r i a b l e  
i n  a l l  s u b s e q u e n t  f i t s  t o  t h e  GALON d a t a  o f  r u n s  3 and G. I t  was  n o t  
n e c e s s a r y  to i n c l u d e  a Compt ou- s he l  f  t e r m in any of  t h e  f i t s  t o  t b c  
RAW and TAGGED d a t a  owing t o  t h e i r  l o we r  s t a t i s t i c s  a n d  t o  t he  p o o r e r  
s i g n a l —t o —u o i s e  r a t i o  o f  t h e s e  d a t a s e t s  as  c ompar ed  t o  t h e  CALON 
d a t a s e  1 1 .
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TABLE XII  
C o m p t o n - a h e l f  P a r a m o t e r l t a t  i o n
1\ -  [*0 P. {X} + a l  Pt ( I )  + ml px U H / U J
whe r e  2[  l ag ( Ne } - l o g (3500]  ■ Cha nne l  number
I  —    .-----  in(j
{ l o g ( 6 6 0 0 ) - l o g ( 4 0 0 ) J LiJ “ 2 i l 0
Da t a  Se t Norm X* a0 ■ 1 *2
RPD2A0.SDH
D e t e c t o r  A 0 . 3 1 4 3 11 5 . 7 ±  5 . 0 - 1 0 4 . 8  ± 4 . 9 23 .5 ± 7 . 1
D e t e c t o r  B 0 . 0 0 9 3 9 9 . 8 ±  4 . 8 - 1 2 0 . 3  ± 4 . 6 ■56.9 ± 6 . 5
D e t e c t o r  C 0 . 0 4 6 3 6 1 . J ± 3 . 9 - 6  9 .1  ± 4 . 0 2 2 . 3  ± 5 . 4
&PB2B0. SUM
D e t e c t o r  A 0 . 4 6 6 6 123 .1 ± 6 . 1 - 1 1 3 . 2  ± 6 . 8 ——■-------
D e t e c t o r  B 0 . 0 0 2 4 13 7 . 5 ± 8 . 0 - 1 0 1 . 5  ±  8 . 6 -------------
D e t e c t o r  C 0 . 2 6 1 9 51 .3 ±  f i . J - 6 1 . 9  ± 7 . 7 3 7 . 2  ± 10 . 2
1 1 1 , 3 , 2  P u ls e  F i l e n p  Purgft j j .gr*
N e x t ,  *11 o f  t h e  c a l i b r a t i o n  d a t a  p e a k s  w e r e  f i t t e d  w i t h  v a l u e *  
f o r  t h e  C o m p t o n - s h e l f  p a r a m e t e r  f i x e d  t o  t h e  v a l u e s  d e t e r m i n e d  f rom 
t h e  p a r a m e t e r i z a t i o n  shown l a  T a b l e  X I I .  Al l  c a l i b r a t i o n  p e a k s  wh i c h  
s t i l l  e x h i b i t e d  u n s t a b l e  b e h a v i o r  wer e  a g a i n  e x c l u d e d ,  and t h e  
r e m a i n i n g  f i t s  w e r e  t hen  used  t o  o b t a i n  * p a r a m e t e r i x a t i o n  o f  t h e  
p u l s e  p i l e u p  p a r a m e t e r s  q and y .  Thos e  p a r a m e t e r *  w e r e  f i t t e d  t o  
L e g e n d r e  p o l y n o m i a l *  o f  up t o  s e c o n d  o r d e r  i n  ND. The r e s u l t s  o f
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t h e a e  f l t »  a r e  thovt i  I p T a b l e *  X I I I  and  XIV,
TABLE X I I I  
Pu l  ae P i l e u p  A & p l j t u d o  P a r a m e t e r i z a t i o n
q -  [»0 Pc ( I )  ■+ a l  ( I )  + *2 ( I J J / 1 0 0
where
X -
2 jNo- 3 5 0 0 ]
( 6 6 0 0 - 4 0 0 ]
and  K -  Channe l  D a u b e r
l i t Norm X ■0 l l
EPB2A0.SITK
D e t e c t o r  A 0.11471 4 . 3 3 i- 0 , 0 8 0 . 1 0 ± 0 . 11 ------- ------
D e t e c t o r  □ 0 . 2 9 7 2 4 . 2 8 t  D .13 0 . 1 5 ± 0 . 1 5 --------------
D e t e c t o r  C 4 . 8 3 2 9 5 . 0 9 ± 0 , 1 2 - 0 . 4 2 0 . 11 - 0 . 6 8  ±  0 . 1 5
RPD2RO.SUM
D e t e c t o r  A 1 - 3 5 0 9 4 . 7 3 L 0 , 2 4 0 , 5 0 ± 0 . 2  9 --------
Bo l e c t o r  B 0 . 1 4 7 B 4 . 8 5 ±  0 . 2 4 0 . 3 2 ± 0 . 2 9 - 0 . 8 5  ± 0 . 3 0
D e t e c t o r  C 0 , 3 4 3 2 4 . 6 5 ±  0 . 1 6 - 0 . 3 1 ± 0 . 1 8 - 0 , 5 4  t 0 . 2 0
gWD.SUH
D e t e c t o r A 0 . 4 5 4 9 3 . 86 ± 0 . 1 3 0 . 1 9 ± 0 . 1 4
Do l e c t o r n 0 . 6 5 7 2 3 . 9 8 0 . 1 1 0 . 2 4 1 0 . 1 1
D e t e c t  or c 3 . 8 2 6 4 4 . 2 4 t 0 . 1 1 - 0 . 5 2 ± 0 . 1 1
RAWWO. SUM
Dc t  e c t  or A 0 . 73B0 8 . 5 1 ± 1 .22 - 2 . 9 4 A 1 . 3 1
Be l e c t o r B 0 , 9 8 8 0 8 . 5 7 ±. 0 . 9 2 - 1  . 04 ± 1 . 1 4
D o t c c t o r C 0 . 9 9 8 7 6 . 4 8 1 . 0 9 - 1 . 3  5 i 1 . 3 1
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TABLE I I V  
P u l t e  P i l e u p  L e n g t h  P a r u n e t e r l z * t l o n
K -  i O P0 U )  ■» *1 P. ( I )  +■ a2 P (X)3-
• h e r e  2 [ N 6 - 3 5 0 0 ]
1 « ■■ and  N “ C h a n n e l  u t r abe r
[ 6 6 0 0 - 4 0 0 ]
B i l A  ULt  *0_______   *L
RFB2AQ.SUM
D e t e c t o r A 0 . 5 5 3 7 - 1 6  ,0B £ 0 . 5 2 0 . 11 £ 0 . 6 8
D o t c c t o r fi 1 . 0502 - 1 1 . 8 3 £ 0 . 5 0 1 . 6 7 £ 0 , 5 9
D o t c c t o r C 4 . 4 1 9 2 - 1 1 . 7 2 ± 0 . 3 1 - 3  .20 £ 0 . 3 9
- 1 . 5 3  ± 0 . 6 6
RPD2BO.SPM
D e t e c t o r A 0 . B756 - 1 2 . 9 6  £ 0 , 7 5 3 .53 ±Z 0 . 9 8
D e t e c t o r li 0 . 9 7 3 0 - 1 1 . 3 1  ± 0 . 6 9 - 0 . 7 2 £ 0 . 9 0
D o t c c t o r C 0 . 1 9 1 6 - 13  . 60  £ 0 . 6 6 - 1 . 6 7 £ 0 , 7 2
ttWO.SUH
D e t e c t o r  A 0 . 0 6 6 2 - 7 . 4 5 £ 2 . 3 4 - 0 . 9 6 £ 0 . 8 7 - 6 . 0 1  £
D e t e c t o r  fi 0 . 9 4 7 0 - B  . 39 ± 1 . 4 9 - 2 , 7 5 £ 1 . 1 8 - 7 . 7 2  £
D e t e c t o r  C 0 , 2 9 5 8 - 9 , 6 2 £ 1 . 06 - 3  .92 £ i .oe - 3 . 5 2  ±
HAWWQ. SUM
D e t e c t o r  A 6 . 0813 - 7 . 1 7 £ 0 . 8 4 - 3  .42 £ 1 . 17 -------------
D e t e c t o r  B 0 . 5 2 4 0 - 7 , 4 5 £ 0 . 6 2 - 1 . 9 9 £ 0 . 7 9 — -----
D e t e c t o r  C 0 . 0 0 0 9 - 6 . 9 8 £ 0 , 8 0 - 1 . 2 6 £ 1 . 0 0
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I I I , J , 3 ChAffl fl T r a p p i n g  P a r a m e t e r
I n  t h e  n e a t  a t o p ,  a l l  t ho  c a l i b r a t i o n  p e a l s  w e r e  a g a i n  f i t t e d ,  
t h i a  t imo v i t h  b o t h  t h o  C o m p t O b - a h e l f  and  t h e  p n l i e  p i l e u p  p a r a m e t e r *  
f i x e d  t o  v a l & Di  t a k e n  f r om t h e i r  r e s p e c t i v e  p a r a m e t e r i z a t i o n * , At 
t h i s  p o i n t ,  s t a b l e  f i t s  v o r c  o b t a i n e d  t o  a l l  t h e  c a l i b r a t i o n  p e a k * .  
T h e s e  f i t *  w e r e  n e e d  t o  p a r a m e t e r i z e  t h e  c h a r g e - t r a p p i n g  p a r a m e t e r  \ .
S e v e r a l  o f  t h e  c a l i b r a t i o n  p e a k s  c o l l e c t e d  bp d e t e c t o r  A 
e x h i b i t e d  n e g a t i v e  v a l u e *  f o r  X . A s e t  o f  s i m u l a t i o n *  wa s  c a r r i e d  
o u t  i n  w h i c h  f u n c t i o n a l  f o r m *  h a v i n g  s m a l l  v a l u e s  o f  X o f  e i t h e r  s i g n  
( I X  I < c r / 4 )  w e r e  u s e d  t o  g e n e r a t e  p s e u d o - r s n d o m i x e d  d a t a s e t s  w h i c h  
w e r e  t h e n  f i t t e d  by l c a s t - s q u a r e *  t o  t h e  t ame f o r m .  The maps o f  
—V s ~ \  g e n e r a t e d  by t h e s e  f i t s  w e r e  f o u n d  t o  h a v e  two m i n i m a ,  one
f o r  e a c h  s i g n  o f  t h e  f i t t e d  v a l u e  o f  X  . I t  was f o u n d  t h a t
s t a t i s t i c a l  f l u c t u a t i o n s  c o u l d  s o m e t i m e s  c a u s e  t h e  p r o p e r  minimum i n  
t h e  X* map t o  be  smoo t he d  o u t  t o  t h e  e x t e n t  t h a t  t h o  s p u r i o u s  minimum 
w o u l d  be s e l e c t e d  by t h e  f i t t i n g  a l g o r i t h m .  I n  t h e s e  o a s e s ,  i t  was
n o t  p o s s i b l e  t o  r e c o v e r  t h e  i n p u t  v a l u e  o f  X . I f  t h e  p r o p e r  minimum 
wa s  s e l e c t e d  b y  t h e  f i t t i n g  a l g o r i t h m ,  t h e  s i m u l a t i o n s  showed t h a t  t b c  
f i t t e d  v a l u e  o f  A was no more  s e n s i t i v e  t o  s t a t i s t i c a l  f l u c t u a t i o n *  
t h a n  was i n d i c a t e d  by t h e  a p p r o p r i a t e  e l e m e n t  o f  t h e  e r r o r  m a t r i x  o f
t h e  f i t .  T h e r e  a r e  s t r o n g  t h e o r e t i c a l  g r o u n d s  f o r  e x p e c t i n g  A t o  be 
e v e r y w h e r e  p o s i t i v e  { s e e  s e c t i o n  I I I . 4 . 1 ) .  T h i s  w a s ,  i n  f a c t ,  t h e  
c a s e  f o r  a l l  b u t  a few c a l i b r a t i o n  p o a k s .  T h e s e  e x c e p t i o n a l  d a t a  s e t s  
w e r e  a l l  c o l l e c t e d  by d e t e c t o r  A, whi ch  c o n s i s t e n t l y  showed t h e  
s m a l l e s t  v a l u e s  o f  I A. I • A l l  f i t s ,  t h e r e f o r e ,  v h l c h  r e s u l t e d  i n  
n e g a t i v e  v a l u e s  o f  A w e r e  e x c l u d e d  a s  i n p u t  t o  t h e  p a r e m e t c r i x a t i o n
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The v a l n e t  o f  X w e r e  f i t t e d  t o  L e g e n d r e  p o l y n o n l a l  a o f  up t o  
t e c c a d  o r d e r  i n  .  Th c  r e m i t *  o f  t h v i c  f i t e  a r e  t h o r n  i n  T a b l e  XV.
TABLE IV
C h a r g e  T r a p p i n g  P a r a m e t e r !  i a t  i on
A -
r h e r c
aO Pe ( I )  + *1 Pt  ( I )  -t a l  Pa (1>
2[N„ - 3 5 0 0 ]  
[ 6600- 400]
end Nc ** Channe l  n i m b e r
p a t *  t o t Hf lm *0 a l _ . . *2
J im  AO. SUM
D e t e c t o r  A 0 . 3 7 4 6 1 . 346 *■ 0 . 0 5 3 0 . 7 3 6  ± 0 . 0 7 6 --------------
D e t e c t o r  B 2 . 6 7 9 9 2 . 6 0 3  A 0 . 0 2 1 1 . 4 8 6  ± 0 . 0 2 3 - 0 . 1 5 2  t 0 . 0 2 7
D e t e c t o r  C 2 . 0 2 7 0 1 . 8 3 5  ± 0 . 0 2  5 1 . 0 7 5  ± 0 . 0 2 6 0 . 0 6 4  L 0 . 0 3 2
D e t e c t o r A 0 . 1 6 B 8 1 . 4 2 2 i 0 , 0 8 4 1 . 1 4 5 ± 0.1DB ---------- -------—
D e t e c t o r B 1 . 4 2 2 8 2 . 5 4 7 0 . 0 3 0 1 . 4 2 5 0 . 0 3 7 I o * 1-4 M t-i i 0 . 0 4 0
D e t e c t o r C 0 . 5 9 4 7 1 . 9 6 0 ± 0 . 0 3 9 1 . 1 7 6 ± 0 . 0 3 6 0 . 1 9 0 i: 0 . 0 4 6
CTO.SUM
De t e c t o r A 0 . 8 3 1 3 1 . 8 1 7 ± 0 . 2 0 5 1 . 0 7 3 0 . 2 1 5
Do t e c t o r B 0 . 6 3 1 7 2 . 4 4 9 ± 0 . 0 2 1 1 . 3 5 1 0 . 0 2 2
D e t e c t o r C 0 . 9 3 5 6 2 . 4 9 3 ± 0 . 0 2 4 1 . 6 3 5 0 , 0 2 5
RAWTO. SDH
D e t e c t o r A 0 . 2 1 1 8 1 . 6 7 6  ± 0 . 0 9 7 0 . 1 9 3 0 . 1 4 9
D e t e c t o r & 3 . 1 9 8 4 2 . 4 0 9  ± 0 . 0 5 2 1 . 0 0 7 ± 0 . 0 6 8
D e t e c t o r C 1 . 3 2 3 3 1 . 4 6 3  ± 0 . 0 8 9 0 . 0 9 3 ± 0 . 1 4 2
Page 127
I I I . 5 . 4  G a n s t l a n  Wid t h  F a r a n c U r
The G a u s s i a n  w i d t h  p a r a m e t e r  cr m  p a r a m e t e r i s e d  by f i t t i n g  a l l  
t h e  c a l i b r a t i o n  d a t a  p e a l *  w i t h  a l l  of  t h e  n o n - G a n i s i a n  p a r a m e t e r s  
(At*l ,q,K)  f i r e d  a t  t h e i r  p a r a m e t e r i r e d  v a l u e  s .  Tho r e s u l t i n g  v a l u e s  
o f  <r were  f i t t e d  t o  L e g e n d r e  p o l y n o m i a l *  o f  up t o  s e c o n d  o r d e r  i n  Nr, , 
The r e s u l t s  o f  t b e s e  f i t s  a r c  shown i n  T a b l e  XVI.
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TABLE XVI 
G a u a i i a n  W i d t h  P a r a m e t e r I z a t i o n
• h e r e
r  -  i 0  P  ( I )  + *1 P ( I )  + i 2  P (X)C i 3
I  -
2(NU - 3 5 0 0 ]  
( 6 6 0 0 - 4 0 0 ]
and N C h a n n e l  c t m b t r
P*t* Norm lC M .
RP02AO. SUM
D e t e c t o r  A 2 . 0984 4 . 7 0 9 0 . 0 0 4 1 . 2 3 4 0 . 0 0 5 - 0 . 0 9 7 0 . 004
D e t e c t o r  & 2 , 1865 4 . 5 0 1 ± 0 . 0 0 4 1 . 1 5 2 ± 0 . 0 0 5 - 0 . 0 5 3 ± 0 . 0 0 5
D e t e c t o r  C 1 0 , 6 1 4 2 4 . 9 3 2 ± 0 . 0 0 3 1 . 3 6 1 ± 0 . 0 0 4 - 0 . 1 1 1 ± 0 . 004
RPB2B0 .SUM
D e t e c t o r  A 6 . 1 5 5 6 4 . 7 1 9 ± 0 . 0 0 6 1 . 14B ± 0 . 0 0 6 - 0 . 1 2 4 i 0 . 0 0 8
D e t e c t o r  B 6 . 1167 4 . 3 5 1 * 0 , 0 0 7 1 . 1 9 0 ± 0 . 0 0 9 - 0 . 0 7 2 0 . 0 0 9
De t  e e t  o r  C 2 . 5 4 2 4 J . 0 1 1 ± 0 . 0 0 6 1 . 3 7 1 i- 0 . 0 0 7 - 0 . 1 6 2 0 . 007
RWO.SUH
D e t e c t o r  A 0 . 2 8 7 2 4 . 7 7 9 ■t 0 . 0 1 7 1 . 2 8 6 i 0 . 0 0 5 - 0 . 1 2 9 d 0 . 0 1 9
D e t e c t o r  B 1 . 0 9 9 0 4 . 6 5 0 ± 0 . 0 2 0 1 . 2 5 3 1- 0 . 0 0 5 - 0 . 1 0 2 d 0 . 0 2 2
D e t e c t o r  C 3 . 4 3 9 9 3 . 0 3 1 ± 0 . 0 1 2 1 . 4 1 2 d 0 . 0 0 3 - 0 . 1 0 8 ± 0 . 013
RAfWO.SUH
D e t e c t o r  A 1 . 56 81 4 .737 0 . 0 1 0 1 . 485 d 0 . 0 1 4 - 0 . 0 6 7 1 0 . 016
D e t e c t o r  B 8 . 3 3 4 3 4 . 7 7 8 d 0 . 0 1 0 1 . 3 3 5 i. 0 . 0 1 2 - 0 . 0 5 9 i 0 . 0 1 4
D e t e c t o r  C 1 . 1 2 1 0 4 . 7 7 9 0 . 0 0 6 1 . 4 4 9 ± 0 , 0 1 1 - 0 . 0 6 9 d 0 . 0 1 2
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I I I . 5 . 5  E n e m y  Cal  i b r a t i o n
F i n a l l y ,  a l l  t h e  c a l i b r a t i o n  d a t a  p e a k *  v e r t  f i t t e d  v i t h  t he  
G a u s s i a n  w i d t h  <x" a n d  a l l  n o n - G a u s s t a n  p a r a m e t e r *  ,11 , q ,  if) f i x e d  a t  
t h e i r  p a r a m e t e r i z e d  v i l o o t .  The r e t a i l i n g  v a l u e s  o f  t h e  c e n t r o i d  
p a r a m e t e r  Kc v e r t  f i t t e d  t o  L e g e n d r e  p o l y n o m i a l s  o f  up t o  f o u r t h  o r d e r  
i n  e n e r g y ,  p r o v i d i n g  a n  e n e r g y  c a l i b r a t i o n  f o r  e a c h  o f  t h e  CALON 
h i  t t n g r a m i . The  r e s u l t *  o f  t h e s e  f i t s  a r e  shown i n  T a b l e  I V l I ,
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TABLE IV11 
Energy Parmneter i rmt lon
Nt -  iO P ( I )  + ml P( ( I )  t  i 2  P  ^ ( I )  + >3 ( I ]  + m4 Pv <I)
■ h e r e  2 ( E n e r g y  -  400 keV]
X -  -----------------------------------
[ 7 0 0  keV -  100 koVl
RPB2A0,SUH D c t f o t o r  B fi9.t9Sj.2X C
Nora  X* 1 . 02 1 2 0 . 6 3 6 3 1 . 87 2 4
*0 3 5 9 4 . 6 1 0  ±  0 . 0 1 1 3 5 9 5 . 4 1 5  ±  0 . 013 3 5 9 4 . 129  * 0 . 0 1 2
ml 3 3 3 6 . 3 4 7  A 0 . 0 1 9 3 3 3 7 . 4 4 2  ±  0 . 021 3 3 3 7 . 0 1 2  ± 0 . 0 2 0
m2 - 0 . 6 J 7  ±  0 . 0 2 3 - 0 . 8 4 4  ± 0 . 0 2 5 0 . 0 3 3  ±  0 . 0 2 4
m3 - 0 . 3 1 4  ±  0 . 0 2 9 - 0 . 2 2 5  ±  0 . 0 3 1 - 0 . 4 9 2  ±  0 . 0 3 0
•4 ------------ - --------------- 0 . 9 0 0  *  O.OSB 0. 311  ±  0 . 052
RPB2B0 .SUM D e t e c t o r  A P e j ^ c t o r  0 Pft.tftCtPr C
Norn X a 0 . 6 5 3 0 0 . 5 3 3 9 0 . 0436
mO 3 5 9 4 . 7 0 9  ±  0 . 0 1 4 3 5 9 5 , 2 7 7  ±  0 . 0 1 8 3 5 9 4 . 195  i  0 . 016
ml 3 3 3 6 . 84 3  ±  0 . 0 2 5 3337 .385 ±  0 . 0 2 7 3 3 3 7 . 132  ±  0 . 0 2 5
m2 - 0 . 7 5 3  ±  0 . 0 2 8 - 0 . 6B 3  i  0 . 0 3 2 0 . 2 0 7  t  0 . 0 2 9
■3 - 0 . 5 2 1  ±  0 . 0 4 1 - 0 . 3 2 1  ± 0 . 0 4 5 - 0 , 4 0 6  ± 0 .041
m4 --------------— — — 0 . 6 7 3  i  0 . 0 0 8 0 . 6 2 7  ±  0 .075
KWO.SUH D e t e c t o r  A D e t e c t o r  B f i i . t e e t e r  C
Norn X1 4 .3394 0 . 7 7 2 3 11 . 0663
m 0 3 5 9 4 . 98 2  ±  0 . 0 1 3 3 5 9 5 . 1 5 7  ± 0 . 0 1 6 3 5 9 4 . 81 8  1 0 . 013
ml 3 3 3 6 . 81 6  ±  0 . 0 2 1 3 3 3 7 . 3 0 7  ± 0 . 0 2 3 3 3 3 7 . 761  1 0.021
m2 " 0 . 5 2 0  ±  0 . 0 2 6 - 0 . 6 0 4  ±  0 . 0 2 9 - 0 . 2 0 5  ± 0 . 02 4
m3 - 0 . 4 1 6  ±  0 . 0 3 4 - 0 , 2 1 6  ± 0 . 0 4 0 - . 7 0 4  ± 0 . 0 3 2
m4 0 . 0 9 9  ±  0 . 0 5 3 0 . 9 0 9  ± 0 . 0 6 1 0 . 3 9 6  1 0 . 052
RAW10, SUM D e t e c t o r  A Bft.tft.9ifJ: B D4.tft.ct9r C
Nor n  X-* 4 .8690 1 . 8 9 2 4 3 , 29 5 9
mO 3 5 92 . 0 4 6  ±  0 , 0 1 9 3 5 9 3 . 33 3  =t 0 . 0 1 7 3591 . 813  ±  D,016
ml 3 3 3 6 , 46 4  ± 0 . 0 2 8 3 3 3 7 . 00 3  i  0 . 0 2 6 3335 . 863  ±  0 . 0 2 5
m2 0 . 2 4 7  ± 0 . 0 2 9 - 0 , 8 0 6  ± 0 . 0 2 7 - 0 . 3 0 2  ±  0 . 026
m3 - 0 . 4 3 7  ±  0 , 0 3 2 - 0 . 0 7 6  1 0 . 0 2 9 - 0 . 5 1 9  =t 0 . 0 2 8
•4 1 . 9 3 6  ± 0 . 1 3 0 1 . 017 ±  0 . 1 1 5 0 . 45 6  ±  0 . 1 1 2
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I I I . 6 Do t o r m i n a  t i o n  f i l  D e t e c t o r  R e l a t i v e  E f f i c i e n c y
D u r i n g  t h e  summer f o l l o w i n g  t h e  1982 r u n n i n g  p e r i o d ,  c a l i b r a t i o n  
d s t s s c t a  w e r e  c o l l e c t e d  i n  a n  a t t e m p t  t o  m e a s u r e  the r e l a t i v e  
d e t e c t i o n  e f f i c i e n c y  aa  a f u n c t i o n  o f  p h o t o n  e n e r g y  of  each o f  the 
t h r e e  X - r a y  s p e c t r o s c o p y  s y s t e m * .  S p e c t r a  were  c o l l e c t e d  f r o n  ■ 
□ a m b e r  o f  K - r a y  t o a r c s i  ( 7^ S e ,  ,33Ba.  * ^ E u .  ^ ^ I r )  c e n t e r e d  1 2  c d
a bo v e  t h e  n p p e r  f a c e  o f  t h e  vacuum J a c k e t  s u r r o u n d i n g  the  d e t e c t o r  
a r r a y .  Each  s o u r c e  e m i t t e d  s e v e r a l  I f - r a y  l i n e *  c o v e r i n g  a r a n g e  of 
e n e r g i e s .  The i n t e n s i t y  o f  e a c h  l i n e  f rom a g l v o n  source  r e l a t i v e  to 
t h e  o t h e r  l i n o *  f r o n  t h o  same s o u r c e  was  a v a i l a b l e  f rom the  l i t e r a t u r e  
[ 8 6 ] ,  The  r e l a t i v e  d e t e c t o r  e f f i c i e n c i e s  a t  t h e  e n e r g i e s  o f  t he  
s o u r c e  l i n e *  c o u l d  t h u s  be d e t e r m i n e d  f o r  each s o n r c o ,  wi t h  one f r e e  
n o r m a l i s a t i o n  p a r a m e t e r  f o r  t h e  e f f i c i e n c y  s e t  o f  cacb  s o u r c e .
The  n o r m a l i s a t i o n  o f  t h e  I3JB* e f f i c i e n c y  a c t  was a r b i t r a r i l y  
c h o s e n  so t h a t  t h e  e f f i c i e n c y  a t  t h e  356 keV l i n e  was u n i t y .  The 
n o r m a l i i a t l o n a  o f  t h e  o t b e r  e f f i c i e n c y  s o t s  were  a l l o w e d  t o  v a r y  a t  
f r e e  p a r a m e t e r s  i n  a f i t  o f  t h e  combi ned  e f f i c i e n c y  s e t a  t o  t h e  form 
l n ( e ) - p o l y n o m i a l  i n  c h a n n e l  n u m b e r .  The r e s u l t s  o f  t h e s e  f i t s  a re  
shown i n  T a b l e  X V I I I .  F i g u r e  24 shows a p l o t  of  a r e p r e s e n t a t i v e  
e f f i c i e n c y  c u r v e  ( t h a t  o f  d e t e c t o r  B) and  t h e  d a t a  p o i n t s  f rom which 
I t  i s  d e r i v e d .
P a g e  132
TABLE I V I I I
D e t e c t o r  R e l a t i v e  E f f i c i e n c y  P a r a m e t e r i z a t i o n
l n ( e )  -  aO PB (X) + • !  Vx <X> ■+ >2 Pa ( X )
whe r e  2 [ Ene rgy  -  400  toVj
1 -  -----------------------------------
[ BOO keV -  400 koVl
Lt a  a c t Ngrp aO J l .
D e t e c t o r  A 1 . 3958
D e t e c t o r  B 1 , 2 5 8 4
D e t e c t o r  C 2 . 0 1 7 1
- 0 . 1 8 3  ± 0 . 014  
- 0 . 1 4 7  ±  0 ,013 
- 0 . 1 7 0  ±  0 .013
-1.171 ±  0 . 0 2 8  
' 1 . 09 2  ±  0 . 0 2 6  
■1.124 ±  0 . 0 2 5
0 . 3 3 6  ±  0 . 017  
0 . 3 7 3  ±  0 . 01 7  
0 . 3 3 7  ±  0 . 01 6
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I I I . 7 Do term Inn H o n  d  T a r a e t  T r a n s m i s s i o n
1 1 1 . 7 , 1  Measur ement  o f  T a r a e t  T r a n s m i s s i o n
A l t h o n g b  s e v e r a l  a t t e m p t *  we r e  made o v e r  t h e  aummer o f  19B2,  no 
good g e n e r a l  me t hod  c o u l d  be f ound  to  m e a i u r e  e x p e r i m e n t a l l y  t h e  
a v e r a g e  a t t e n u a t i o n  o f  I - r a y  i n t e n s i t i e s  due t o  p h o t o n  a b s o r p t i o n  
w i t h i n  t h e  t a r g e t  a s s e m b l y .  The moat  c o n v i n c i n g  a t t e m p t  r e s u l t e d  when 
a r e p l i c a  o f  t h e  l e a d  t a r g e t  waa p o s i t i o n e d  a b o v e  t he  d e t e c t o r  i n  a 
r c - c r e a t i o n  o f  t h e  e x p e r i m e n t a l  g e o m e t r y .  The s o u r c e *  u s e d  f o r  t h e  
m e a s u r em e n t  o f  t h e  d e t e o t o r  r e l a t i v e  e f f i c i e n c y  ( s e e  S e c t i o n  I I l . f i )  
were  s a n d w i c h e d  one a t  a t i me  b e t w e e n  two s ma l l  p i e c e s  o f  l e a d  f o i l  
h a v i n g  t h i c k n e s s e s  e a c h  o n e - h a l f  t h a t  o f  t he  t a r g e t  s h e e t s .  The e d g e s  
o f  t h i s  s o u r c e  s an d wi c h  were  c r i mp e d  c l o s e d  t o  s i m u l a t e  a s o u r c e  o f  X 
r a y s  o r i g i n a t i n g  f rom w i t h i n  a t a r g e t  s h e e t .
An e n e r g y  s p e c t r u m  was c o l l e c t e d  f o r  each  o f f i c i e n c y - c a l i b r a t i o n  
s o u r c e  w i t h  t h e  s o n r o e - f u l l  sandwi ch  p o s i t i o n e d  a t  a number  o f  p o i n t *  
s c a t t e r e d  t h r o u g h o u t  t h e  i n t e r f o i l  s p a c e s  o f  t h e  r e p l i c a  t a r g e t .  The 
c o l l e c t i o n  t ime  a t  e a c h  s o u r c e  l o c a t i o n  waa c h o s e n  t o  s i m u l a t e  t h e  
d i s t r i b u t i o n  o f  E~ s t o p p i n g  w i t h i n  t h e  t a r g e t ,  a s  d e t e r m i n e d  by a 
M o n t o - C a r l o  c a l c u l a t i o n .  Wi th t h e  p r o p e r  c h o i c e  o f  n o r m a l i s a t i o n ,  t h e  
r a t i o  o f  t h e  r e l a t i v e  e f f i c i e n c y  me a s u r e d  w i t h  t he  mock t a r g e t  i n  
p o s i t i o n  t o  t h a t  m e a s u r e d  w i t h  no i n t e r v e n i n g  m a t e r i a l  ( a s  i n  S e c t i o n  
111 , 6 )  a g r e e d  w i t h i n  t he  e r r o r s  o f  t he  m e a s u r e m e n t  w i t h  t h e  
t r a n s m i s s i o n  c u r v e  c a l c u l a t e d  by a M o o t e - C a r l o  c o mp u t e r  s i m u l a t i o n  o f  
t h e  X - r a y  p r o d u c t i o n  a nd  d e t e c t i o n  p r o c e s s .
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Si nce  t o n g s t e n  I s  t oo  b r i t t l e  t o  be formed i n t o  a sandwich 
s o u r c e ,  t h e  a n a l y s i s  o f  t he  t u n g s t e n  d a t a  r e l i e d  on the  M o n t e - C a r l o  
c a l c u l a t i o n  o f  t a r g e t  t r a n s m i s s i o n .  F o r  c o n s i s t e n c y  i n  t he  a n a l y s i s ,  
t h e  e x p e r i m e n t a l  measurement  of  t h e  l e a d  t r a n s m i s s i o n  c u r v e s  d e s c r i b e d  
a b o v e  were r e g a r d e d  a s  a check on t h e  M o n t e - Ca r l o  c a l c u l a t i o n .  Only 
t h e  t r a n s m i s s i o n  c u r v e s  d e t e r m i n e d  by t he  M o n t e - C a r l o  c a l c u l a t i o n  were  
a c t u a l l y  used  i n  t he  a n a l y s i s .
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I I I . 7 . 2  C a l c u l a t i  on of  T a r a e t  T r a n a w l s a l o n
The c a l c u l a t i o n  of  t ho  t a r g e t  t r a n a m i a  a i o n  waa b r o k e n  i n t o  t h r e e  
s e p a r a t e  s t e p s ,  e a c h  of  w h i c h  * a i  c a r r i e d  o u t  by a M o n t e - C a r l o  m e t h o d .  
F i r s t l y ,  t h e  d i s t r i b u t i o n  o f  E ~  s t o p p i n g  i n  t h e  t a r g e t  v a t  c a l c u l a t e d  
f o r  i n c i d e n t  K” c h a r a c t e r i s t i c  o f  t h e  bo am d e l i v e r e d  t o  t h e  C4 
e x p e r i m e n t a l  s t a t i o n .  S e c o n d l y ,  t h e  d i s t r i b u t i o n  was c a l c u l a t e d  o f  
t h o s e  wh i c h  we r e  p r o d u c e d  by the  s t o p p i n g  k a ons  and wh i c h
s u b s e q u e n t l y  came t o  r e s t  In  one  o f  t h e  t a r g e t  f o i l s .  F i n a l l y ,  t h e  
d i s t r i b u t i o n s  o f  t h o s e  E '  and  3D whi ch  s t o p p e d  i n  t a r g e t  f o i l s  w e r e  
t a k e n  as  s o u r c e  d i s t r i b u t i o n s  f o r  i s o t r o p i c  X - r a y  e m i s s i o n ,  a nd  t h e  
p r o b a b i l i t y  t h a t  a g i v e n  p h o t o n  wou l d  a r r i v e  u n a b s o r b e d  a t  one  o f  t h e  
t h r e e  I - r a y  d e t e c t o r s  was c a l c u l a t e d  as  a f u n c t i o n  o f  e n e r g y  and  t h e n  
a v e n g e d  o v e r  t h e  s ou r c e  d i s t r i b u t i o n .
The M o n t e - C a r l o  method o f  c a l c u l a t i o n  r e l i e s  h e a v i l y  on t h e  
g e n e r a t i o n  o f  a p s e u d o - r a n d o m  s e q u e n c e  o f  n u m b e r s .  An a l g o r i t h m  f o r  a  
3 2 - b i t  c o n g r u e n c e  g e n e r a t o r  [ 9 5 ]  was  t e s t e d  a nd  f ound  t o  h a v e  no 
s i g n i f i c a n t  n o n - r a n d a n  b e h a v i o r  o v e r  a  w i d e  r an g e  o f  i n i t i a l  s e e d  
v a l u e s .  T h i s  s i n g l e  a l g o r i t h m  was  u s e d  f o r  a l l  p s e u d o - r a n d o m ! t a t  1 on 
p r o c e d u r e s  c a r r i e d  out  w i t h i n  t h e  v a r i o u s  M o n t e - C a r l o  c a l c u l a t i o n s .  
I n  t h e  d i s c u s s i o n  t h a t  f o l l o w s ,  t h e  g e n e r a t i o n  by t h i s  a l g o r i t h m  o f  a 
p a u e d o - r a n d o m  p e r t u r b a t i o n  t o  one  o f  t h e  s t a t e  c o n s t a n t s  i t  r e f e r r e d  
t o  a s  a r a n d o m i s a t i o n ,  w i t h  t h e  p r e f i x  ’p s e u d o - '  I m p l i e d .
A l l  t h r e e  s t e p s  of  t he  c a l c u l a t i o n  u s e d  t h e  same r e p r e s e n t a t i o n  
o f  t h e  e x p e r i m e n t a l  a r r a n g e me n t  w h e r e i n  t h e  vo l u me  of  t h e  e x p e r i m e n t a l  
a r e a  was d i v i d e d  I n t o  a number  o f  homogeneous  r e c t i l i n e a r  vo l ume
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e l e m e n t !  c o r r e s p o n d i n g  t o  t h e  v a r i o u s  e z p e r i m e n t a l  c omp o n e n t s .  The 
• t o p p i n g  d i s t r i b u t i o n s  w e r e  c a l c u l a t e d  w i t h  t ho  h e l p  o f  •  c o m p u t e r  
s u b r o u t 1 no c e l l e d  GEOH wh i c h  s i m u l a t e d  t h e  p a s s a g e  o f  e n e r g e t i c  
c h a r g e d  p a r t i c l e s  t h r o u g h  a homogeneous  m a t e r i e l  medium,  and whi ch  
i n c l u d e d  r a n d o m i z e d  t r e a t m e n t *  o f  l a t e r a l  d r i f t ,  t r a n a v e r a c
s c a t t e r i n g ,  e n e r g y  l o s s  and s t r a g g l i n g .  p a r t i c l e  d e c a y ,  and i n e l a s t i c  
n u c l e a r  r e a c t i o n s  bo tween t h e  p a r t i c l e  and t h e  n u c l e i  o f  t he  m a t e r i a l  
medi um.
A g e n e r a l  me t h o d  of  s i m u l a t i n g  the  a b s o r p t i o n  o r  decay  o f  a
p a r t i c l e  was d e v i s e d  wh i c h  v a s  t hen  c u s t o m i z e d  f o r  t h o s e  p a r t i c l e s
r e c o g n i z e d  by t h e  K o o t e - C a r l o  s o f t w a r e  p a c k a g e  v h i c h  unde r go  such
^  ± ^ "i
r e a c t i o n s  (it , p , £  , <* ) .  T h i s  r e i u l t e d  i n  a a c t  o f  s u b r o u t i n e s ,
one f o r  each  t ype  o f  p a r t i c l e ,  v h i c h  s e l e c t e d  a t  random an outcome
from t h e  p o s s i b l e  r e a c t i o n  p r o d u c t s .  The s t a t i s t i c a l  w e i g h t  o f  e a c h  
out come was d e t e r m i n e d  by t h e  b r a n c h i n g  r a t i o  o f  t h e  p r o c e s s  i n v o l v e d  
177] .
A l l  o f  t he  p r o c e s s e s  p e r t i n e n t  t o  t h o s e  M o n t e - C a r l o  c a l c u l a t i o n s  
had  t v o - b o d y  f i n a l  s t a t e s  o i c e p t  f o r  t h e  t h r e e - b o d y  d e c a y  o f  muons .  
I n  t h e  c a t e  o f  a t wo - b o d y  f i n a l  s t a t e ,  t h e  t o t a l  c e n t e r - o f - m a s s  e n e r g y  
a v a i l a b l e  t o  t he  r e a c t i o n  was d i v i d e d  b e t w e e n  the  r e a c t i o n  p r o d u c t s  
a c c o r d i n g  t o  t he  k i n e m a t i c a l  r e l a t i o n s h i p s  [ 77 ]  :
E -  (E* +n£ -m* ) / 2E  
I I I . 7 - 1 )  3 where E -  E, + E
Bt  -  (E +«*-■’ ) / 2 E
The momenta t h u s  d e t e r m i n e d  f o r  t h e  r e a c t i o n  p r o d u c t s  wer e  a s s i g n e d
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o p p o s i t e  d i r e c t i o n !  I n  a r a n  don o r i e n t a t i o n  w i t h i n  t h e  CM f r u a .
The t h  r e  embody c u e  of  noon  decay  v i e  t r e a t e d  somewhat  
d i f f e r e n t l y .  In  t h e  CM f r a me ,  t h e  energy  o f  t h e  de c ay  e+ o r  c a a i  
s e l e c t e d  r andoml y  frcm a d i a t r i b n t l o n  r e p r e a o n t a t l v e  o f  t he  Miche l  
s p e c t r u m  [ 9 6 ] .  The r e s u l t i n g  momentum of t h e  e^ o r  e~ waa a s s i g n e d  a 
random d i r e c t i o n .  The r e m a i n i n g  two p a r t i c l e * ,  b e i n g  n e u t r i n o * ,  wer e  
u n d e t e c t e d  in  t he  e x p e r i m e n t  and 10 v e r e  i g n o r e d  hy t h e  M o n t e - C a r l o  
s o f t w a r e ,  I n  b o t h  t h e  t wo- body  and t h e  t h r e e  " b o d y  c a a e i ,  t h e  e n o r g y -  
moaentum f o u r - v e c t o r s  of  a l l  p e r t i n e n t  r e a c t i o n  p r o d u c t s  v e r e  
t r a n s f o r m e d  ba c k  t o  t b e  l a b o r a t o r y  f rame and  t h e n  v e r e  ua c d  t o  
i n i t i a l i s e  t he  a p p r o p r i a t e  fonr~momentum v a r i a b l e s  i n  t h e  M o n t e - C a r l o  
s o f t w a r e  p a c k a g e .
I n  o r d e r  to c a l c u l a t e  t he  d i s t r i b u t i o n s  o f  E and £  v h i c h  
s t o p p e d  i n  t he  t a r g e t  f o i l * ,  s u b r o u t i n e  GEOM v a a  used  t o  p r o j e c t  t he  
p a t h  t h r o u g h  t he  e x p e r i m e n t a l  a r r a n g e m e n t  of a r a n d o m i ze d  d i s t r i b u t i o n  
of  i n c i d e n t  E r e p r e s e n t a t i v e  o f  t h e  beam d e l i v e r e d  by t h e  AGS 
f a c i l i t y .  The L o c a t i o n s  o f  t hos e  E wh i ch  s t o p p e d  in a f o i l  o f  t he  
higfa-Z t a r g e t  m a t e r i a l  were  t a b n l a t e d .  I n  a d d i t i o n ,  t h e  r e a c t i o n -  
s i m o l a t i n g  a l g o r i t h m  was  a p p l i e d  t e n  t i m o s  a t  t h e  l o c a t i o n  o f  e a c h  K 
which s t o p p e d  w i t h i n  t h e  t a r g e t  vo l ume .  Fo r  e a c h  a p p l i c a t i o n  wh i c h  
r e s u l t e d  i n  t he  s i m u l a t e d  p r o d u c t i o n  of  a £  , s u b r o u t i n e  GEOH was  
u s e d  t o  p r o j e c t  t h e  p a t h  of  t h e  £  t h r ough  t h e  t a r g e t  a s s e m b l y .  The 
l o c a t i o n *  o f  t hos e  £  w h i c h  s t o p p e d  i n  a f o i l  o f  t h e  h i g h —Z t a r g e t  
m a t e r i a l  we r e  t a b u l a t e d .
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The t r a o u l  t a l o n  p r o b a b i l i t y  c u r v e  f o r  a g i v e n  s t o p p i n g  
d i s t r i b u t i o n  va a  c a l c u l a t e d  by c h o o s i n g  40 r andom d i r e c t i o n s ,  
d i s t r i b u t e d  i s o t r o p i c a t l y , f o r  e a c h  o f  t h e  l o c a t i o n s  r e c o r d e d  a s  p a r t  
o f  t h e  d i s t r i b u t i o n .  P r o j e c t i o n s  v e r e  b a d e  a l o n g  t h e  r a y *  s o  d e f i n e d  
t o  d e t e r m i n e  w h e t h e r  o r  n o t  t h e y  wou l d  I n t e r s e c t  t h e  a c t i v e  vo l u me  o f  
one  o f  t h e  t h r e e  X - r a y  d e t e c t o r  c r y s t a l s .  The t y p e s  a nd  t h i c k n e s s e s  
o f  a l l  m a t e r i a l  t r a v e r s e d  w e r e  t a b u l a t e d  f o r  t h o s e  r a y s  w h i c h  d i d  
I n t e r s e c t  a d e t e c t o r  c r y s t a l ,
F o r  e a c h  d e t e c t o r ,  a h i s t o g r a m  was d e f i n e d  w h i c h  had  two r e a l -  
v a l n o d  b i n s ,  one f o r  v a l u e s  a nd  one  f o r  t h e  s q u a r e s  o f  t h e  v a l u e s .  
Each  b i n  p a i r  was  a s s i g n e d  a n  e n e r g y  r a n g e  d e t e r m i n e d  by t h e  b i n  i n d e x  
and by t h e  b i n w i d t h  and o f f s e t  s t o r e d  i n  t h e  h i s t o g r a m  h e a d e r .  The 
t r a n s m i s s i o n  p r o b a b i l i t y  f o r  e a c h  p h o t o n  p a t h  wh i c h  i n t e r s e c t e d  a 
d e t e c t o r  c r y s t a l  was c a l c u l a t e d  a t  e a c h  e n e r g y  o f  t h e  g r i d  d e f i n e d  by 
t h e  h i s t o g r a m  f o r  t h a t  p a r t i c u l a r  d e t e c t o r .  The p h o t o n  m a s s -  
a t t e n u a t i o n  c o n s t a n t *  u s e d  f o r  t h i s  c a l c u l a t i o n  w e r e  i n t e r p o l a t e d  f r om 
v a l u e s  t a b u l a t e d  a t  Ley e n e r g i e s  f o r  e a c h  m a t e r i a l  [ 9 7 ] ,  The 
r e s u l t i n g  t r a n s m i s s i o n  p r o b a b i l i t i e s  and  t h e i r  s q u a r e *  we r e  summed t o  
t h e  v a l u e  and  s q u a r e d - v a l u c  b i n s  o f  t h e  h i s t o g r a m  f o r  t h e  a p p r o p r i a t e  
d e t e c t o r .
T h i s  p r o c e d u r e  waa r e p e a t e d  f o r  a l l  l o c a t i o n s  r e c o r d e d  i n  t h e  
s t o p p i n g  d i s t r i b u t i o n ,  and t h e  r e s u l t i n g  summed v a l u e  and  t q u a r e d -  
v a l u e  b i n s  we r e  u s e d  t o  c a l c u l a t e  t h e  mean a nd  v a r i a n c e  o f  t h e  
t r a n s m i s s i o n  h i s t o g r a m s  a t  e a c h  p o i n t  o f  t h e i r  r e s p e c t i v e  e n e r g y  
g r i d s .  B c p r e s c n t a t i v o s  o f  t h e  r e s u l t i n g  c u r v e s  o f  r e l a t i v e
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t r s n s a i m i s a l o B - Y a - c n e r i T  a r e  shown i n  F i g u r e  2 5 .
D a r i n g  t h o  d e v e l o p m e n t  a n d  i n i t i a l  t e s t i n g  o f  t b o  t r a n s m i s s i o n -  
c a l c u l a t i o n  M o n t e - C a r l o  s o f t w a r e ,  i t  was  f o u n d  t h a t  t h e  s h a p e s  of  t h e  
t r a n s m i s s i o n  c u r v e s  { b u t  n o t  t h o i r  o v e r a l l  n o r m a l l x a t i o n s ) were  v e r y  
i n s e n s i t i v e  t o  s m a l l  {one o r  two can) c h a n g e s  i n  t h e  l o c a t i o n *  o f  t h e  
d e t e c t o r  c r y s t a l s  r e l a t i v e  t o  t h o  t a r g e t  a s s e m b l y .  O t h e r  v a r i a b l e s  
w h i c h  w e r e  f o u n d  t o  h a v e  l i t t l e  o r  no e f f e c t  on t h e  s h a p e s  were t h e  
a s s u m e d  s p o t  s i z e ,  d i v e r g e n c e ,  h o r i z o n t a l  s t e e r i n g ,  a nd  c e n t r a l  
momentum o f  t h e  La on  beam.  O n l y  t h e  v e r t i c a l  beam s t e e r i n g  showed a 
s i g n i f i c a n t  e f f e c t  on t h e  s h a p e s  o f  t h e  t r a n s m i s s i o n  c u r v e s .
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I I I . B  Encrxv  C a l c u l a t i o n *
The i n i t i a l  v a l u e *  a s sume d  i n  t h i *  a n a l y s i s  f o r  t h o  a i t i e i  o f  t be  
E '  and £  were  [77]
m ^  -  4 9 3 , 667  + / -  D.01J  KeV 
m£ -  -  1 1 9 7 . 34  + / -  0 , 0 5  MeV
A d e t a i l e d  a n a l y s t *  f o r  t h e  p u r p o s e  of  e x t r a c t i n g  t b e  m i c s e *  [ 12]  h a t  
shown t h a t  t h e  d a t a  of  E x p e r i m e n t  723 a r e  c o n s i s t e n t  w i t h  t h e s e  
v s l u o * .
I I I . 8 . 1  C a l c u l a t i o n  o f  P o t e n t i a l *
C a l c u l a t i o n *  o f  t h e  e n e r g y  e i g e n v a l u e *  v e r e  made v i a  n u m e r i c a l  
i n t e g r a t i o n  o f  c i t h e r  t he  D i r a c  o r  t h e  t i c  i n - G o r d o n  e q u a t i o n  ( s e e  
S e c t i o n  1,1} i T h i s  r e q u i r e d  t h e  c a l c u l a t i o n  o f  a number  o f  h a d r o n -  
n u c l e u s  p o t e n t i a l  f u n c t i o n s  o n  a g r i d  f 1 . a . : * t  e a c h  o f  a s e r i e s  of  
e q u a l l y  s paced  r a d i i )  abou t  t h e  n u o l e u s .  The  g r i d  f o r  each  h a d r o n -  
n u c l e u s  sys tem was chosen  w i t h  a s u f f i c i e n t l y  s m a l l  g r i d  s t e p  s i r e  and 
a s u f f i c i e n t l y  l a r g e  maximum r a d i u s  t o  a ccommoda t e  a l l  o f  t h e  s t a t e *  
o f  t h a t  p a r t i c u l a r  h i d r o n - n u c l e n s  sys t em f o r  v h i c h  e n e r g y  e i g e n v a l u e *  
were  t o  be c a l c u l a t e d .  The p o t e n t i a l *  t h u s  n e e d e d  t o  be c a l c u l a t e d  
on l y  once ,  and were  t he n  s t o r e d  i n  d i s k  f i l e s  f o r  l a t e r  u s e .  The 
p o t e n t i a l  f u n c t i o n s  c a l c u l a t e d  i n  t h i s  m a n n e r  f o r  each  o f  t h e  s ys t e m*  
K”- P b ,  f T - P b .  E " - t ,  and £T- V a r e  l i * t e d  i n  T a b l e  X I I .
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TABLE XIX
P o t e n t ! C a l c u l a t e d  f o r  E a c h  I l a d r o n - N u c l e u *  S y i t e m
P o t e n t i a l
P o i n t - n u c l e u t  e l e c t r o s t a t i c  ( Cou l omb)  p o t e n t i a l
F l a t t c - n u d o n *  e l e c t r o s t a t i c  p o t e n t i a l
F i n i t o - n n d a u *  £>if(2t<) vacuum p o l a r i z a t i o n  p o t e n t i a l
i
F i n i t e - u n d o n e  V  ( Z°<)  vacuum p o l a r i s a t i o n  p o t e n t i a l  
F i n i t e - n n c l e n s  o<(Zo<)  '  vacuum p o l a r i z a t i o n  p o t e n t i a l
E l e c t r o n  s c r e e n i n g  p o t e n t i a l
F i n i t B - n u c l e n a  t o t a l  e l e c t r o d y n a m i c  p o t e n t i a l  
(Sum of  e n t r i e s  1 — 1 7)
P e r t u r b a t i o n  p o t e n t i a l  ( E n t r y  1 m i n u a  E n t r y  7)
Tbe ( t i m e - a v e r a g e d )  n u c l e a r  c h a r g e  d i s t r i b u t i o n  v a t  a t t u n e d  t o  
f o l l o w  t h e  F e r m i  d i t t r i b n t 1 o n ,  w i t h  r a d i u *  a nd  a k i n  t h i c k n e s s  
p a r a m e t e r  v a l n e a  f o r  e a c h  l t o t o p e  t a k e n  f rom B e f e r e n c e  121 .  The 
v a l u e s  o f  t h e  i a o t o p i c  m a t t e t  w e r e  t a k e n  f rom R e f e r e n c e  [ 9 8 ] .  
W e i g h t e d  m e a n t  o f  t h o s e  m a t t e t  a nd  c h a r g e  d i s t r i b u t i o n  p a r a m e t e r s  w e r e  
c a l c u l a t e d  f o r  e a c h  h a d r o n - n u c l e u t  t y t t e m .  I n  v h i c h  t h e  n a t u r a l  
a b u n d a n c e  [ 98 ]  o f  e a c h  i t o t o p e  v a t  t a k e n  a s  t h e  w e i g h t i n g  f a c t o r .  I t  
v a t  t h e t e  w e i g h t e d  mean v a l u e s ,  l i a t e d  i n  T a b l e  XX, w h i c h  v e r e  u s e d  i n  
t h e  e i g e n v a l u e  c a l c u l a t l o n t ,
E n t r y
1)
2 )
3)
4) 
S> 
6 )
7)
8 )
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TABLE XI
W e i g h t e d  B e a n s  o f  N u c l e a r  P a r a m e t e r s
Tmsttei) IdUd
H a s s  Number (A) 1 8 3 . 8 9 0 4  2 0 7 . 2 4 2 6
A t o n i c  Hasa  1 6 3 , 8 4 1 5  2 0 7 , 2 1 8 5
F e r a l  R a d i u s  ( c )  6 . 3 0 1  f n  6*6194 f a
S k i n  T h i c k n e s s  ( a )  0 , 5 4 3  f a  0 , 5 4 7 3  f a
The  a l g o r i t h m  f o r  t b e  f i n i t e - n n c l e n s  Coulomb p o t e n t i a l  f i r s t  
c a l c u l a t e d  t h e  u n c l e a r  d i s t r i b u t i o n ,  n u m e r i c a l l y  e v a l u a t e d  i t s  volume 
i n t e g r a l ,  a n d  r e - n o r m a l  i c e d  t h e  d i s t r i b u t i o n  t o  i n s u r e  a t o t a l  n u c l e a r  
c h a r g e  e q u a l  t o  Z o .  N e x t ,  t h e  i n t e g r a t e d  c h a r g e  w i t h i n  a s p h e r e  of  
r a d i u s  r  c e n t e r e d  a t  t h e  o r i g i n  ( c e n t e r  o f  t h e  n u c l e u s )  was e v a l u a t e d  
f o r  e a c h  v a l u e  o f  r  on t h e  g r i d  w h i c h  f e l l  w i t h i n  t h e  n u c l e a r  c ha rge  
d i s t r i b u t i o n .  G a n s s '  l aw was  a p p l i e d  a t  t h e s e  i n t e r i o r  g r i d  p o i n t s  t o  
d e r i v e  a t  e a c h  one  t h e  r a d i a l  d e r i v a t i v e  o f  t he  e l e c t r o s t a t i c  
p o t e n t i a l .  The  p o t e n t i a l  i t s e l f  was  e v a l u a t e d  a t  e a c h  of  tho i n t e r i o r  
g r i d  p o i n t s  by a n u m e r i c a l  i n t e g r a t i o n  o f  t h i s  r a d i a l  d e r i v a t i v e  f rom 
a p o i n t  o u t s i d e  o f  t h e  n u c l e u s .  C o u l o m b ' a  law was  used  t o  e v a l u a t e  
t h e  p o t e n t i a l  and i t s  r a d i a l  d e r i v a t i v e  a t  a l l  g r i d  p o i n t s  e x t e r i o r  t u  
t h e  n u c l e a r  c h a r g e  d i s t r i b u t i o n .
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Va l ue *  f o r  t h e  e l e c t r o n  a o r e  o n l a g  p o t e n t i a l  w e r e  I n t e r p o l a t e d  
f rom t h e  t a b u l a t e d  v a l u o a  of  Vogel  [ 1 ] ,  The c o n s t a n t  p a r t  of  t h i s  
p o t e n t i a l  « * •  c h o s e n  so t h a t  t h e  p o t e n t i a l  v a n i s h e d  a t  t h e  o r i g i n  ( S e e  
Se c t  I o n  1 . 2 . 1 ) .
Two d i f f e r e n t  me t h o d s  were  u s e d  t o  c a l c u l a t e  t h e  vacuum 
p o l a r i s a t i o n  p o t e n t i a l s ,  d e p e n d i n g  on t h e  r a d i o s  a t  w h i c h  t h e y  were  t o  
be e v a l u a t e d .  At  r a d i i  l e a s  t h a n  f o u r  t i m e s  t be  Form!  ( ha l f - max i mum)  
r a d i u s  of  t h e  n u c l e a r  c h a r g e  d i s t r i b u t i o n ,  t he  o( (Z"<)  and tK^z&c)  
vacuum p o l a r i z a t i o n  p o t e n t i a l s  o f  a f i n i t e  n u c l e u s  wore  c a l c u l a t e d  by 
c o n v o l u t i o g  n u m e r i c a l l y  t h o s e  due t o  a p o i n t  s o u r c e  o v e r  t ho  n u c l e a r  
c h s r g o  d i s t r i b u t i o n .  Th i s  was  a o c o m p l i s h e d  w i t h  t he  a i d  of  t h e
p a r a m e t e r ( r a t i o n *  o f  t ho  i n d e f i n i t e  i n t e g r a l s  o f  t h e  p o l n t - s n n r c e  
p o t e n t i a l *  due t o  F u l l e r t o n  a n d  K i n k o r  [ 33 ]  ( t e e  S o c t l o n  1 . 2 . 2 ) .  At
r a d i i  g r e a t e r  t h a n  f o u r  t i m e s  t h e  F e r m i  r a d i u s ,  t h i s  c o n v o l u t i o n  was  
a p p r o x i m a t e d  by an e x p a n s i o n  i n  t e r ms  o f  t h e  f i r s t  few r a d i a l  moments  
o f  t h e  c h a r g e  d i s t r i b u t i o n .  The v a l u e s  o f  t h e  p o i n t - s u u r c c  p o t e n t i a l  
and i t s  r a d i a l  d e r i v a t i v e *  r e q u i r e d  f o r  t h i s  e x p a n s i o n  were a l s o  
c a l c u l a t e d  by p a r a me  t e r l r a t i o n *  due t o  F n l l o r t o n  a nd  R i n k e r  [ 3 3 ] .  The
z e r o t h ,  s e c o n d  a n d  f o u r t h  r a d i a l  moments  were r e t a i n e d  i n  t h e
e x p a n s i o n  of  t h e  o<(Zo<) p o t e n t i a l .  B e c a u s e  of  t he  s p h e r i c a l  symmetry 
o f  t h e  n u c l e u s ,  odd moments v a n i s h .  On l y  t h e  z e r o t h  (no rma l  l i s t i o n )  
moment  was r e t a i n e d  f o r  t h e  b i g h e r - o r d e r  p o t e n t i a l s .
3.SJA* d i s c u s s e d  i n  s e c t i o n  1 , 2 . 2 ,  t h e  f i n l t e - n n c l e u *  * < ( 2 ^ )  
p o t e n t i a l s  a t  m o d e r a t e  r a d i i  c a n  d i f f e r  s i g n i f i c a n t l y  from t h e
c o n v o l u t i o n  o f  t h e  p o i n t - s o n r c e  p o t e n t i a l s  o v e r  t h e  n u c l e a r  c h a r g e
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d i  s t r i b u t i  on [ 3 4 ] .  Appe nd i x  A d e a c r l b e *  I n  i d n e  d e t a i l  a 
p a r a m e t e r i z a t i o n  d e r i v e d  i n  t h e  c o u r s e  o f  t h i s  a n a l y t i c  wh i c h ,  when 
c o n v o l u t e d  o v e r  t ho  n o c l  e a r  c h a r g e  d i s t r i b u t i o n ,  g i v e *  an 
a p p r o x i m a t i o n  t o  t h o  f i n i t c - n u c l e u t  dO'*'5’7 p o t e n t i a l *  whi ch  i t
good f o r  mos t  o f  t h o  r a d i i  a o c e a a l b l c  t o  h a d r o n t  o r b i t i n g  n u c l e i  w i t h
Z<90 .  Al l  c a l c u l a t i o n *  i n  t h i t  a n a l y s i s  wh i c h  r e q u i r e d  t h e  f i n i t e -
3 , 5 , 7n u c l e u i  vacuum p o l a r i s a t i o n  p o t e n t i a l *  a* i n p u t *  were
c a r r i e d  ou t  w i t h  t ho  a i d  o f  t h i *  p a r a m e t e r i t a t l o n .
I I I . S . 2 I n t e g r a t i o n  £ l  I k e  Wavo Equgj l p p
For  a g i v e n  a c t  o f  quantum number* a nd  a g l v o n  aaaumed a t a t c  
e n o r g y ,  t h e  wave f u n c t i o n *  were  o b t a i n e d  by n u m e r i c a l  i n t e g r a t i o n
u * i n g  a f o u r t h - o r d e r  R n u g e - E u t t a  a l g o r i t h m  (24} whi ch  waa c u i t o m l z o d  
f o r  a aya tom o f  two s i m u l t a n e o u s  f i r t t - o r d c r  p a r t i a l  d i f f e r e n t i a l  
e q u a t i o n * .  The t o o o n d —o r d o r  E l e l n - G o r d o n  o q u a t i o n  v a t  c o n v e r t e d  t o  a 
s y s t e m of  two f i r a t - o r d e r  e q u a t i o n *  bo t h a t  t ho  same i n t e g r a t i o n  
a l g o r i t h m  c o u l d  be ne e d  f o r  e i t h e r  e q u a t i o n .  The a l g o r i t h m  waa
i n i t i a l i z e d  a t  d i a c u a a e d  i n  t e c t i o n  1,1 a t  t h e  g r i d  p o i n t  n o a r e a t  t o ,  
b n t  n o t  c o i n c i d e n t  w i t h ,  t h e  o r i g i n  and a t  t h e  l a r g e a t  r a d i o *  v h i c h
o c c u r r o d  i n  t h e  p a r t i c u l a r  t u b a c t  of  t h e  g r i d  c h o s e n  f o r  t b e
e i g e n s t a t e  u n d e r  c o n * i d e r a t i o n .  The v a l u e *  o f  t he  s p h e r i c a l  B e i s e l
f u n c t i o n *  n e e d e d  f o r  t h i s  i n i t i a l i s a t i o n  were  c a l c u l a t e d  by a
c o m b i n a t i o n  o f  power  * e r i e *  e x p a n a i o n s ,  c o n t i n u e d  f r a c t i o n  e x p a n s i o n s ,  
a nd  r e c u r s i o n  r o t a t i o n *  ( 2 4 ] .  Tbe i n t e g r a t i o n  o f  t h e  wave f u n c t i o n  
wa* p e r f o r m e d  o u t wa r d *  f rom t h e  o r i g i n  and i n w a r d s  f rom t h e  p e r i p h e r y  
t o  some m i d - p o i n t  r a d i n t ,  whor e  t h e  two s o l u t i o n  h a l v e *  wore  m a t c h e d .
P a g e  145
At  d i s c u s s e d  I n  s e c t i o n s  1 . 1 . 2  s n d  I . 1 . 3 ,  t h e  s o l u t i o n  p a i r s  o f  
t h e  D i r a c  and  U e i u - G o r d o n  e q u a t i o n s  f o r  ■ s p h e r i c a l l y  s y m m e t r i c a l  
s y s t e m  b a y  be  e x p r e s s e d  s t  v e r y  l a r g e  a nd  a t  v e r y  n a i l  r a d i i  I n  such  
a way t h a t  one  s o l u t i o n  o f  each  s o l u t i o n  p a i r  i s  e x c l u d e d  by t he  
b o n n d - a t a t e  r e q u i r e m e n t  o f  a l o c a l i z e d ,  f i n i t e l y  n o r m a l l z o d  wave 
f u n c t i o n .  The  e x c l u d e d  s o l u t i o n s  a r e  a r a p i d l y  d e c r e a s i n g  f u n c t i o n  of 
r a d i u s  n e a r  t h e  o r i g i n  and a r a p i d l y  i n c r e a s i n g  f u n c t i o n  o f  r a d i u s  a t  
v e r y  l a r g e  r a d i i .  The  d e s i r e d  s o l u t i o n s  show a  r a p i d  i n c r e a s e  w i t h  
i n c r e a s i n g  r a d i u s  n e a r  t h e  o r i g i n  and a r a p i d  d e c r e a s e  w i t h  I n c r e a s i n g  
r a d i u s  a t  v e r y  l a r g e  r a d i i .  The t e c h n i q u e  o f  i n t e g r a t i n g  f r os t  t he  
e x t r e m i t i e s  o f  r a d i u s  t o  some m i d - p o i n t  t h u s  a i d s  i n  r e d u c i n g  t h e  
e f f e c t *  o f  t r u n c a t i o n  and  d i s c r e t i z a t i o n  e r r o r s  on t h e  n u m e r i c a l  
i n t e g r a t i o n  a l g o r i t h m  [ 20 ]  . Any e r r o r s  i n t r o d u c e d  n e a r  t h e  
e x t r e m i t i e s  ( w h e r e  t h e  r a d i a l  b e h a v i o r  o f  t b e  wave  f u n c t i o n  i s  t he  
m o s t  r a d i c a l )  a r e  o f  n e c e s s i t y  o f  t h e  fo rm o f  a a l i g h t  a d m i x t u r e  of  
t h e  e x c l u d e d  s o l u t i o n .  The r e l a t i v e  amount  o f  t h i s  a d m i x t u r e  w h i c h  i s  
p r o p a g a t e d  away f rom t h e  e x t r e m i t i e s  t o w a r d s  t h e  m a t c h i n g  p o i n t  l i  
v e r y  e m a i l ,  s i n c e  i n  b o t h  c a s e *  t h e  d e s i r e d  component  I n c r e a s e s  
r a p i d l y  w i t h  f u r t h e r  i n t e g r a t i o n  w h i l e  t ho  unwan t ed  a d m i x t u r e  
s i m u l t a n e o u s l y  d e c r e a s e *  r a p i d l y .
1 1 1 . 8  .3 Do t o r m i n a  t l on  o f  E l a c n v a l  u e *
D e t e r m i n a t i o n  o f  a p a r t i c u l a r  e n e r g y  e i g e n v a l u e  s t a r t e d  w i t h  t he  
I n t e g r a t i o n  o f  t h e  g o v e r n i n g  e q u a t i o n  a* d e s c r i b e d  i n  s e c t i o n  1 I 1 . B . 2  
f o r  s o d o  a s s u m e d  i n i t i a l  e n e r g y  a n d  a g a i n  f o r  a n o t h e r  e n e r g y  wh i ch  
d i f f e r e d  by  o n l y  a p p r o x i m a t e l y  100 eV.  I n  t h e  c a s e  o f  a complex
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p o t e n t i a l *  t h e  t e c o n d  e n e r g y  waa c h o s e n  i d  t h a t  b o t h  l i t  r e a l  and  
i m a g i n a r y  component *  d i f f e r e d  f r o ® t h u i a  o f  t b e  i n i t i a l  e n e r g y .  A 
m a t c h i n g  p a r a m e t e r
y  “  —  -  —  f o r  t b e  D i r a c  e q u a t i o n  or
F [(
PU T  Vi
t r E t j T  ) t r R ^ )
f o r  t b e  K l e i n - G o r d o n  e q u a t i o n
* a t  d e f i n e d  a t  t h e  m i d - p o i n t  where t h e  i n n e r  and o a t c r  e o l a t i o n  h a l v e ■ 
w e r e  j o i n e d .  The ( p o t t i b l y  c ompl e x )  v a l u e *  o f  t h i *  p a r a m e t e r  a t  
e v a l u a t e d  f o r  t h e  two e n e r g i e a  we r e  n t e d  t o  e a t a b l l a h  an t t i a o e d  
l i n e a r  r e l a t i o n s h i p  b e t w e e n  t h e  v a l u o a  o f  t be  m a t c h i n g  p a r a m e t e r  and 
t b o a e  o f  t h e  s t a t e  e n e r g y .  The v a l u e  o f  t h e  i t a t e  e n e r g y  f o r  w h i c h  
t h i *  l i n e a r  p a r a m e t e r i z a t i o n  o f  t b e  m a t c h i n g  p a r a m e t e r  v a n i s h e d  waa 
t a k e n  a* t h e  n e x t  t r i a l  e n e r g y ,  r e p l a c i n g  t h e  one o f  t h e  o r i g i n a l  two 
t r i a l  e n e r g i e a  which d i f f e r e d  t h e  moat  f rom t h e  new t r i a l  e n e r g y ,  
I h l *  p r o c e d u r e  wai  r e p e a t e d  a n t l l  a  c o n v e r g e n c e  c r i t e r i o n  o f  two 
a n c c e a a i v e  i t e r a t i o n *  wher e  n e i t h e r  component  o f  t h e  t r i a l  e n e r g y  
c h a n g e d  by more  t h a n  one oV v a t  m e t .
1 1 1 , 6 . 4  Gr i  d S e l e c t 1 on
The p o i n t  moat  commonly c h o t e n  f o r  m a t c h i n g  t h e  i n n e r  and o u t e r  
wave  f u n c t i o n *  i n  t b i f  a n a l y s i s  wa i  t h e  mos t  c e n t r a l l y  l o c a t e d  
a n t i n o d e  i n  e i t h e r  G( r> ( Di r a c  e q u a t i o n )  o r  i n  t h e  d e r i v a t i v e  
d < r R ( r ) ) / d r  ( I l e i n - G o r d o n  e q u a t i o n ) .  Fo r  lome o f  t h e  c a l c u l a t i o n *  
i n v o l v i n g  t h e  i t r o n g - i n t e r a c t i o n  p o t e n t i a l ,  t h e  i n n e r m o s t  a n t i n o d e  wa s
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c h o s e n  to  t h a t  t h e  m i l l  s t e p  l i i t i  neodcd  f o r  t h e  I n n e r  p o r t i o n  o f  
t h e  wave f u n c t i o n  c a l c u l a t i o n  would n o t  i n c r e a s e  t h e  c a l c u l a t i o n  t ime 
any more t h a n  was n e c e s s a r y .
Dur i ng  t h e  d e v e l o p me n t  o f  t h e  e i g e n v a l u e  s o a r c h  s o f t w a r e ,  a 
p a r a m e t e r i z a t i o n  was d e r i v e d  e m p i r i c a l l y  f o r  t h e  minimum i n t e g r a t i o n  
s t c p s l x e  needed  t o  a c h i e v e  a g i v e n  p r e c i s i o n  i n  t h e  e i g e n v a l u e  
s o l u t i o n .  F o r  t h i s  a n a l y s i s ,  t h e  s t c p s i t e  was c ho s e n  v i a  t h i s  
p a r a m e t e r i z a t i o n  t o  t h a t  t h e  e x p e c t e d  p r e c i s i o n  o f  t h e  e i g e n v a l u e  
s o l u t i o n s  was one eV o r  l e s s .  F o r  e a c h  o f  t h e  two r e g i o n s  { i n n e r  and 
o u t e r )  o f  i n t e g r a t i o n ,  t h i t  i t c p s i x o  was c a l c u l a t e d  and r o u n d e d  down 
t o  an i n t e g r a l  m u l t i p l e  o f  t h e  s p a c i n g  o f  t h e  p o t e n t i a l  g r i d .  The 
e x a c t  r a d i u s  o f  t h e  m a t c h i n g  p o i n t  was  t h e n  a d j u s t e d  t o  f a l l  an e x a c t  
m u l t i p l e  o f  t he  i n n e r  s t e p s i z c  away from t h e  i n n e r  i n i t 1a l i x a t i o n  
r a d i u s .
The minimum r a d i u s  a t  whi ch  t h e  o u t e r  p o r t i o n  o f  t he  wave 
f u n c t i o n  c o u l d  be r e l i a b l y  i n i t i a l i s e d  was a l s o  p a r a m e t e r i z e d .  T h i s  
e x a c t  v a l u o  o f  t he  o u t e r  i n i t i a l i z a t i o n  r a d i u s  was f o u n d  by a d j u s t i n g  
t h e  v a l u e s  f rom t h i s  p a r a m e t e r i z a t i o n  upwards  t o  t h a t  t h e  r a d i u s  f e l l  
an e x a c t  m u l t i p l e  o f  t he  o u t e r  t t e p s i x e  be yond  t h e  m a t c h i n g  p o i n t .  
T h i s  t a i l o r i n g  o f  t he  p r e - d o f i n e d  p o t e n t i a l  g r i d  t o  a g i v e n  s t a t e  
i n s u r e d  t he  most  e f f i c i e n t  p o s s i b l e  c a l c u l a t i o n  o f  t h e  e i g e n v a l u e s .
1 1 1 . 8 . 5  C o r r e c t  i o n t
The e f f e c t s  o f  E l e c t r o n  s c r e e n i n g  and vacuum p o l a r i z a t i o n  on  t h e  
e ne r gy  o f  a p a r t i c u l a r  e i g e n s t a t e  wer e  c a l c u l a t e d  by i n c l u d i n g  t h e
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r e l e v a n t  p o t e n t i a l *  I n  t h e  n u m e r i c a l  e i g e n v a l u e  s o l u t i o n .  Tho e f f e c t *  
o f  n u c l e a r  r e c o i l ,  s t a t i c  p o l a r i x a b i 1 i t y , and I n t r i n s i c  n u c l e a r  
m u l t i  p o l e  moments  v e r e  e v a l u a t e d  by  f i r s t - o r d e r  p e r t u r b a t i o n  t h e o r y  
once  t h e  e n e r g y  and t h e  wave f u n c t i o n  o f  t h e  s t a t e  had  b e e n
c a l c u l a t e d .  N u c l e a r  r e c o i l  e f f e c t s  v e r e  c a l c u l a t e d  v i a  e q u a t i o n  
1 . 6 - 2 .  E f f e c t *  of  s t a t i c  p o l a r l z a b l l I t y  of  t h e  n u c l e n s  and h a d r o n  
v e r e  c a l c u l a t e d  v i a  e q u a t i o n  1 . 6 - 6  and  1 . 3 - 1 0 ,  w i t h  an a s s u m e d  h a d r o n
. h  J
p o l a r i r a b i l 1 ty  o f  9 X 10  fm. The c o mb i n e d  e f f e c t s  o f  n u c l e a r  r e c o i l  
and  s t a t i c  p o l i r i x a b l l i t y  a r e  l e s s  t h a n  30 + / -  7 eV f o r  a l l
t r a n s i t i o n *  I n  £1 - P b  a n d  £  -W e x o t i c  a t oms  e x c e p t  f o r  t h e  f i n a l
( 1 0 — ) 9)  t r a n s i t i o n  i n  - P b ,  wh e r e  t h e  combi ned  e f f e c t  o f  
SO + f -  20  oV i *  t h e  l a r g e s t  s o u r c e  o f  u n c e r t a i n t y  i n  t h e  c a l c u l a t i o n  
o f  t h e  t r a n s i t i o n  e n e r g y .
Q y p e r f i n e  s p l i t t i n g  due  t o  i n t r i n s i c  n u c l e a r  m u l t i p o l e  moment* 
was c a l c u l a t e d  v i a  e q u a t i o n  1 , 3 - 1 2  f o r  and  1 . 3 - 1 4  f o r  K " ,  The o n l y  
i s o t o p e  o f  Pb v h i c h  ha s  a n o n - z e r o  i n t r i n s i c  HI moment i s  XC7Pb,  w h i c h  
h a s  a n a t u r a l  a bunda nce  o f  2 2 . 6%.  Tho ( 9 , 8 )  l e v e l  o f  £  -  ^ P b  h a s  a 
b y p e r f i n e  s p l i t t i n g  o f  o n l y  + / — 7 eV.  S i m i l a r l y ,  t h o  o n l y  i s o t o p e  o f  
W whi ch  h a s  a n o n - z e r o  i n t r i n s i c  Ml moment  i s  1,3 1 ,  wh i c h  h a s  a
_ n j
n a t u r a l  a b u n d a n c e  o f  1 4 . 4 %.  The ( 9 , 8 )  l e v e l  o f  £ -  V I s  s p l i t  by  
o n l y  ■+/- 1 eV. H i g h e r - l y i n g  s t a t e s  show e v e n  l e s s  o f  an e f f e c t .  The 
b y p e r f i n e  s t r u c t u r e  o f  t h e  s p e c t r a  o f  a i g m a - h y p e r o n i c  a toe) a was t h u s  
i g n o r e d  i n  t h i s  a n a l y s i s .
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By c o n t r a s t ,  t h e  ( 8 , 7 )  l e v e l  o f  E -  Pb  i s  s p l i t  by
a p p r o x i m a t e l y  + / -  IDS eV,  i n d i c a t i n g  t h a t  h y p e r f i n e  o f f s e t *  w o u l d  n e e d  
t o  be I n c l u d e d  i n  any  c r i t i c a l  a o a l y a l m  o f  t h e  s p e c t r a  o f  k a o n i c  Pb
_  J
i t n u  f o r  s t r o n g - i n t e r  a c t  i o n  w i d t h s .  Tho n u t  ( 8 , 7 )  l e v e l  i n  I  -  V 
i a  s p l i t  by o n l y  + / -  14 eV. T h i t  e f f e c t  c a n  be i g n o r e d  i n  a l l  b u t  t h e  
moat  c r i t i c a l  l i n o a h a p e  e n a l y a i *  o f  k a o n l c  a t o m s  f o r m e d  i n  n a t u r a l  
t u n g s t e n  b e c a u s e  of  t h e  low n a t u r a l  a b u n d a n c e  (14 .4%)  o f  t h e  i s o t o p e  
l , J W. No E —W t r a n s i t i o n s  b e l o w  t h e  ( 1 0 —4 9 )  we r e  i n c l u d e d  i n  t h i s  
a n a l y s i s .  B y p e r f i n e  s p l i t t i n g  o f  f caon i c  s t e m  e n e r g y  l e v e l s  was  t h o *  
i g n o r e d .
1 1 1 . 8 . 6  Se que nc e  o f  C a l c u l a t l o n s
E i g e n v a l u e s  f o r  a i oa t  s t a t e *  w e r e  c a l c u l a t e d  f o r  a number  o f  
s p e c i a l  c a s e s .  The s e q u e n c e  o f  e i g e n v a l u e  c a l c u l a t i o n s  f o r  a
p a r t i c u l a r  s t a t e  was c h o s e n  f o r  t h e  g r e a t e s t  p o s s i b l e  c a l c u l a t i o n a l  
e f f i c i e n c y .  The D i r a c  o r  E l e i n - G c r d c n  e n e r g y  f o r  a  p o i n t  n u c l e u s  w i t h  
no e l e c t r o d y n a m i c  c o r r e c t i o n s  was  u s u a l l y  t a k e n  as  t h e  s t a r t i n g  p o i n t .  
The p o l n t - n u c l e n t  Coulomb p o t e n t i a l  was i n s e r t e d  i n t o  t h e  wave  
e q u a t i o n ,  w h i c h  was t h e n  i n t e g r a t e d  a t  t h i s  e n e r g y .  The r e s u l t i n g  
p o i u t - n u c l e u *  wave f u n c t i o n  was u s e d  t o  e s t i m a t e  t h e  vacuum
p o l a r l r a t i o n ,  e l e c t r o n  s c r e e n i n g ,  and f i n i t e - n u c l e u s  c o r r e c t i o n s  t o
t h e  D i r a c  o r  E l e i n - G o r d o n  e n e r g y  v i a  a  f i r s t - o r d e r  p e r t u r b a t i o n  
c a l c u l a t i o n .  T h i s  e s t i m a t e  was  a dde d  t o  t h e  D i r a c  o r  E l e i n —Gor don  
e ne r g y ,  w h i c h  was t h e n  t a k e n  as  t h e  i n i t i a l  e n e r g y  o f  a n u m e r i c a l  
e i g e n v a l u e  s e a r c h  as  d e s c r i b e d  i n  s e c t i o n  I I I . 8 . 3 .
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Tho  p o t e n t i a l s  i n c l u d e d  i n  t h i s  f i r s t  e i g e n v a l u e  s o a r e h  were  
t h o s e  due t o  t h o  f i n i t e - n u c l e u s  Coulomb I n t e r a c t i o n ,  e l e c t r o n  
s c r e e n i n g ,  and  vacuum p o l a r i z a t i o n .  The r e s u l t i n g  e i g e n v a l u e  was 
c o r r e c t e d  f o r  n u c l e a r  r e c o i l  a nd  s t a t i c  p o l a r i z a b i l i t y  e f f e c t s  t o  g i v e  
t h e  s t a t e  o n e r g y  f o r  t h e  a s s u m p t i o n  o f  no s t r o n g  i n t e r a c t i o n s .
The o a c o r r c c t o d  f i n i t e - n u c l e u s  e i g e n v a l u e  a nd  i t s  c o r r e s p o n d i n g  
wave  f u n c t i o n  were  u s e d  t o  e s t i m a t e  t h e  e f f e c t s  o f  a c ompl e x  s t r o n g -  
i n t e r a c t i o n  o p t i c a l  p u t e n t i a l  v i a  a f i r s t - o r d e r  p e r t u r b a t l o c  
c a l c u l a t i o n .  The r e s u l t i n g  e s t i m a t e  o f  t h e  o n e r g y  o f  a s t a t e  s u b j e c t  
t o  s t r o n g - i n t e r a c t i o n  e f f e c t s  was  n e e d  t o  i n i t i a l i z e  a n o t h e r  n u m e r i c a l  
e i g e n v a l u e  s e a r c h .  T h e  p o t e n t i a l s  i n c l u d e d  i n  t h i s  s e a r c h  we r e  t he  
same a* i n  t h e  f i r s t ,  w i t h  t h e  a d d i t i o n  o f  a c ompl e x  s t r o n g -  
i n t e r a c t i o n  o p t i c a l  p o t e n t i a l .  The  r e s u l t i n g  c o mp l e x  e i g e n v a l u e  was 
c o r r e c t e d  f o r  n u c l e a r  r e c o i l  and t t a t l c  p u l a r i z a b i 1 i t y  e f f e c t s  t o  g i v e  
t h e  f u l l y  c o r r e c t e d  s t a t e  e n e r g y  i n  t h e  p r e s e n c e  of  s t r o n g  
i n t e r a c t i o n s .
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I I I , 9 Cg s c g d p  S i m u l a t i o n *
I I I . 9 . 1  I n i 1 1a l  A p p r ox 1 m s t I o n a
S e v e r a l  s i m p l i f y i n g  a s s u m p t i o n *  were  m a d e  i n  t h e  i n i t i a l  
s i m u l a t i o n s  o f  t h e  b a d r o n i c - a t o n i c  c a s c a d e .  E l e c t r i c  q u a d r u p o l e  (E2) 
a n d  m a g n e t i c  d i p o l e  (HI)  t r a n s i t i o n  r a t e s  f rom a  g i v e n  s t a t e  were  
f o u n d  t o  be  f o u r  t o  t e n  o r d e r s  o f  m a g n i t u d e  s m a l l e r  t han  t h e  e l e c t r i c  
d i p o l e  ( E l )  t r a n s i t i o n  r a t e s  f r o m  t h e  same s t a t e ,  and t o  v e r e  i g n o r e d .  
T h e  El  r s t e a  v e r e  c a l c u l a t e d  by I n s e r t i n g  e q u a t i o n  1 . 3 - 6  i n t o  
e q u a t i o n s  1 , 3 - 9  and  1 .3 - 1 0  f o r  o r  i n t o  e q u a t i o n  1 . 3 - 6 )  f o r  E - . 
T h e s e  e q u a t i o n s  wore  t h e n  e v a l u a t e d  w i t h  t h e  h e l p  o f  e q u a t i o n  1 . 3 - 1 5 .  
The  r e s u l t i n g  m a t r i x  e l e m e n t  v a t  i n s e r t e d  i n t o  e q u a t i o n  1 . 3 - 2 ,  summed 
a s  i n d i c a t e d  by  e q u a t i o n s  1 . 3 - 5  and  1 . 3 - 1 6 ,  a nd  m u l t i p l i e d  by E*  ( s e e  
e q u a t i o n  1 . 3 - 4 )  t o  g i v e  a v a l u e  f o r  t h e  o b s e r v a b l e  t r a n s i t i o n  r a t e .
I n i t i a l l y ,  t h e  p o i n t - n n c l e u e  D i r a c  ( o r  El e i n - G o r d c n )  v a l u e  f rom 
e q u a t i o n  1 , 1 - 1 9  ( o r  e q u a t i o n  1 . 1 - 7 )  was u s e d  f o r  t h e  e n e r g y  i n  
o q u a t i o n  1 . 3 - 2 .  The r a d i a l  m a t r i x  e l e m e n t s  o f  e q u a t i o n  1 . 3 - 9  ( o r  
e q u a t i o n  I . 3 - B )  were  i n i t i a l l y  e v a l u a t e d  v i a  t h e  Gordon a p p r o x i m a t i o n  
( e q u a t i o n  1 . 3 - 1 7 ) .  A b s o r p t i o n  dne  t o  t h e  s t r o n g  i n t e r a c t i o n  v a t  
i n i t i a l l y  a p p r o x i m a t e d  by  f i r s t - o r d e r  p e r t u r b a t i o n ,  t a k i n g  a s  t h e  s e t  
o f  b a s i s  s t a t e s  t h e  f  I n i  t e - o u c l e u s  wave  I n a c t i o n s  w i t h  no  s t r o n g
i n t e r a c t i o n .
The  s e n s i t i v i t y  o f  t h e  e n t i r e  s e t  o f  c a l c u l a t e d  y i e l d *  t o  t h e
i m a g i n a r y  c o mpone n t  ( w i d t h )  o f  t h e  e n e r g y  e i g e n v a l u e  o f  a  s t a t e  ( a , I )
d e c r e a s e !  v e r y  r a p i d l y  w i t h  d e c r e a s i n g  J? f o r  a  g i v e n  v a l u e  o f  n.
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T h i t  i t  * r e s u l t  o f  t ho  c o n c e n t r a t i o n  o f  t ho  h a d r o n  p o p u l a t i o n  t owa r d*
t t t t o i  h a v i n g  l a r g e r  v a l u e *  o f  Jl ( s e e  S e c t i o n  1 , 4 ) .  At  t h o  t i me
t i m e ,  t h e  w i d t h  o f  a a t t t c  ( n , J )  ( l a r g e l y  a  f u n c t i o n  o f  t h o  h a d r o n -
n n c l e n a  o v e r l a p )  d e c r e a s e *  r a p i d l y  w i t h  i n c r e a s i n g  Jt , T h e r e  t h u i
e x i a t a  an a a b o v e  w h i c h  t h e r e  a r e  no o b s e r v a b l e  s t r o n g  i n t e r a c t i o n  mq*
e f f e c t *  on t h e  c a l c u l a t e d  y i e l d * .  S t u d i e s  o f  t h e  f u n c t i o n a l  
d e p e n d e n c e  o f  t h e  w i d t h  on n and  on Jf i n d i c a t e d  a v e r y  g r a d u a l
d e p e n d e n c e  on n f o r  a g i v e n  v a l u e  o f  J  , I t  wa* d e t e r m i n e d
e m p i r i c a l l y  t h a t  no s i g n i f i c a n t  c h a n g e *  o c c u r r e d  i n  t h o  c a l c u l a t e d  
y i e l d *  when t h e  w i d t h *  o f  a l l  * t a t e a  ( n >  , | )  w o r e  r e p l a c e d  by t h a t
o f  t h e  a t a t e  ( a ^ . J f ) .  S i n c e  t h e  c a l c u l a t i o n  o f  t h e  e x a c t  w i d t h
r a p i d l y  become* more  d i f f i c u l t  a* n i n c r e a s e * ,  t h i *  r e s u l t e d  i n  a 
s i g n i f i c a n t  s a v i n g s  o f  c o m p u t a t i o n  t i m e .
F o r  v a l u e s  o f  u  w h e r e  t h e  c a s c a d e  i a  a l g n l f i c a n t l y  a f f e c t e d  by 
t h e  s t r o n g  i n t e r a c t i o n ,  t h e r e  i *  an a b r u p t  d e c r e a s e  i n  t h e  h a d r o n  
p o p u l a t i o n  d e n s i t y  a s  $  d e c r e a s e s  t o  some c h a r a c t e r i s t i c  v a l u e  -
T h i s  i *  c a u s e d  b o t h  by t h e  s t r e n g t h  o f  t h e  s t r o n g - l n t e r a c t i o n
a b s o r p t i o n  and  by i t s  r a p i d  I n c r e a s e  w i t h  d e c r e a s i n g  J? . As a r e s u l t ,  
t h e  w i d t h *  o f  s t a t e s  h a v i n g  v a l u e s  o f  j( l e a s  t h a n  , a l t h o u g h
q u i t e  l a r g e ,  h a v e  no o b s e r v a b l e  e f f e c t  on t h e  c a l c u l a t e d  y i e l d s .  Due 
t o  t b e  g r a d u a l  d e p e n d e n c e  o f  t h e  w i d t h  on n ,  was f o u n d  t o  be
i n d e p e n d e n t  o f  n ,  S i m i l a r l y ,  t h e  r a p i d  d e c r e a s e  o f  t h e  w i d t h  w i t h  
i n c r e a s i n g  J  i n s u r e s  t h a t  t h e r e  e x i s t s  some b e y o n d  w h i c h  t h e
w i d t h s  a r c  e f f e c t i v e l y  x e r o .  * l i k e  , was  f o u n d  t o  be
i n d e p e n d e n t  o f  n .  The v a l n o a  o f  n nxjj r ^mq<’ l^m‘n d e t o r “ i n «' i
e m p i r i c a l l y  f o r  e a c h  h a d r o n - n n c l e u a  s y s t e m  c o n s i d e r e d  i n  t h i s  a n a l y s i s
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a r e  H a t e d  i n  T a b i c  1 1 1 .
1 1 1 , 9 , 2  O u t I m l r a t i o n  o f  C a l c u l a t i o n s !  T e c h t t i n u t
F o r  e a c h  o f  t h e  h a d r o n -  one  l e n t  s y s t e m  c o n s i d e r e d  In  t h i s  
a n a l y s i s ,  t h e  f i n a l  few t r a n s i t i o n s  o f  t h e  c a s c a d e  were  so s e v e r e l y  
a f f e c t e d  by f i n i t e - u n c l e a r  a nd  s t r o n g - i n t e r a c t i o n  a f f e c t s  t h a t  Lhc 
G o r d o n  a p p r o x i m a t i o n  { e q u a t i o n  1 . 3 - 1 7 )  f a i l e d  a d e q u a t e l y  t o  r e p r e s e n t  
t h e  r a d i a l  m a t r i x  e l e m e n t s  o f  e q u a t i o n s  1 , 3 - 8  and 1 . 3 - 9 ,  The wave 
f u n c t i o n s  a s s o c i a t e d  w i t h  t h e  f i n i t c - n u c l c u s  complex ene r gy  
e i g e n v a l u e s  v e r e  i n t e g r a t e d  n u m e r i c a l l y  t o  c a l c u l a t e  t h e  r a d i a l  m a t r i x  
e l e m e n t s  f o r  t h e s e  f i n a l  f ew t r a n s i t i o n s .  The e n e r g i e s  used  i n  
e q u a t i o n  1 . 3 - 2  f o r  t h e s e  t r a n s i t i o n s  we r e  d e r i v e d  f rom t he  r e a l  
c o mp o n e n t  o f  t h o  f i n i t e - n u c l e n s  c ompl e x  e i g e n v a l u e s .
S i m i l a r l y ,  f i r s t - o r d e r  p e r t u r b a t i o n  c a l c u l a t i o n s  f a i l e d  to g ive  
a d e q u a t e  p r e c i s i o n  when used t o  e v a l u a t e  t h e  a t r o u g - i n t e r a c t l o n  wid t hs  
of  t h e  l a s t  few s t a t e s  i n v o l v e d  in  t he  c a s c a d e .  The imaginary 
component  of  t h e  f i n i t e - n n c l e n s  complex e i g e n v a l u e  was used to 
c a l c u l a t e  t ho  s t r o n g - i n t e r a c t i o a  a b s o r p t i o n  ou t  o f  t h e se  l a s t  few 
S t a t e s ,
The r a n g e s  o f  v a l i d i t y  o f  t h e  Gor don  a p p r o x i m a t i o n  and o f  t he  
f i r s t - o r d e r  p e r t u r b a t i o n  c a l c u l a t i o n  w e r e  d e t e r m i n e d  e m p i r i c a l l y  f o r  
e a c h  h a d r c n - n n c l e u s  s y s t e m  c o n s i d e r e d  i n  t h i s  a n a l y s i s .  For  each of  
t h e  l a s t  few t r a n s i t i o n s ,  t h e  a p p r o x i m a t e d  v a l u e s  of  t h e  r a t e s  and 
w i d t h s  v e r e  r e p l a c e d  by t h e  e x a c t  v a l u e s  a n d  t h e  c a s c a d e  was r e ­
c a l c u l a t e d .  Any such s u b s t i t u t i o n s  wh i c h  r e s u l t e d  i n  a change  of  1%
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d r  wore i n  t h e  c i l c n i s t e d  y i e l d s  t t r c  r e t i i a o d  I n  i l l  f u r t b o r  
c a l c u l a t i o n s ,  The  s t a t e s  t a d  t r t n s l  1 1 o m  f o r  w h i c h  e x a c t  w i d t h  and 
r a t e  o i l e u l t L i o n i  wo r t  n e c e s s a r y  i r e  l i t t n d  I d T a b l e  XXI.
TABLE XXI
O p t l n i r a t i o n  P a r a m e t e r s  f o r  t h e  Cascade  S i m u l a t i o n
K“-F b e  - i
1 1 3
nmqt 15 1 15 16 16
■fun*. 9 1 9 12 12
6 I 6 a 8
T r a n s i t i o n s  r e q u i r i n g  
e x a c t  r a t e  c a l c u l a t i o n
<7*—>6) 1 (7— *6) (11— *10) 
{10— *9)
(11— *10} 
(10— *9)
S t a l e s  r e q u i r i n g  
o i i c t  wi d t h  
c a l c o l i t l o n
n ^  12 I n * 1 2 n £ 1 2 n ^  12
I I I . 9 .3 D e t e r m i n e  l i o n  i l l  I n i t i a t i o n  P e r i m e t e r s
The v i l a e s  o f  t he  i n i t i a l  d i s t r i b u t i o n  p a r a m e t e r s  f o r  e t c h  
h t d r o n - n t t c l e u t  s y s t e m we r e  d e t e r m i n e d  f rom t h o i e  t r a n s i t i o n s  whi ch  
we r e  r e l a t i v e l y  u n a f f e c t e d  by t h e  s t r o n g  i n t e n c t i a n .  The s e  
t r a n s i t i o n s  were  d e t e r m i n e d  by r u n n i n g  t h e  s i m u l a t i o n  o f  e t c h  c a s c a d e
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w i t h  an a s sumed  v a l u e  f u r  t h e  s t r o n g - i n t e r a c t 1 on a f f e c t i v e  s c a t t e r i n g  
l e n g t h  a" t a k o n  f rom R e f e r e n c e  ( 2 J j  a nd  a g a i n  w i t h  a~ a e t  e q u a l  t o  z e r o .  
Any t r a n s i t i o n s  f o r  wh i c h  t h e  t o t a l  c a l c u l a t e d  y i e l d  changed  by more 
t h a n  2% we r e  e x c l u d e d  f rom t h e  a n a l y s i s  o f  t h e  i n i t i a l  d i s t r i b u t i o n  
p a r a m e t e r s .
The r e m a i n i n g  t r a n s i t i o n s  we r e  f i t t e d  t o  a f u n c t i o n a l  fo rm wh i c h  
i n c l u d e d  a l l  c ompone n t s  o f  t h e  X - r a y  w o l t i p l e t  h a v i n g  e x p e c t e d  y i e l d s  
g r e a t e r  t h a n  0,1% of  t h e  y i e l d  o f  t h e  s t r o n g e s t  c omponent .  The 
s e p a r a t i o n s  o f  t he  v a r i o u s  component s  were  f i x e d  to  v a l u e s  d e r i v e d  
f rom t h e  e n e r g y  e i g e n v a l u e  c a l c u l a t i o n s  o f  S e c t i o n  1 1 1 , 8  a s  
i n t e r p r e t e d  by t h e  e n e r g y  c a l i b r a t i o n  o f  S e c t i o n  I I I . J .  The l i n e  shape  
p a r a m e t e r s  o'  , A , q ,  and if (bod S e c t i o n  I I I , 4)  were  f i x e d  t o  v a l u e s  
t a k e n  f rom t h e  p a r a m e t e r i x a t i o n *  o f  S e c t i o n  I I I , 5 .  The C o m p t o n - s h e I f  
p a r a m e t e r  H  was s i g n i f i c a n t  o n l y  f o r  h i g h - s t a t l s t i e s  d a t a s e t s  h a v i n g  
a good s i g n a l - t o - n o i s e  r a t i o ,  and so was o m i t t e d  f rom t h e s e  f i t s .  Tho 
a m p l i t u d e  r a t i o s  o f  t h e  v a r i o u s  component s  were  f i x e d  a t  v a l u e s  
d e t e r m i n e d  by f o l d i n g  t h e  e f f e c t s  o f  d e t e c t o r  e f f i c i e n c y  ( S e c t i o n
I I I . 6 } and t a r g e t  t r a n s m i s s i o n  ( S e c t i o n  I I I . 7 . 2 )  i n t o  t h e  y i e l d s  
c a l c u l a t e d  by t h e  c a s c a d e  s i m u l a t i o n  w i t h  tho c u r r e n t l y  as sumed  v a l u e  
o f  a .  The o n l y  f r e e  p a r a m e t e r s  it) t h e s e  f i t s  we r e  t h e  c e n t r o i d  o f  t h e  
c i r c u l a r  component
( n , J ? » ( n - l > )  — ( ( n - l >  j J « ( n - 2 ) ) 
and i t s  a r e a ,  p l u s  any b a c k g r o u n d  p a r a m e t e r s .
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I n  t h e  c a s e  o f  t r a n s i t i o n *  whore  t h e r e  a r e  two c i r c u l a r
c o n  p o r t e n t *  l o n e  a p i n - u p  a nd  one  s p i n - d o w n ) ,  t he  s p i n - d o w n  ( i , i , , 
c o m p o n e n t  « n  c h o ie n  f o r  r e a a o n i  o f  s o f t w a r e  c o n v e n i e n c e  a* 
t h e  p r i m a r y  coDponent o f  t h e  f i t .  The a r e a  a nd  c e n t r o i d  o f  t h e  i p i n -  
up  ( I . e .  , + 1 / 2 ) c i r c u l a r  component  wa* f i l e d  r e l a t i v e  t o  t h a t  o f
t h e  a p i n - d o w n  c i r c u l a r  c ompone n t  I n  a Ba n n e r  e x a c t l y  a n a l o g o u s  t o  t h e  
n o n - c i r c u l a r  c o m p o n e n t * .  I n  t h e  d i c c n a s i o n  t h a t  f o l l o w s ,  t h e  t e r m
‘ c i r c u l a r  c o m p o n e n t '  a a  a p p l i e d  t o  £  a t o o  t r a n s i t i o n s  g e n e r a l l y  
r e f e r *  t o  t h e  a p i n - d o w n  c ompone n t  o f  t h o  c i r c u l a r  d o u b l e t .
The  f i t t e d  a r e a  o f  t h o  c i r c u l a r  component  o f  each  d a t a  p e a t  and 
t h e  s t a t i s t i c a l  e r r o r  on  t h i s  a r e *  we r e  s c a l e d  by ( I + q ) / £  T,  whe r e  q 
i s  t h e  p i l e u p  a m p l i t u d e ,  ■£ i s  t h e  d e t e c t o r  r e l a t i v e  e f f i c i e n c y ,  and T 
i *  t h e  r e l a t i v o  t a r g e t  t r a n s m i s s i o n .  The n n c e r t a i n t i  e s  i n  a nd  T 
w e r e  a d d e d  i n  q u a d r a t u r e  w i t h  t h a t  o f  t h e  a r e a .  T h i s  r e s u l t e d  i n  a 
m e a s u r e d  r e l a t i v e  y i e l d ,  w i t h  e r r o r  b a r s ,  f o r  t h e  c i r c u l a r  componen t  
o f  e a c h  m u l t i p l e t .
T h e s e  m e a s u r e d  y i e l d s  ( g r o u p e d  by r u n  number  and by d e t e c t o r )
w o r e  d i v i d e d  by  t h e  y i e l d s  c a l c u l a t e d  by t h e  c a s c a d e  s i m u l a t i o n .  The 
r e s u l t i n g  s e t a  o f  r a t i o s  w o r e  f i t t e d  t o  c o n s t a n t s  t o  d e t e r m i n e  t h e  
o v e r a l l  n o r m a l i s a t i o n s  o f  t h e  m e a s u r e d  y i e l d  s e t s  r e l a t i v e  t o  t h e  
c a l c u l a t e d  y i e l d * .  The X * o f  t h e s e  n o r m a l i s a t i o n  f i t s  w e r e  t a k e n  as
t h e  o p t i m i s a t i o n  p a r a m e t e r *  f o r  t h e  c a s c a d e  s i m a l s t i o u * .  The  i n p u t
p a r a m e t e r *  o f  t h e  c a s c a d e  we r e  a d j u s t e d  f o r  e a c h  h a d r o n - n n c l e u *  s y s t e m  
s o  a*  t o  m i n i m i z e  t h e  X *  {summed o v e r  r u n s  and d e t e c t o r s )  o f  t ho  
n o r m a l i s a t i o n  f i t s  f o r  t h a t  p a r t i c u l a r  s y s t e m .
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I n l t l i l  a p p l i c a t i o n s  o f  t h i s  a n a l y s i s  m e t ho d  t o  t h e  E ' - P b  s y s t e m  
e x h i b i t e d  u n r e a s o n a b l y  l a r g e  v a l u e s  o f  X  v b l e h  c o u l d  n o t  bo 
s i g n i f i c a n t l y  i mpr oved  by i d j a i t l n s  t h e  i n i t l t l  d i s t r i b u t i o n  
p i r u e t t r t  e n d  b of  t h o  d e c i d e  s i m u l a t i o n .  I t  tub  o b s e r v e d  t b i t
t h e  y i e l d  f a c t o r
( m e a s u r e d  y i e l d ) / ( c a l  c n l ■ t ed  y i e l d )  
b e d  i  s t r o n g  e n e r g y  d e p e n d e n c e  of  s g e n e r a l  f o r m whi c h  v n  v e r y  
s i m i l a r  t o  t h e  e f f e c t s  o f  v e r t i c i l  beam s t e e r i n g  on t h e  t a r g e t  
t r a n s m i s s i o n  c u r v e s  ( s e e  S e c t i o n  I I I . 7 . 1 ) .  The v e r t i c i l  b o i n  s t e e r i n g  
p a r a m e t e r  v i s  t h u s  i n c l u d e d  as  an a d j u s t a b l e  i n p u t  p a r a m e t e r  t o  t be  
a n a l y s i s .  F i g u r e  26 shows i  r e p r e s e n t a t i v e  p l o t  o f  t h e  y i e l d  f a c t o r s  
o f  t ho  E <-Pb s y s t e m w i t h  - 0  (beam c e n t e r e d  on t a r g e t )  a nd  - - 2  
(beam p i s s e s  2 cm be l ow c e n t e r  of  t a r g e t ) .
I t  I s  f e l t  t h a t  t h o s e  v a r i a t i o n s  I n  t h e  p a r a m e t e r  xs  do no t  
r o p r e i e n t  t h e  a c t u a l  p h y s i c a l  g e o m e t r y  of  t h e  b e a n  s t e e r i n g .  E i t h e r ,  
i t  a p p e a r s  t h a t  t h i s  i s  a c o n v e n i e n t  way t o  accommodat e  t h e  many s m a l l  
d i f f e r e n c e s  b e t w e e n  t ho  i d e a l i s e d  t a r g e t  g e o m e t r y  r e p r e s e n t e d  i n  t he  
N o n t e ~ C i r l o  s o f t w a r e  a nd  t h o  p h y s i c a l l y - r e e l I t o d  t a r g e t ,  w i t h  I t s  
m i n o r  m i s a l i g n m e n t s  and ( I n  t h e  c a s e  of  Pb)  w r i n k l e s  o f  t h e  t a r g e t  
f o i l s ,  Such s l i g h t  i m p e r f o o t l n n s  i n  t h e  t a r g e t  c o n s t r u c t i o n ,  d e t e c t e d  
by I - r a y  p h o t o g r a p h s  t a k e n  of  t he  t a r g e t  a s s e m b l y  d a r i n g  s e t u p ,  wer e  
u n a v o i d a b l e .  I t  was not  c o n s i d e r e d  p r a c t i c a l  t o  i n c l u d e  t h o s e  e f f e c t s  
e x p l i c i t l y  i n  t h e  U o n t e - C a r l o  c a l c u l a t i o n s .
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More t r a n s i t i o n s ,  c o v e r i n g  * w i d e r  e n e r g y  r e g i o n ,  wer e  o h s e r v a b l e  
f o r  t b e  k a o n i c  t h e n  f o r  t he  £  i t n t ,  The k a o n i c  a tom d a t a  p e a k s  
c o n t a i n o d  c o n s i d e r a b l y  s o r t  s t a t i s t i c s  t h e n  d i d  t he  £ ]  i t e m d a t a  
p e a k s .  A) * r e m i t ,  t he  k a o n i c  atom y i e l d  f i t *  wo r e  much more 
* e n * i t i v e  t o  Zj th*t i  were  t he  £ ] ~  atom y i e l d  f i t * .  The :SJ y i e l d  f i t *  
t h e r e f o r e  ne e d  t a r g e t  t r a n s m i s s i o n  c u r v e *  c a l c u l a t e d  f o r  t h e  v a l n o  o f  
d e t e r m i n e d  f rom t he  k a o n i c  atom a n a l y s i s .
The t u n g s t e n  d a t a  r e q u i r e d  v a l u e *  o f  ^  d i f f e r e n t  f o r  d e t e c t o r  C 
f rom t h o t e  f o r  d e t e c t o r *  A and D, T h i *  i a  no t  s u r p r i s i n g ,  s i n c e  t he  
■ l i g h t  d i f f e r e n c e *  i n  t he  d e t e c t i o n  g e o m e t r i c *  among the  t h r e e  
d e t e c t o r *  a r e  o f  a s ymm e t r i c a l  n a t u r e  b e t w e e n  d e t e c t o r *  A and B,  b u t  
n o t  b e t w e e n  d e t e c t o r *  A and C o r  d e t e c t o r *  B and C, P c r h a p *  more 
• u r p r i t i n g  i t  t he  l a c k  o f  any *ucb o b s e r v a b l e  d i f f e r e n c e  i n  t h e  l e a d  
d a t a .
The t u n g s t e n  d a t a  a i m  r e q u i r e d  two d i f f e r e n t  s e t *  o f  beam
two d i f f e r e n t  t u n g s t e n  run*  (1982 a nd  1 9 8 4 ) ,  T h i s ,  a l t o ,  i *  n o t  
s u r p r i s i n g ,  a s  t he  t u n g s t e n  t a r g e t  was d i s m o u n t e d  and r e - m o u n t e d  i n  
t h e  i n t e r i m  be t we en  t b e  1962 and 1984 r u n i ,  a l l o w i n g  t h e  p o s i t i o n s  o f  
t h e  t u n g s t e n  f o i l *  t o  s h i f t  abou t  somewhat .  The l o a d  t a r g e t  r e m a i n e d  
i n  p o s i t i o n  t h r o u g h o u t  t he  1982 l e a d  r u n .
F o r  each  f a a d r o n - n u c l eo n  s y s t e m ,  t h e  v a l u e s  o f  z ^ ,  Q,  and  b wh i c h  
r e s u l t e d  i n  t h e  minimum v a l u e  o f  t h e  t o t a l  n o r m a l i s a t i o n  were  
d e t e r m i n e d  f i r s t  f o r  *s , which bad  t h e  s t r o n g e s t  e f f e c t .  The 
t r a n s m i s s i o n  c u r v e s  were  c a l c u l a t e d  f o r  a r a n g e  o f  v a l u e *  o f  i ^ ,  and
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t h e  y i e l d  f l t i  v e r e  r e p e a t e d  f o r  e a c h  a e t  o f  c u r v e s ,  The 
n o r m a l i z a t i o n  X/* v n  p l o t t e d  ■■ a f u n c t i o n  o f  i 5 end f i t t e d  t o  e 
p o l y n o m i a l , T h i s  p o l y n o m i a l  wee e v a l u a t e d  f o r  a r a n g e  o f  v a l u e *  t o  
d e t e r m i n e  an  e s t i m a t e  o f  t h e  v a l u e  o f  z^ whi ch  wo u l d  m i n i m i z e  t h o  X*  
end t h e  v a l u e s  o f  z ,  w h i c h  r t i u l t e d  i n  i  X  g r e a t e r  by one t h a n  t h i s  
minimum v s l a e ,  Th i *  r a n g e  d e t e r m i n e d  t h e  e r r o r  a s s i g n e d  t o  t h e  
e s t i m a t e  o f  zs . The t r a n i m i t s i o n  c a r v e *  we r e  r c - c * l c u l z t c d  f o r  t he
v a l o n  o f  i 5 *o d e t e r m i n e d .  The r e s u l t i n g  t r a n s m i s s i o n  c o r v e s  we r e
u s e d  i n  a l l  s u b s e q u e n t  y i e l d  f i t s .
N e x t ,  t h e  X 1  was m i n i m i z e d  on  Cl,  wh i c h  bad  t b e  med i a n  e f f e c t  o f
t h e  t h r e e  i n p u t  p a r a m e t e r s ,  Tho  c a s c a d e  s i o u l a t i o a  was r u n  f o r  a
r a n g e  o f  v a l u e *  o f  CL, a nd  t h e  y i e l d  f i t *  w e r e  r e - c o m p u t e d  f o r  e a c h  
s e t  o f  c a l c u l a t e d  y i e l d s .  Tho a o r s a l i s a t i o n  X-* was  p l o t t e d  a s  ■ 
f u n c t i o n  o f  0, a nd  f i t t e d  t o  a p o l y n o m i a l .  The e s t i m a t e  o f  <X a nd  i t s  
a s s o c i a t e d  e r r o r s  we r e  d e t e r m i n e d  i n  a ma n n e r  s i m i l a r  t o  t h a t  u s e d  f o r
Es ■
F i n a l l y ,  t h o  X? was  m i n i m i z e d  o n  b ,  w h i c h  had  t h e  l e a s t  e f f e c t .  
Tho c a s c a d e  s i m u l a t i o n  wa s  r un  f o r  a r a n g e  o f  v a l u e s  o f  b ,  w i t h  t 3 and 
Q- f i x e d  a t  t h e  v a l u e *  d e t e r m i n e d  a b o v e .  A X * - v s - b  p l o t  was u s e d  a* 
b e f o r e  t o  f i n d  t h e  b e s t  e s t i m a t e  o f  b a n d  t h e  e x p e c t e d  e r r o r  on t h i s  
e s t l m a t e .
I f  n e c e s s a r y ,  t h i s  s e r i e s  o f  t h r e e  X *  m i n i m i z a t i o n s  was r e p e a t e d  
u n t i l  no p a r a m e t e r  v a l u e s  c h a n g e d  by mar e  t h a n  Q . l t r .  The r e s u l t i n g  
v a l u e s  u f  t h e  beam s t e e r i n g  p a r a m e t e r  xG and t h e  h a d r o n l c  i n i t i a l  
d i s t r i b u t i o n  p a r a m e t e r s  CL and  b  a r c  l i s t e d  i n  T a b l e  1 T I 1 .  The
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m e a s u r e d  and c a l c u l a t e d  r e l a t i v e  y i e l d s  o f  t h e  c i r c u l a r  c o m p o n e n t  i  o f  
t h e  mos t  i m p o r t a n t  h a d r o n l c  t r a n s i t i o n *  e r e  l i s t e d  I n  T a b l e s  X X I I 1 and 
XXIV. The c a l c u l a t e d  y i e l d s  o f  t h e  I n d i v i d u a l  c o m p o n e n t s  o f  t h o s e  £ i
t r a n s i t i o n s  In  T a nd  Pb v b i c h  were  I n c l u d e d  i n  t h i s  a n a l y s i s  a r e
l i s t e d ,  r e s p e c t i v e l y ,  i n  T a b l e s  XXV and XXVI.  T h e  y i e l d s  o f  t h o s e  £ j
t r a n s i t i o n s  v h i c h  w e r e  a f f e c t e d  s i g n i f i c a n t l y  by t h e  s t r o n g
i n t e r a c t i o n  a r e  d i s c u s s e d  i n  more  d e t a i l  i n  t h e  n e x t  c h a p t e r .
TABLE XXII
Beam S t e e r i n g  a n d  Hadr on  I n i t i a l  D i s t r i b u t i o n  P a r a m e t e r *
D a t a s e t  zK Cl b
I I 1
E~-Pb - 1 , 8 6 *  0 . 1 8  I 
1
0 . 1 1 8  ± 0 . 0 0 9 0 . 93  ±  0 . 3 0
* T - P b Same a s  I ' - P b  1 
1
0 . 0 9 0  ± 0 . 0 1 0 1 . 0 0  
(no e f f e c t )
1982 r ~ - t  
( De t  A+B)
- 2 . 0 3 * 0 , 1 4  1 
1
1982 r r - *
(De t  C)
- 1 . 0 0 *  0 . 2 9  I 
1 0 . 0 2 0 *  0 , 0 0 6 1 . 0 2 *  0 . 1 4
1984 K ' - V  I - 1 . 9 5 * 0 . 1 3  
( De l  A+B) |
1984 X- - *  1 - 3 . 6 5 * 0 . 5 2
( Dot  C> |
1982
a nd  1984 I Same a s  K~-T | 0 . 0 6 0 ±  0 . 0 1 7 1 . 0 0
4 3 ' - * (no e f f e c t )
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TABLE H i l l
J f oa f n r e d  and C a l c u l a t e d  E a o n i c  Atom I - r * y  R e l a t i v e  Y i e l d *  
( C i r c u l a r  component *  o n l y )
S t r o n g  I n t e r a c t i o n  e f f e c t *  c a l c u l a t e d  w i t h  * * ( 0 . 4 4 + 1 0 . 8 3 )  fm
K_z l c n l a t e d )
T r a n * ) t  t o n Y (ate a e a r e d ) He s . i . B.I-.  I n c l a d o d
1 1 — >10 0 . 4 2 2 *  0 . 1 3 2 0 . 6 4 1 0 . 6 4 1
f 1 0”—>9 f 0 . 6 9 8 * 0 . 0 7 7 0 . 8 1 6 0 . 8 1 6
1+13— > 111
9— >8 1 . 0 0 1 . 0 0 0 1 . 0 0 0
8 — >7 * 1 . 2 9 4 * 0 . 0 8 7 1 . 1 8 8 1 . 1 4 2
14— >12 ++ 0 - 1 6 1 * 0 , 0 2 5 0 . 0 6 3 0 . 0 6 3
1 2 — >10 0 . 0 7 4 * 0 . 0 1 2 0 . 0 8 3 0 . 0 8 3
11— >9 0 . 1 1 6 * 0 , 0 1 2 0 , 1 0 3 0 . 1 0 3
1 0 — > B 0 . 1 1 8 *  0 . 0 1 4 0 , 1 1 8 0 . 1 1 8
9 — >7 * 0 , 1 8 0 *  0 . 0 2 6 0 . 1 2 5 0 . 1 1 3
*  -Pb l i s a l c n l a t e d )
T r a n e I t i o n Y( n o * e a r e d ) He JLl* . S . I .  I n a l  t ided
1 2 — >11 0 . 5 9 8 * 0 . 0 8 6 0 . 5 9 3 0 . 5 9 5
1 1 — >10 0 . 6 5 2 * 0 . 0 6 5 0 . 7 3 7 0 . 7 3 9
1 10— >9 1 0 . 8 4 7 *  0 . 0 J J 0 . 8 7 4 0 . 6 7 7
1+13-10 1
9— >e 1 . 0 0 1 . 0 0 0 1 . 0 0 0
a — >7 * 1 . 093  *  0 . 0  4 2 1 . 1 1 2 0 . 9 4 0
7— > 6 • 0 . 1 1 1 * 0 . 0 1 7 1 . 2 0 9 0 . 1 0 2
1 5 — >13 0 . 0 3 7  * 0 . 0 0 8 0 . 0 5 1 0 . 0 5 1
14— >12 0 . 0 6 2 * 0 . 0 0 8 0 . 0 6 1 0 . 0 6 1
1 2 — >10 0 . 0 6 6 * 0 . 0 0 4 0 . 0 6 9 0 . 0 6 9
11— >9 0 . 0 9 7 i  O.OOJ 0 , 0 7 6 0 . 0 7 6
10— >8 0 . 1 0 3 *  0 . 0 0 6 0 . 0 7 7 0 . 0 7 7
* " >  A f f e c t e d  by S t r o n g  I n t e r a c t i o n
+4 > Cent  an i n*  t e d  ** d e l u d e d  f r om t he  a n a l y i l i
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TABLE H I V
Me a a u r e d  and  C a l c u l a t e d  Atom X - r a y  R e l a t i v e  Y i e l d *  
( C i r c u l a r  J - ^ - l / 2  c o a p o n e t H*  o n l y )
S t r o n g  I n t e r a c t i o n  e f f e c t *  c a l c u l a t e d  w i t h  
* - ( 0 . 9 2 8 + 1 0 . 0 2 2 )  f a  f o r  V 
i - ( 0 . 3 5 0 + 1 0 . 1 3 5 )  f a  f o r  Pb
j ? .  Z l  Y t c a l c n l a t e d }
T r a n a l t i o n  Y ( wo a a u r a d )  flo S . I .  S . L .  I n c l n d o d
14— >13 0 . 6 1 5 * 0 . 0 8 0  0 . 7 4 7  0 . 7 4 7
13— >12 0 . 8 0 6  *  0 , 0 7 5  0 . 8 7 5  0 . 8 7 5
12— >11 1 .0 0  1 .000  1 .000
1 1 — >10  1 .137 *  0 , 0 7 8  1 . 1 2 0  1 . 1 1 1
1 , 2 0 1 *  0 . 0 7 2  1 , 231  1 . 1 2 7I 10— >9 I 
1+13— M i l
1 5 — >13 0 , 053  ± 0 . 0 1 6  0 . 0 7 2  0 . 0 7 2
1 4 — >12 0 . 0 9 3 * 0 , 0 1 6  0 . 0B0  O.OflO
12— >10 * 0 . 1 1 8 * 0 . 5  80 0 . 0 6 7  O.OflJ
- P b  T U a l c c l U c d )
T j a n a t t l o p  K n i c a t u r c d )  fig S . I .  S.  L. i n c l u d c d
15— >14 0 . 5 7 6 *  0 . 0 4 4 0 . 6 6 6 0 . 6 8 7
14— >13 0 . 79 1  *  0 . 0 4 2 0 . 7 9 6 0 . 7 9 7
13— >12 O.B74 *  0 . 0 3 6 0 . 9 0 2 0 . 9 0 3
12— >11 1 . 0 0 1 . 0 0 0 1 . 0 0 0
1 1 — >10  * 1 . 063  ± 0 . 0 3 5 1 . 0 8 9 1 . 0 7 0
10— >9 1 • 0 . 623  *  0 . 0 4 7 1 . 1 6 6 0 . 5 9 6
+13— > l l |
1 6 — >14 0 . 0 6 8 * 0 . 0 0 8  0 , 0 5 8  0 . 0 5 8
1 5 — >13 0 , 0 3 4  ± 0 . 0 0 8  0 . 0 6 4  0 . 0 6 4
14— >12 0 , 0 6 3  ± 0 . 0 0 8  0 . 0 6 7  0 . 0 6 7
* A f f e c t e d  by S t r o n g  I n t e r a c t i o n
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TABLli XXV
C a l c u l a t e d  Y i e l d *  o f  2  - V  X - r a y  Component* (X r a y * / A  tom) 
S t r o n g  I n t e r a c t i o n  e f f e c t *  c a l c u l a t e d  w i t h  * - { 0 * 9 2 8 + 1 0 . 0 2 2 )  fm
Ci r c u l a r 1 .' <I_ n f 2 ' n d  ac J ' r d  nc 4 \ t h  nc
0 4 — >13)
S p i n - n p 0 . 22 4 2 0 . 0 6 7 2 0 . 0 1 9 7 0 . 0 0 5 4 0 . 0 0 1 1
Spi n-down 0 . 20 7 6 0 . 0 6 1 8 0 . 0 1 8 0 0 . 0 0 4 9 0 . 0 0 1 0
0 3 — >11)
S p i n - n p 0.2643 0 . 0 6 5 8 0 . 0 1 5 9 0 . 0 0 3 0 0 , 0 0 0 1
Sp i n - down 0 . 2431 0 . 0601 O.OI44 0 . 0 0 2 7 0 . 0 0 0 1
S p i n - n p 0 . 30 4 5 0 . 0 5 8 9 0 . 0 0 8 1 ------- —
Spi n-down 0 . 27 8 0 0 . 05 3 7 0 . 0 0 7 1 ------- -------
i l l — >1 0 )
S p i n - n p 0 . 34 0 5 0 . 0 4 1 8 ------- - — - -------
Sp i n - down 0.30B7 0 . 03 7 1 — ------- ——
( 10— >9)
S p i n - n p 0 . 3 5 1 0 0 . 00 0 5 ----- ------- — —
Spi n-down 0 . 3 1 3 4 0 . 0003 ------- ------- " -----
i ie. - rULl}.
Sp i  n - up 0 . 0 2 1 5 0 . 0 1 3 3 0 . 0 0 5 8 0 . 0 0 2 1 0 . 0 0 0 5
Spi  a-down 0 . 0 1 9 9 0 . 0 1 2 2 0 . 00 5 3 0 . 0 0 1 9 0 . 0 0 0 4
0 5 — >13)
S p i n - n p 0 . 0242 0 . 01 2 6 0 . 00 4 6 0 . 0 0 1 1 -------
S p i n —down 0 . 0223 0 . 0 1 1 5 0 . 0 0 4 1 0 . 0 0 1 0 -------
i l 4 . - r ?  1 21
S p i n - n p 0 . 0 2 6 0 0 . 0 1 1 0 0 . 0 0 2 8 0 . 0 0 0 1
Spi n-down 0 . 0 2 3 7 0 . 0 1 0 0 0 . 0 0 2 5 0 . 0 0 0 1 -------
( 13— >11)
Sp i  n -  np 0 . 0 2 5 8 0 . 00 6 1 ------- ------ -------
Sp i n-down 0 . 0 2 3 5 0 . 00 5 4
P a g e  1 6 4
TABLE XJVI
C a l c u l a t e d  Y i e l d s  o f  <£ - P b  X - r a y  Co m p o n e n t i  (X r a y t / A t o o )  
S t r o n g  I n t e r a c t i o n  e f f e c t *  c a l c u l a t e d  w i t h  a - ( 0 , 3 5 0 + 1 0 . 1 3 5 )  f a
C i r c u l a r 1 f a t  nc 2 ' n d  nc 3 1r d  nc 4 1 lli nc
( 1 5 — >14)
S p l n - u p 0 . 2 3 9 6 0 . 0 6 7 8 0 . 0 1 8 8 0 . 0 0 4 9 0 . 0 0 0 9
S p i n - d o w n 0 . 2 2 3 0 0 . 0 6 2 8 0 . 0 1 7 3 0 . 0 0 4 3 0 . 0 0 0 8
1 1 4 . - ^ 1 3 1
S p i n - u p 0 . 2 7 9 5 0 . 0 6 6 1 0 . 0 1 5 2 0 . 0 0 2 7 -----------
S p i n - d o w n 0 . 2 5 8 8 0 . 0 6 0 8 0 , 0 1 3 9 0 . 0 0 2 4 -----------
( 1 3 — >12)
S p i n - n p 0 . 3 1 8 6 0 . 0 6 1 0 0 , 0 0 9 8 0 . 0 0 0 2 -------
S p i n - d o w n 0 . 2  931 0 , 0 5 5 6 0 . 0088 0 . 0 0 0 2 — ,—
i l J r r - n J )
S p l n - u p 0 , 3  559 0 . 0 5 0 1 0 . 0 0 0 9 — — ----------
S p i n - d o w n 0 . 3 2 4 8 0 . 0 4 5 6 0 . 0 0 0 8 -------- -- ----------
1 1 1 — >1 0 )
S p i n - n p
S p i n - d o w n
0 . 3 8 4 7
0 . 3 4 7 6
0 . 0 1 1 4
0 . 0 0 9 6
“ “
{10— >9}
S p l n - u p
S p i n - d o w n
0 . 2 2 4 5
0 . 1 9 3 6
0 . 0 0 0 1
0 . 0 0 0 1 ------ -------
S p i n - n p 0 . 0 2 0 1 0 . 0 1 1 8 0 . 0 0 4 9 0 . 0 0 1 7 0 . 0 0 0 4
S p i n - d o w n 0 . 0 1 8 7 0 . 0 1 0 9 0 . 0 0 4 5 0 . 0 0 1 6 0 . 0003
S p i n - u p 0 , 0 2 2 4 0 . 0 1 1 1 0 . 0 0 3  9 0 . 0 0 0 9 ----------
S p i n - d o w n 0 . 0 2 0 7 0 . 0 1 0 2 0 . 0 0 3 6 0 . 0 0 0 8 -----------
( 1 4 — >12)
S p l n - u p 0 . 0 2 3 8 0 . 0 0 9 7 0 . 0 0 2 3 ----------- — „
S p i n - d o w n 0 . 0 2 1 9 0 . 0 0 8 9 0 . 0 0 2 0 ----------- -----------
1 1
S p i n - u p 0 , 0 2 4 1 0 . 0 0 7 3 0 . 0 0 0 2 ----------- ---------
S p i n - d o w n 0 , 0 2 2 0 0 . 0 0 6 6 0 . 0 0 0 2 ----------- -----------
C h a p t e r  IV 
RESULTS AND CONCLUSIONS
I V . 1 W^jUhi  and  S h i f t *
The f u n c t i o n a l  f o r® R ^ ( A ; E j , c r  . ^  ,q>JO d e r i v e d  i n  S e c t i o n  I I I .  A 
h a *  no p r o v i s i o n s  f o r  t r a n s i t i o n  e n e r g i e s  whi ch  h a v e  b e e n  b r o a d e n e d  by 
t h e  s t r o n g  i n t e r a c t i o n .  The  i n t e n s i t y  o f  e a l t t e d  r a d i a t i o n  f o r  such  
t r a n s i t i o n *  I* g e n e r a l l y  a s s t m o d  t o  f o l l o w  a L o r e n t i i a n  d i s t r i b u t i o n  
( 991 ;
r / 2 n
IV.  1 - 1 )  U E ( ;E0 . r »
(Ey-Ea ) ■+ rv*
S t r i c t l y  s p e a k i n g ,  t h e  i n i t i a l  a* v e i l  as t b e  f i n a l  s t a t e  o f  t he  
t r a n s i t i o n  ha*  a c h a r a c t e r 1 S t i c  L o r e n t i i a n  w i d t h ;  r e s p e c t i v e l y , 
and  £  , I n  p r a c t i c e .  [7 1 * so s m t b  s m a l l e r  t h a n  t h a t  i t  n a y  he
e i t h e r  i n c l u d e d  a s  a a l i g h t  f i n a l  c o r r e c t i o n  t o  t h e  v l d t h  v a l u e  o r  
e l s e  i g n o r e d .  The c o m p l e t e  d e t e c t o r  r e s p o n s e  f u n c t i o n  v h i c b  s h o u l d  be 
f i t t e d  t o  t h e s e  t r a n s i t i o n s  i s  t h n t  a c o n v o l u t i o n  o f  a L o r e n t i i a n  by 
t h e  d e t e c t o r  r e s p o n s e  f u n c t i o n  K j i
IV.  1 - 2 ) R*{A;Et , < r ,  A r d X T )  -  R ^ U j E ^ . c r  , A . q . 1 0  * L ( E ^ i E (J, r >
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U n f o r t u n a t e l y ,  I t  i r a i  n o t  p o s s i b l e  t o  f i n d  a n  e f f e c t i v e  a l g o r i t h m  
t o  c a l c u l a t e  t h e  [ e x p ( e ) e r f g i x ) ] *L( y )  t e r m s  I n v o l v e d  i n  t h i a  r e s p o n s e  
f u n c t i o n  a b o r t  o f  a  d i r e c t  n u m e r i c a l  e v a l u a t i o n  o f  t h e  c o n v o l u t i o n  
i n t e g r a l ,  T h l a  me t h o d  p r o v i d e d  a d e q u a t e  v a l u e s  f o r  t h e  r e s p o n s e  
f u n c t i o n  H^,  b a t  r e q u i r e d  l a r g e  a mo u n t s  o f  c o m p u t a t i o n  t ime  a nd  d i d
n o t  p r o v i d e  t h e  d e r i v a t i v e s  n e e d e d  f o r  t b e  a p p l i c a t i o n  o f  a l e a s t -
a q u a r e s  f i t t i n g  a l g o r i t h m  ( s e e  S e c t i o n  I I I , 3 ) ,
I n  t h e  l i m i t  X — > 0 ,  t h e  f u n c t i o n  R3 ( A ; E ^ , c r ( A . q - i f )  c o n t a i n s  
o n l y  G a u s s i a n  a n d  ( o x p ( x )  e r f g ( x )  ] t e n s .  A c o n v e n i e n t  a l g o r i t h m  b a s e d  
on t h e  met hod  o f  c o n t i n u e d  f r a c t i o n s  e x i s t s  f o r  t b e  e v a l u a t i o n  o f  t b e  
V o i g h t  ( i . e . . G a u s s l a n * L o r e n t x l a n ) i n t e g r a l  [ 1 0 0 ] ,  T h i s  a l g o r i t h m  was  
i n c o r p o r a t e d  i n t o  t h e  1 e a s t - s q u a r e s  f i t t i n g  s o f t w a r e  as  a u s e f u l ,  
a l t h o n g h  c l e a r l y  i n c o m p l e t e ,  a p p r o x i m a t i o n  o f  t b e  d e t e c t o r  r e s p o n s e
f u n c t i o n  R^., Tbe l a c k  o f  t h e  c h a r g e  t r a p p i n g  p a r a m e t e r  A i n  t h i s
a p p r o x i m a t e  f u n c t i o n  R ^ ( A; E 0 , o " , q , P ) c a n  be  l a r g e l y  accommoda t ed  by 
s h i f t i n g  t h e  c e n t r o i d  p a r a m e t e r  by a n  amount  and  by r e p l a c i n g
<r w i t h  o f ^  ==■ t r a  + X*1' .  More a p p r o p r i a t e  v a l u e s  o f  c ^ .  may be f ound
by u s i n g  f u n c t i o n s  b a s e d  o n  t h e  A — > 0  l i m i t  o f  R g t o  f i t  s i m u l a t e d  
d a t a s e t s  b a s e d  on t h e  p r o p e r  f o r m  o f  R^ .
Tho f i t s  t o  t h e  d a t a  p e a k s  w h i c h  we r e  a f f e c t e d  by t h e  s t r o n g
i n t e r a c t i o n  ( <1 0 * " > 9 )  t r a n s i t i o n  I n  -fl - ¥  and £  - P b )  f o l l o w e d  c l o s e l y  
t h e  y i e l d  f i t s  o f  s e c t i o n  1 1 1 , 9 , 3 ,  b u t  u s e d  t h e  f u n c t i o n a l  form 
ApR^lA ; ( £ < , - A ) , Cfpp , q .  If, P ) f o r  t h o s e  c omp o n e n t *  w h i c h  had  a n  e x p e c t e d  
s t r o n g  i n t e r a c t i o n  w i d t h  P g r a f t e r  t h a n  1 eV.  The r e m a i n i n g  
c o m p o n e n t s  w e r e  a s s u m e d  t o  h a v e  t h e  f u n c t i o n a l  form
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,<r , A .q . J f )  a s  p a r a m e t e r i z e d  I n  s e c t i o n  1 1 1 . 5 ,  Only tho 
c i r c u l a r  c omp o n e n t s  ( b o t h  s p l n - u p  and s p i n - down)  o f  t h o  ( 10— >9 ) 
t r a n s i t i o n  In  £  -W a nd  53 - P b  r e q u i r e d  t h e  form B^. The n o n - c i r c u l a r  
c o m p o n e n t s  of  t h o  ( 1 0 — 19) t r a n s i t i o n  were  so s h a r p l y  a t t e n u a t e d  by 
s t r o n g  i n t e r a c t i o n  a b s o r p t i o n  t h a t  t hey  c o u l d  be exc l uded  f rom these 
f i t s ,  and a l l  s i g n i f i c a n t  c omp o n e n t s  of  t h e  u n d e r l y i n g  {13“ +11) 
t r a n s i t i o n  were  d e s c r i b e d  a d e q u a t e l y  by t he  form R j .
The w i d t h  o f  t b o  s p i n - u p  c i r c u l a r  component  Is not  n e c e s s a r i l y  
e q u a l  t o  t h a t  o f  t h o  s p i n - d o w n .  Tho w i d t h  of  t be  s p i n - u p  component  
was t h u s  f i x e d  r e l a t i v e  t o  t h a t  o f  t h e  s p i n - d o w n ,  wi t h  a r e l a t i v e  
o f f s e t  d e t e r m i n e d  f r o m  t h e  e n e r g y  c a l c u l a t i o n s  of  S e c t i o n  1 1 1 . S .  The 
w i d t h  o f  t h e  s p i n - d o w n  c i r c u l a r  component  was t h e  onl y  f r e e  s t r o n g -  
i n t e r a c t i o n  w i d t h  p a r a m e t e r  i n  t h e s e  f i t s .
An i t e r a t i v e  m e t h o d  was  d o v i s e d  t o  c o r r e c t  f o r  t h e  r e s i d u a l  
i n a d e q u a c i e s  o f  t h e  f u n c t i o n  R^ .  S i mu l a t e d  d a t a s e t s  v e r e  g e n e r a t e d  
b a s e d  on t h e  f u n c t i o n  A , ! ^  (A;En , r , A , q , 3 T , P )  as e v a l u a t e d  v i a  
n u m e r i c a l  I n t e g r a t i o n .  T h e s e  d a t a s e t s  were  t h e n  f i t t e d  t o  f o r ms  based 
on A4 H^,  The v a l u e s  o f  A,,, ^  a n d  P  v e r e  a d j u s t e d  to i mprove  the 
a g r e e m e n t  h e t w e e n  t b e  p a r a m e t e r  v a l u e s  f rom t h e s e  f i t s  and t h e  va l ue s  
r e s u l t i n g  f rom f i t s  t o  t h e  d a t a  p e a k s ,  where t h e  same f u n c t i o n a l  form 
was u s e d  f o r  b o t h  s e t s  o f  f i t s .  T h i s  p r o c e d u r e  was r e p e a t e d  u n t i l  the 
v a l u e s  o f  Aa , Ee a n d  I""1 s t a b i l i z e d .  Tbe v a l u e s  of  P  and Ec 
d e t e r m i n e d  f rom t h o  d a t a  by t h i s  i t e r a t i v e  met hod  ve r e  c o n v e r t e d  from 
t h e  ADC- channe l  s c a l e  t o  t h e  e n e r g y  s c a l e  v i s  t h e  p s r i m e t o r i x a t i o u t  of  
T a b l e  XYIJ .  The s t r o n g - i n t e r a c t i o n  s h i f t  C  “  of  the
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t r m i l t l o b  T i t  de t c r v l o e d  f r o m  t h i s  c o n v e r t e d  v a l u e  o f  E0 e nd  f ro m  t he  
e n e r g y  c a l c u l a t e d  f o r  t h e  t r a n s i t i o n  i n  S e c t i o n  1 1 1 , 8 .
I V . 2 Y i e l d  R e d u c t  I o n a
T h e  c i r c u l a r  c o m p o n e n t  a r e a s  d e t e r m i n e d  From t h e  s t r o n g  
i n t e r a c t i o n  F i t e  v e r e ,  aa  v e r e  t h e  y i e l d  f i t s  i n  S e c t i o n  1 1 1 . 9 . 3 ,  
m u l t i p l i e d  by ( l - t q ) / E T  t o  g i v e  e s t i m a t e s  and p r o b a b l e  e r r o r *  f o r  t he  
r e l a t i v e  y i e l d s  o f  t h e  c i r c u l a r  c o mp o n e n t  a , The s e  m e a s u r e d  y i e l d s  
v e r e  d i v i d e d  by  t b o  n o r m a l i s a t i o n  c o n s t a n t s  o f  t h e i r  r e s p e c t i v e  
d a t a s e t *  r e l a t i v e  t o  t h e  c a s c a d e  s i m u l a t i o n  ( a s  d e t e r m i n e d  i n  S e c t i o n
I I I , 9 . 3 )  s o  t h a t  t h e y  c o u l d  be  c o mp a r e d  d i r e c t l y  w i t h  t h e  y i e l d  v a l u e s  
c a l c u l a t e d  by t h e  c a s c a d e  s i m u l a t i o n .  The r a t i o  o f  m e a s u r e d  t o  
c a l c u l a t e d  y i e l d  o f  t h e  £1 ( 1 0 — ) 9)  t r a n s i t i o n ,  a v e r a g e d  o v e r  a l l  
d a t a s e t s  a n a l y s e d  f o r  a p a r t i c u l a r  h a d r o n - n u c l c u s  s y s t e m ,  v i s  u s e d  t o  
d e t e r m i n e  t b e  s t r o n g - i n t e r a c t l o n  a b s o r p t i o n  o u t  o f  t h e  1 1 0 , 9 )  s t a t e  o f  
t h a t  s y s t e m .
T h e  y i e l d  y- o f  a p a r t i c u l a r  t r a n s i t i o n  may be  e x p r e s s e d  i n  t e r ms
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o f  t h e  f r a c t i o n  o f  t h e  i n i t i a l  s t a t e  p o p u l a t i o n  wh i c h  e x i t *  t h e  s t a t e  
by way o f  t h e  d o s l r e d  r a d i a t i v e  p r o a c s s ,  r a t h e r  t h a n  by any  o f  t he  
c o m p e t i n g  p r o c e s s e s :
g j
I V . 2 - 1 ) y .  -  d ---------------------------
S + S  ( R ^ + A ; )
where  d i s  t h e  i n i t i a l  s t a t e  p o p u l a t i o n ,  Rj l a  t h e  r a t e  o f  t h e  d o s l r e d  
r a d i a t i v e  p r o c e s s ,  £> (R^+A^)  i s  t h e  sum of  a l l  p o s s i b l e  r a d i a t i v e  and  
Anger  p r o c e s s e s  ( I n c l u d i n g  t h e  d e s i r e d  r a d i a t i v e  p r o c e s s ) ,  a nd  S i t
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t h e  r a t e  o f  s t r o n g —i n t e r a c t i o n  a b s o r p t i o n ,  The v a l u e  o f  S wh i c h
I V. 2 - 1 , and n a y  bo e x p r e s s e d  i n  t erm* o f  some i n i t i a l l y  a s sumed  v a l u e  
Sd and i t *  r e s u l t i n g  c a l c u l a t e d  y i e l d  ya ;
[ l o r e ,  t ho  r a t i o  i j 0 / y )  c o r r e s p o n d *  t o  t h e  i n v e r t s  o f  t h e  r a t i o  o f  
m e a s u r e d  t o  e a l c n i a t e d  y i e l d *  d e t e r m i n e d  f r o a  t h e  a t r o n g  i n t e r a c t i o n  
f i t * .  For  e a c h  h a d r o n - n n c l e n *  s y s t e m ,  t h e  v a l u e  o f  S va*  c a l c u l a t e d  
v i a  e q u a t i o n  I V . 2 - 2  o v o r  a r a n g e  o f  v a l u e *  o f  ( y0 / y t  whi ch  v a t  
d e t e r m i n e d  by t h e  s c a n  r a t i o  o f  H e a t n r e d  t o  c a l c u l a t e d  y i e l d *  f o r  t h a t  
s y s t e m  and by t he  e x p e c t e d  e r r o r  of  t h i *  mean r a t i o .  The r e i u l t i n g  
v a l u e *  and e r r o r *  f o r  S were  r e l a t e d  t o  t he  i m a g i n a r y  component  o f  t he  
i n i t i u l - * t a t e  e n e r g y  e i g e n v a l u e  by t he  r e l a t i o n s h i p
I V , 2 - 3 )  S -  r / t  -  - 2  l a i t E l / t
TV.3 S c a t t e r i n g  L e n g t h *
From t h e  a s s u m p t i o n  t h a t  t he  i t r o n g  i n t e r a c t i o n  e f f e c t *  on t h e  
e n e r g y  o f  t h e  { 1 0 . 9 )  s t a t e  a r e  o b s e r v a b l e  o n l y  t h r o u g h  t he  y i e l d  
r e d u c t i o n s  o f  t h e  ( 1 0— >9) t r a n s i t i o n  ( e x p e c t e d  e f f e c t s  a r c  l e s s  t h e n  
25 o V ) , t h e  complex e n e r g y  e i g e n v a l u e  o f  t he  ( 9 , 8 )  s t a t e  may be 
d e d u c e d  f rom t h e  o b s e r v e d  s h i f t  and b r o a d e n i n g  o f  t h e  {10— >9) 
t r a n s i t i o n .  An i t e r a t i v e  method v i s  used  t o  f i n d  t b e  v a l u e  o f  t he  
e f f e c t i v e  s t r o n g  i n t e r a c t i o n  s c a t t e r i n g  l e n g t h  a wh i c h  r e p r o d u c e d  t h i s
r e s u l t *  i n  a d e s i r e d  v a l u e  y f o r  y- may be d e t e r m i n e d  f rom e q u a t i o n
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e i g e n v a l n e .
I t  was f o u n d  t h a t  t h e  v a l u e  o f  a ( ( 0 . 9 2 8 + 1 0 . 0 2 2 )  fm) w h i c h
r e p r o d u c e d  t h e  s h i f t  ( £50 oV) and  w i d t h  (3B0 eV> o f  t h e  ( 1 0 — >9) 
t r a n s i t i o n  i n  -W a l s o  r e p r o d u c e d  t o  w i t h i n  1 . 5  o~ t h e  w i d t h  o f  t he
( 1 0 , 9 )  s t a t e  ( 0 . 3  eV> a s  d e d u c e d  f rom t h e  r e d u c t i o n  in  y i e l d  o f  t be
( 10— >9) t r a n s i t i o n .
The  s i t u a t i o n  was  n o t  so s i m p l e  f o r  t be  £  - P b  s y s t e m ,  s i n c e  
t h e r e  we t  a l e s s e r  amount  ( s s 2 9 0  eV) o f  b r o a d e n i n g  i n  t h e  ( 1 0 — >9) 
t r a n s i t i o n  of  t h i s  s y s t e m .  A v a l u e  o f  a c o u l d  be f o u n d  w h i c h  
r e p r o d u c o d  s i m u l t a n e o u s l y  t he  o b s e r v e d  s h i f t  ( 5 1 0  oV) n f  t h o  ( 1 0 — ^9)
t r a n s i t i o n  and t h e  d e d u c e d  w i d t h  ( 17  eV) o f  t h e  ( 1 0 , 9 )  s t a t e ,  b u t  t h e
w i d t h  o f  t h e  ( 9 , 8 )  s t a t e  w h i c h  was  c a l c u l a t e d  w i t h  t h i s  v a l u e
{ ( 0 , 3 5 0 + 1 0 . 1 3 5 )  fm) o f  Z  was i n  e x c e s s  o f  one  koV, i n  c l e a r
d i s a g r e e m e n t  w i t h  t h e  d a t a .  S i m i l a r l y ,  t h e  v a l u e  o f  a
( ( 0 , 2 4 7 + 1 0 . 0 3 9 )  fm) wh i c h  r e p r o d u c e d  t h e  o b s e r v e d  s h i f t  and  b r o a d e n i n g
i n  t h o  ( 1 0 — ) 9)  t r a n s i t i o n  p r e d i c t e d  o n l y  a 17% r e d u c t i o n  i n  t h e  y i e l d  
o f  t h i s  t r a n s i t i o n .  T h i s  i s  c l e a r l y  a t  odds  w i t h  t he  d a t a ,  a* tho
y i e l d  o f  t h e  ( 1 0 — >9) t r a n s i t i o n  l a  £  - P b  1s o n l y  5 3 ^ 4 %  o f  wh a t  one
wo u l d  e x p e c t  i n  t h e  a b s e n c e  o f  t h e  s t r o n g  i n t e r a c t i o n  ( s e e  T a b l e  
X 1 I V ) .
The c a s c a d e  s i m u l a t i o n  f o r  t h e  £ j " - P b  s y s t e m was  f ound  t o  be much 
mor e  s e n s i t i v e  t o  t h e  w i d t h s  o f  s t a t e s  h a v i n g  S ! “ 9 t h a n  t o  t h o s e  o f  
s t a t e s  h a v i n g  Va l ue s  o f  I" d e t e r m i n e d  f rom t h e  £  - P b  d a t a  and
i n t e n d e d  f o r  f u r t h e r  use i n  t h e  a n a l y s i s  ( i . e .  . f i n e - t u n i n g  o f  t he  
c a s c a d e  s i m u l a t i o n )  we r e  t h u s  d e t e r m i n e d  f rom t h e  s h i f t  a nd  y i e l d
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r e d a c t i o n  o f  t he  ( 10— *9) t r a n s i t i o n ,  r a t h e r  t h  •  □ f r om t h e  e h l f t  end  
w i d t h  of  t h e  ( 9 , 8 )  s t a t o .
i f i t c e t ,  t h e  e ne r gy  e i g e n v a l u e s  end  t r a n s i t i o n  r a t e s  w h i c h  bed  
s i g n i f i c a n t  s t r D n g - l n t e r a e t i o n  e f f e c t *  on t h e  c a s c a d e  s i m u l a t i o n  ( l e c  
S e c t i o n *  I I I . 9 .1 a nd  1 1 1 . 9 . 2 }  w e r e  r e - c i l c o l a t c d  a nd  t h e  c a s c a d e  
s i m u l a t i o n  was u p d a t e d  a c c o r d i n g l y .  The  e n t i r e  p r o c e d u r e  was  t h e n  
r e p e a t e d  u n t i l  t h e  v a l u e s  of  a s t a b i l i s e d .  Tbe  v a l u e s  o f  t h e  s h i f t ,  
w i d t h ,  y i e l d  r e d u c t i o n ,  and d e d u c e d  i n i t i a l - s t a t e  w i d t h  w h i c h  r e s u l t e d  
f rom t h i s  i t e r a t i v e  p r o c e s s  a r c  l i s t e d  f o r  t h e  s p i n - d o w n  c i r c u l a r  
compone n t s  o f  t h e  £ ~ —1  and £  - Pb  s y i t e n s  i n  T a b l e  XXVII ,  The v a l u e s  
of  t h e  e f f e c t i v e  s c a t t e r i n g  l e n g t h  a w h i c h  r e p r o d u c e d  t h e s e  e f f e c t s  i n  
o p t ! c a l - m o d e l  c a l c u l a t i o n s  a r e  l i s t e d  i n  T a b l e  XXVI I I .
Once the  v a l u e  o f  a had b e e n  d e t e r m i n e d  f o r  t h o  £ ~ - W  and £ ~ - P b
TABLE XXV11
S t r o a g - I u t c r a o t l o n  E f f e c t s  M e a s u r e d  i n  £1 —W a nd  £  — Pb 
(Quot ed  f o r  s p i n - d o wn  c i r c u l a r  c o m p o n e n t s  o n l y )
S h i f t  ) o f 6 J 0 + / -  30 510 + / -  JO
(10-— >9} T r a n s i t i o n  (eV)
l i d t h  (oV) of  (10— }9} 
T r a n s i t i o n
380 + / -  70 290 + / -  140
( 10— >9) E f f o c t i v e  Y i o l d  
( M c a s u r o d / C s l c n l a t e d - M o  SI )
. 9 8  + / -  . 04 0 . 5 3  + / -  0 . 0 5
Deduced  Wi d t h  (eV) 
o f  { 1 0 , 9 }  S t a t e
0 . 3  + / -  0 . J 17 + / ’ 3
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TABLE XXVII I
5 t r o n g - I n t c r a c 11 on E f f e c t s  C a l c u l a t e d  f o r  £  - W a nd  £  - P b
T r a n s i t i o n s : 
S p i n - a v e r a g e d
( 10 ,9 ,T) 
( 1 0 . 9 , -I) 
( 9 , 8 , t )  
( 9 , 8 , 4 )
( 1 0 — >9,T> 
( 1 0 —  > 9 ,  4> 
( 1 0 — >9)
I  “ U3.92J£±iO . 0 2 2 ) 1b  
Sh i f t . (PYJ l l j t t t i .  .(jflj.
- 4 . 5  
-5 .5 
-377 . 
- 6 4 9 .
572 . 
6 4 4 .
606 .
0 .88
0 . 9 4
3 0 3 .  
3 82 .
3 0 4 .  
383 . 
3 4 1 .
£ ~ - P h
S t a t e s ;
U 0 , 9 , t )
( 10 , 9 ,4 )
( 9 , 8 , 1 )
( 9, 8 , 4 )
T r a m i  t t o n s :
( 10*—> 9 , T )  
( 10— > 9 , 4 )  
( 1 0 — > 9 , a v g )
i.  -  I B
S h i f t  (eV)  Wi d t h  ( eV)
- 8 . 2  
- 1 0 . 8  
- 4 8 1  . 
- J 1 5 .
473
504
487
3 .8  
4 . 0  
2 5 2 .  
2 7 0 .
2 5 5 .  
27 5.  
2 6 4 .
A -  J 0 , 3 3 0 + 1 0 , 1 3 J J  X@ 
S h i f t  (eV) Wjdi lL_Le¥J
- 1 2 . 3
- 1 5 . 1
- 4 9 9 .
- 5 1 9 .
4 8 7 .
5 0 4 .
4 9 5 .
1 5 . 8
1 7 . 0
1 1 8 0 .
1 2 7 0 .
1200  , 
1290 , 
1242
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I V . 4 D i s c u s s i o n  and  T h e o r e t i c a l  I m p l i c a t i o n s
S e v e r a l  a t t e m p t s  we r e  made  t o  f i n d  m o d i f i c a t i o n s  o f  t h o  s t r o n g  
i n t e r a c t i o n  o p t i c a l  p o t e n t i a l  w h i c h  wou l d  r e p r o d u c e  t h o  u n e x p e c t e d  
b e h a v i o r  o f  t h e  £  - P b  s y s t e m .  Most  n o t a b l e  among thorn was  t he  
i n t r o d u c t i o n  o f  a p a r a m o t e r i x a t i o n  o f  t h e  p o t e n t i a l  o f  Br oc kma nn  and 
O s e t  1 7 4 ] ,  w h i c h  e x h i b i t s  a s a t u r a t i o n  o f  t h e  i m a g i n a r y  c o mp o n e n t  a t  
n o c l e e r  d e n s i t i e s  g r e a t e r  t h a n  a b o u t  0 . 7  t h a t  o f  t h o  n o r ma l  n u c l e a r  
n o d i n s .  S u r p r i s i n g l y ,  c a l c u l a t i o n s  b a s e d  on t h i s  p o t e n t i a l  w e r e  no 
more  a b l e  t o  a c c o u n t  f o r  t h e  d i s c r e p a n c y  be t ween  t h o  w i d t h #  o f  t he  
£  - P b  ( 1 0 , 9 )  and  ( 9 , B )  s t a t e s  t h a n  w e r e  c a l c u l a t i o n s  b a s e d  on t h e  
u s u a l  o p t i c a l  mo d e l .
S t o d i e e  o f  t h e  r a d i a l  d e p e n d e n c e  o f  t h e  h s d r o n - n n c l o u s  o v e r l a p  
f u n c t i o n  f o r  t h o  s t a t e s  ( 1 0 . 9 )  a n d  { 9 , 8 } ,  a s  c a l c u l a t e d  w i t h  t h e  u s u a l  
o p t i c a l - m o d e l  p o t e n t i a l  f o r  t h e  £  - P h  s y s t e m ,  showed a l m o s t  no 
d i f f e r e n c e  I n  t h e  s hapo  o f  t h o  o v e r l a p ;  1 . e , , t ho  ( 9 , 8 )  s t a t e  doe s  
n o t  p e n e t r a t e  s i g n i f i c a n t l y  f a r t h e r  i n t o  t h e  n u c l e a r  medium t h a n  docs  
t h e  ( 1 0 , 9 )  s t a t e .  R a t h e r ,  t h e  i n c r e a s e d  e f f e c t  of  t h e  o p t i c a l - m o d e l  
p o t e n t i a l  on t h o  ( 9 , 8 )  s t a t s  r e l a t i v e  t o  t h a t  on t ho  ( 1 0 , 9 )  s t a t e  i s  
due more t o  t h e  g r o a t e r  f r a c t i o n  o f  t h e  ( 9 , 8 )  s t a t e  p a r t i c l e  d e n s i t y  
w h i c h  l i e s  w i t h i n  t h e  n u c l e a r  medi um.  Such s t u d i e s  seem t o  i n d i c a t e  
t h a t  t h e  s t a t c - d e p e n d e n c c  o f  t b e  e f f e c t i v e  s c a t t e r i n g  l e n g t h  iT which 
was o b s e r v e d  i n  t h e  £  - P b  s y s t e m  mus t  he due  t o  e f f e c t *  o t h e r  t han  
t h e  s p a t i a l  o r  n u c l e a r —d o n s i t y  d e p e n d e n c e  o f  t h e  £  - P b  p o t e n t i a l .
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I t  i s  i n t e r e s t i n g  t o  DDtc t h a t  t b e  p r i n c i p a l  i s o t o p e  o f  P b ,
j p g
Pb,  h a s  a ' m a g i c '  number  o f  b o t h  p r o t o n s  a n d  n e u t r o n s  ( S h e l l  model
181[ 9 6 ] ) ,  w h i l e  t h e  p r i n c i p a l  i s o t o p e  of  W, V, h a s  a n o n - ' m a g i c '
number  o f  b o t h  p r o t o n s  a nd  n e u t r o n s .  S l i g h t  d i f f e r e n c e s  f r om i s o t o p e  
t o  i s o t o p e  b e t w e e n  t b e  p r o t o n  a n d  n e u t r o n  d i s t r i b u t i o n s  o f  t h e  n u c l e u s  
( a r i s i n g  p o s s i b l y  f rom S h e l l - m o d e l  e f f e c t s )  c o u l d  p e r h a p s  e x p l a i n  t h e  
d i f f e r e n t  b e h a v i o r  o f  t b e  ^  -W and £  - P b  s y s t e m s  i f  t h e r e  w e r e  a 
s i g n i f i c a n t  d i f f e r e n c e  i n  t h e  £ " - p  a nd  £ * - n  e f f e c t i v e  s c a t t e r i n g  
l e n g t h s .  A c o m p a r i s o n  o f  s t r o n g  i n t e r a c t i o n  e f f e c t s  i n  £  a t o m s  
f o r me d  w i t h  n u c l e i  h a v i n g  a ’m a g i c '  number  e i t h e r  o f  p r o t o n s  o r  o f  
n e u t r o n s  t o  t h o s e  i n  a toms f o r m e d  w i t h  n o n - ' m a g i c '  n u c l e i  c o u l d
r e s u l t  i n  more  i n f o r m a t i o n .
APPENDIX A
C a l c u l a t i o n  o f  U i g h c r - O r d e r  Vacuum P o l a r i z * t i o u  P o t e n t i a l s
An a c c u r a t e  n u m e r i c a l  m e t h o d  f o r  t h e  e v a l u a t i o n  o f  t h e  o ( ( Z ° 0  
vacuum p o l a r i z a t i o n  p o t e n t i a l  a b o u t  a f i n i t e  n u c l e u s  ha a b e e n  
d e m o n * t r a t e d  by R i n k o r ,  f i l e t *  a n d  S t e f f e n  ( 9 , 2 9 , 3 4 ] .  S u e d  on  
S c h w i n g o r ' s  t l O l J  e x p r e s s i o n  f o r  t h e  vacuum p o l a r i z a t i o n  c h a r g e  
d e n s i t y  ( * e e  e q u a t i o n  1 . 2 - 1 ) ,  i t  r e q u i r e *  t h e  s umma t i on  o f  t h e  s t a t e  
d e n s i t i e s  o f  a l l  p o s s i b l e  s o l u t i o n s  ( b o u n d  o r  u n b o u n d ,  e l e c t r o n  o r  
p o s i t r o n )  f o r  t h e  D i r a c  e q u a t i o n  i n  t h e  p r e s e n c e  o f  t h e  f i n i t e  
n u c l e u s .  I n  p r a c t i c e ,  t h e  c o n t i n u u m  o f  unbound  s t a t e s  i m p l i c i t  i n  
t h i s  sum i s  a p p r o x i m a t e d  by a  d i s c r e t e  s e t  o f  s t a t e s ,  t h o  momenta o f  
v h l c h  form an e q u a l l y  s p a c e d  g r i d .  S t a t e s  h a v i n g  e i t h e r  l a r g e  momenta  
□r  l a r g e  a n g u l a r  momenta  a r e  f o u n d  t o  c o n t r i b u t e  l i t t l e  t o  t h e  vacuum 
p o l a r i z a t i o n  c h a r g e  d e n s i t y ,  so  t h a t  t h e  s u mma t i o n  o v e r  a l l  p o s s i b l e
s t a t e s  may be  t r u n c a t e d  f o r  momenta  g r e a t e r  t h a n  some and f o rmux
a n g u l a r  momenta  g r e a t e r  t h a n  some - f i ^ x  ‘ Th l *  d i s c r e t i z a t i o n  and  
t r u n c a t i o n  o f  t h e  c o n t i n u u m  r e d u c e s  t h e  s u m m a t i o n  o f  e q u a t i o n  1 . 2 - 1  t o  
a f i n i t e ,  i f  l a r g e ,  na mb e r  o f  t e r m s .
Each t e r m i n  e q u a t i o n  1 , 2 - 1  m u s t  be c a l c u l a t e d  a s  many i s  f o u r  
d i f f e r e n t  wa ys  i n  o r d e r  t o  r emove  t h e  d i v e r g e n c e s  l i n e a r  i n  (Z(<)  a n d  
t o  i n s u r e  g a u g e  i n v a r i a n c e  and  c h a r g e  c o n s e r v a t i o n .  T h e r e  a r e  many 
t e r m s  i n  t h e  s omma t i o n  t h a t  n e a r l y  c a n c e l  e a c h  o t h e r ,  s o  t h a t  a h i g h
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d e g r e e  o f  numer i ca l  p r e c i s i o n  m u s t  be m a i n t a i n e d  t h r o u g h o u t  t he  
c a l c u l a t i o n  i f  t he  f i n a l  r e s u l t  i s  t o  h a v e  a u s e f u l  d e g r e e  of  
a c c u r a c y .  Due t o  t h e  c o m p l e x i t y  of  t h o  c a l c u l a t i o n s  I n v o l v e d ,  s u c h  a 
d i r e c t  numer i ca l  a pp r o a c h  v a t  deemed i m p r a c t i c a l  f o r  t h i s  a n a l y s i s .
The r e s u l t s  of  R i n h o r ,  Y i l o t s  a nd  S t e f f e n  [ 9 , 2 9 , 3 4 ]  a r e  p r e s e n t e d
i n  t h e  form of  s e v e r a l  p l o t s  d e p i c t i n g  c a l c u l a t e d  p o t e n t i a l s  and
s e v e r a l  t a b l e s  c o n t a i n i n g  t h e  c a l c u l a t e d  e f f e c t s  o f  t b e t e  p o t e n t i a l s  
o i l  t h e  e ne r gy  e i g e n v a l u e *  of  s e l e c t e d  l o v e r - l y i n g  s t a t e s  o f  muoni c  
a t e a i ,  A v l t u a l  paramo t c r i i a t l o u  v a s  made o f  t h e  p o t e n t i a l  about  
gjFb ( s e e  F i gu r e  1) wh i c h ,  whon I n c o r p o r a t e d  i n t o  t h e  e n e r g y  
c a l c u l a t i o n  a l g o r i t h m  o f  t h i s  a n a l y s i s ,  r e p r o d u c e d  t h e  e f f e c t s  
t a b u l a t e d  by R i o t e r  and Y i l e t s  [341 f o r  muouic  gj t^h.  I t  v a s  u n c l e a r  
hnv to mod i f y  t h i s  v i s u a l  p a r a m e t e r i z a t i o n  t o  i n c l u d o  n u c l e i  o t h e r
2f£
t h a n  g i Pb .
Fo r  r a d i i  o u t s i d e  o f  t h e  n u c l e a r  c h a r ge  d i s t r i b u t i o n ,  i t  vas
3 V7
o b s e r v e d  t h a t  t he  v i s u a l  p a r a m e t e r i z a t i o n  o f  t h e  t<{Zo<) p o t e n t i a l
3.0$
f o r  gjPb t a ke n  from R i c h e r  and V l l e t s  [341 d i f f e r e d  f rom t h e  p o i n t -  
n u c l e u s  p o t e n t i a l  c a l c u l a t e d  by B l o n q v i s t  ( BJ by a f a c t o r  whi ch  
behaved  r o u g h l y  as e x p ( - l / r > ,  A n u m e r i c a l  p a r a m e t e r i z a t i o n  was
d e v i s e d ,  b a t e d  on t b i t  o b s e r v a t i o n ,  v h i c h  c o n s i s t e d  o f  m u l t i p l y i n g  t be
p o i n t - n u c l  eos of  B l o m q v i t t  IS]  by a  f a c t o r  ezp [ - b / ( c + r ) J , w h e r e  b and 
c a r e  a d j u s t a b l e  p a r a m e t e r s .  F a r  r a d i i  l a r g e r  t h a n  1 0  fm and  w i t h  t he  
p r o p e r  c h o i c e  of  b and c ,  t h i s  p a r a m e t e r i z a t i o n  a g r e e d  t o  w i t h i n  abou t  
1 0  eV w i t h  t he  v l t u a l  p a r a m e t e r i z a t i o n .  Fo r  r a d i i  l e s t  t h a n  1 0  fm, 
t h i s  nume r i c a l  p s r a m e t e r i x a t i o u  gave  v a l u e s  f o r  t h e  p o t e n t i a l  v h i c h
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w o r e  a t  s u c h  a t  300 oV l a r g e r  t h a n  t h o s e  o f  R I n t e r  a nd  W i l o t s  [ 3 4 1 .
T b i t  d i s c r e p a n c y  a o u l d  be g r e a t l y  r e d u c e d  by p e r f o r m i n g  a  l i n e a r  
c o n v o l u t i o n  o f  t h e  p a r a m e t e r i z a t i o n  o v e r  t h e  n u c l e a r  c h a r g e  
d i s t r i b u t i o n ,  a p r o c e s s  v h i c h  had  a l m o s t  no e f f e c t  on t h e  p o t e n t i a l
f o r  r a d i i  l a r g e r  t h a n  1 0  f m.  The e f f e c t s  o n  t h e  e n e r g y  e i g e n v a l u e s  o f
5C?ff ^ 5 ^ 7
m u o n i c  gz.Pb dec  t o  t h e  £ <( Zc<)  vacuum p o l a r i z a t i o n  p o t e n t i a l  v e r e
c a l c u l a t e d  by I n s e r t i n g  t h i s  n u m e r i c a l  p a r a m e t e r i z a t i o n  i n t o  t b e
e n e r g y  c a l c u l a t i o n  a l g o r i t h m  d e s c r i b e d  i n  S e c t i o n  I I I , 8 , Tbe  r e s u l t s
a g r e e d  v l t h  t h e  t a b u l a t e d  e f f e c t s  o f  K i n k e r  a nd  Y i l e t a  ( 3 4 ]  t o  w i t h i n
t h r e e  oV,
I n  an e f f o r t  t o  e z t e n d  t h i s  p a r a m e t e r i z a t i o n  t o  o t h e r  n u c l e i ,  t h e  
p a r a m e t e r s  b a nd  c w e r e  e x p r e s s e d  I n  t e r m i  o f  t h e  h a l f - m a x i m u m  r a d i u s
o f  t h o  ( a s s u m e d  F e r m i )  n u c l e a r  c h a r g e  d i s t r i b u t i o n .  The  e f f e c t s  o f
V i  7
t h i s  p a r a m e t e r i z e d  c<{Zo( )  p o t e n t i a l  on t b e  e n e r g y  e i g e n v a l u e s  o f  a 
n u m b e r  o f  muoni c  s y s t e m s  w e r e  c a l c u l a t e d  a s  b e f o r e  a nd  c o m p a r e d  w i t h  
t h e  t a b u l a t e d  r e s u l t s  o f  R l n k o r ,  f i l e t *  and  S t e f f e n  ( 2 9 , 3 4 1 .  The
v a l u e s  b - 3 R ^ / 4  and  o " R ^ / 4  v e r e  f o u n d  t o  g i v e  t h e  b e s t  r e s u l t s  f o r
aO S  zogg£Pb .  and ga ve  good  a g r e e m e n t  f o r  a l l  n u c l e i  l i g h t e r  t h a n  g->Pb, a s
shown i n  T a b l e  A. A l t h o u g h  n o t  a s  a c c u r a t e  f o r  n u c l e i  h e a v i e r  t h a n
20$Ui Pb ,  t h i s  p a r a m e t e r i z a t i o n  r e m a i n *  a u s e f u l  a p p r o x i m a t i o n  f o r  n u c l e i  
XS(
as  h e a v y  a s  7&Cf.
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TABLE A
C o m p a r i s o n  o f  P i r m t t c r f x e d  t o  E x a c t  Vacuum P u l a r l x x t l o n  E f f e c t s  
on E n e r g y  E i g e n v a l u e *  o f  Muonic Atom*
z A Rax E r r o r O t h e r  E r r o r *
26 56 2 eV ( l i > < 1 eV
56 138 4 eV C 1 ■ > < 3 eV
74 182 3 eV ( l a ) < 2 oV
74 186 2 eV ( 3d) < 1 eV
78 195 7 eV ( l a ) < 3 nV
82 208 3 oV ( l a ) < 2 eV
92 238 29eV ( l a ) < 14eV (Rn- 6 ,9fm)
92 2 3 8 13 oV ( I t ) < 4 oV ( En - 7 . 55 f m)
98 2 J 1 43 eV <la> 23eV ( 2 p ) , e l s e  < l l e V
98 251 29eV ( l a ) IfieV ( 2 p ) , o l a e  < 7 eV
( f t n - 7 . 1 fm) 
( Rn - 7 . T f o )
3,5". 7
In atmsary, the o((Zo<) vicduh p o la r iz a t io n  potential
generated by * f i n i t e  u n d e n t  nay be approximated by;
1) c a l c u l a t i n g  the p o in t -a u c leu a  p o t e n t la la  v i a  Reference [6] ,
2 ) m u l t ip ly in g  by exp I - b /  ( c + r ) ) , who re b-3R^/4 and c"R^/4, 
and
3) c o a v o i d i n g  l i n e a r l y  over the nuclear charge d la t r lb u t lo n ,
For exot ic~at<m energy o a lc u la t Io n a  about nuclei  having Z £  82 , 
t h i s  p aram eter iza t ion  i* expected to  he good to within about f iv e  eV.
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